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1. AMM 6300 by Jack Garfunkel

Show that if two numbers are chozen at random from the Fibonacel
gequence 1,1, 2,3, 5,..., the probability F that they will be relatively

prime satisfies the inequalities /7% = P = 7/w7,

2. AMM E2181 by Jack Garfunkel

Given any triangle ABC and a given segment BF on side B, dseter-
mine (by peometric construction) segments O, AT on sides T4 and AR
regpactively, go that equilateral triangles erected outwardly on these thres
gepments have vertices that ars the vertices of an equilateral triangls,

3. AMM E2634 by Jack Garfunkel

Let 4;,¢=0,1,2 {mod 3) be the vertices of a triangle, and let T" beits
inzeribed cirele with center O, Let B; be the intersection of the segment
A0 with T" and let O} be the intersection of the line 4;0 with the side

LBy
Frowvs that
S A0, =8 AB

4. AMM E2715 by Jack Garfunkel
Let & be the centroid of the triangle Ay 4545 and let

b=/ (MATG’) . s=1,2.3

Prove or disprove that 3 sinfd; < 3/2.

5. AMM E2716 by Jack Garfunkel

Let AEC be a triangle with P an interior point. Let 47, B, and ¢
be the pointe whars the perpeandiculars drawn from F meast the sides of
ABC, Let 47 E” and O% be the points wheare the lines joining P to A4,
E, and ¢ m=st the corresponding sides of ABEC, Prove or disprovs that

AFBJ-‘—BECE-‘—CEAE - AHBH-I-BHCH-I—CHAH.

6. AMM E2906 by Jack Garfunkel

Let T be the incenter of triangle ABC. Points 4', B, ¢ are the
intersections of AT, B, 7 with the incircle of ABC, Continue the
process by defining 7' (incenter of 4'BCT), then AYBYCY, ste. Prove

that the angles of trianglse 4l glr)aln) approach 7 /5.



7. AMM E2924 by Jack Garfunkel
Triangle 41454, iz ingeribed in a cirele; the medians through 44 (44
mest the cirele again at My [M5]. The angls bizectors through 4, (4,

meet the circle again at Ty [I%]. Prove or disprove: 4107 — Aplfp| <
41T — 4T3,

8. AMM E2959 by Jack Garfunkel

Triangle ABC = ingeribad in a cirels. The madians of the triangle
intergect at & and are sxtended to the cirele to peointe D', B and £
Frove:

AG+ BG4 CG < GD+GE 4 GF.

9. AMM S23 by Jack Garfunkel and Leon Bankoff

Frove that the sum of the distances from the incenter of a triangls
AEBC to the vertices does not excsed half of the sum of the internal
angle bizsctors, sach sxtended to ite interssction with the circumecirels of

triangls AEBC,

10. CRUX 168 by Jack Garfunkel

If @, & c are the sides of a triangle ABC, #,, ¥, t, are the angle
bizectors, and T, T, T, are the angle bizectors extendad until they are
chords of the circls clrcumseribing the triangle AEC, prove that

aboe = LY TaTﬁTct aﬁ E‘tﬂ

11. CRUX 1049 by Jack Garfunkel
Let ABC and A'B'CY be two nonsquilateral triangles such that A4 =
B> Cand A' = B = €. Prove that

S."

L

A—C= A - — %}?

where s, » and &', » are the semiperimeter and inradiug of triangles ABC
and A'B'CY. respectively.

12. CRUX 1067 by Jack Garfunkel



(a)* If @, 4, # > 0, prove that
oyzle tutat+vel+i2+48) 3+
[mz—l—gz—l—zz)(yz-l—zm—l—xy) - g9

(b} Let » be the inradiug of a triangle and »q, »; and »z the radii of
its three Malfattl cireles. Dreduce from (a) that

(3++3)
T

P (et o)

13. CRUX 1077 by Jack Garfunkel
Fors = 1,23, let &} be the center and v; the radiug of the Malfatti
circle nearest A; in triangle 47 4,42, Prove that

(r1 +v2 +v3)% — Srpeong

A0 - ATy A3Ch = 3

When dosg equality ccour?

14. CRUX 1083 by Jack Garfunkel
Frove the insquality

ZCOSB;G <= %Zcosg,

where the sums ars cyclic over the angles A, B and ' of a triangle.

15. CRUX 1093 by Jack Garfunkel
Frove that

3
3 osind ;“8]:[ . é
Ecos(%) B Smj}

whers the sums and product are cyelic over the angles A, B and & of a
triangle. When doeg squality cccur?

16. CRUX 1106 by Jack Garfunkel
The dirsctly similar triangles ABC and D EC are both right-anglad
at &' Prove that
a) AD | BE,
by AD/EBEE equals the ratio of similitude of the two triangles.

17. CRUX 1113 by Jack Garfunkel

Zonglder two concentric circlss with radil + and 2», and a triangls
AEC inseribed in the inner cirele. Points A/, B and ¢/ on the outer
cirele are determined by extending AB to B, BC to OF, and T A to A7,
Frove that the perim ster of triangle A'B'C7 iz at least twics the perimster
of ABEC, Bquality iz attained when AEC iz equilateral.



18. CRUX 1125 by Jack Garfunkel
If 4, E, and C ars the angles of an acute triangle AEC, prove that

A E o 3
cot 7 + cot - + cat = < E{CSC 24 +egc 2B 4 cze 200

with equality when triangle AEC iz equilateral

19. CRUX 1135 by Jack Garfunkel

(a) Given squilateral triangles ABC and A'B'CY in the same plane,
both labzsled counterclockwise, prove that triangle My M0 ie equilat-
aral, whers MY, M5 and My ars the midpoints of 44, BE', OO respac-
tivaly,

(b) Given similar triangles 4 BC and A'B'C7 in the same plane, prove
that triangle M Mol is similar to triangle ABZ, where M, My and
My are as in (a).

20. CRUX 1150 by Jack Garfunkel

In afigure, AMY MMy and the three cireles with centers O4, 0o, Oy
repregent the MMalfattl confipuration. Cirele O iz externally tangsnt to
these three circles and the sides of triangle &1 GGy are sach tangent to
' and one of the smaller circles, Prove that

F(AG1G2G5) = P(AMMyMz) 4+ P(AO10204),

where P stands for perimeter. Equality iz attained when AO1O,04 i=
squilateral.

21. CRUX 1151 by Jack Garfunkel
Frove or disprove that for an obtuse triangle AEC,

#rig + 1 + 1m0 < 843

whears #3g, #i2g, 30 denots the medians to gldes 6, &, ¢ and s denotes the
gsemiperimeter of AAEC. Equality is attained in the equilateral triangle.

22. CRUX 1179 by Jack Garfunkel
Squarss ars eracted oubtwardly on sach zids of a quadrilateral ABC L
() Prove that the centers of these squares are the vertices of 2 quadri-

lateral A'E'' D whose diagonals are squal and perpendicular to each
other,

(b)* If squares are likewize erected on the sides of A'B/CTDY, with
centers 47, BY <" DY and this procedursis continued, will quadrilateral
AR Rl 7 Dln) tend to 4 squars ag » tends to infinity?

23. MM 936 by Jack Garfunkel



It i= known that
b + by + b S 435,

where the ks reprezent altitudes to gides o, &, and cand s repregents the
gsemiperimeter of triangle ABC. Prove or disprove the strongsr inequality

to + iy + e < 4/ 38,

whare the #% are the angls bizectors and #2, ig the median to gidse o

24. MM Q646 by Jack Garfunkel

If o, b, and ¢ are the sides of a triangle ABC, and if €., ¢, and £, ars
the angle bisectors of this triangle, and it T\, T}, and T, are these angle
bizectors extendsd until they become chords of the cirele cireumscribed

about the triangls, then prove that abe = /T TNttt

25. MSJ 532 by Jack Garfunkel

Let kg, fy, and k, be the altitudes of AABC and denote by H,,
H, and H, the segments obtained by extending the altitudes to the
circumecirele of HAEC,

Calculats I 7 7
Ha | b e
h-a + |12-|5 + h-,g ‘

26. PME 331 by Jack Garfunkel

In aright triangle ABC, A =60* and B = 30°, with D, E, F the points
of trizection nearsst A4, 5, on the sidss AE, BC and T4 resspectively.
Extend CD,4F and BF to intersect the circumecirele () at points
F. &), K. Show that triangle POE iz equilateral.

27. PME 341 by Jack Garfunkel

Frowve that the following construction trizssctes an angle of 60°, Triangle
AEC iz 2 30% — 60° — 90° right triangle inzeribed in a cirele, Madian &M
iz drawn to side AB and sxtended to M on the eirele. Using a marksd
straightedge, point N on AE is located such that O'N extended to M on
the cirele makes WN' = M7, Then CN trizects the 80° angle ACMS,

28. PME 351 by Jack Garfunkel

Angle A and angls B are acuts angles of a triangle ABC, If /4 = 30°
and kg, the altitude issuing from A4, iz equal to sy, the median issuing

from E, find angles B and O

29. PME 368 by Jack Garfunkel
Given iz a triangle ABC with its inzeribed eircle {I). Lines AT, BT,
7 cut the cirele in points D, B, B respectively. Provs that

ADEF
AD+ BEA+CF = .
TBEFCF2 —




30. PME 374 by Jack Garfunkel

In a triangle ABC inseribed in a eirels (O, angle bizectors ATy, BTy,
C'Ty are drawn and extended to the ecirele with T lying on the cirele
Ferpendiculars Ty Hq, ToHo, ThHy are drawn to sides AC, B4, OB
regpactively, Prove that

TyHy +TyHy 4+ T3Hy < 3E,

where K i= the radius of the cireumeirels,

31. PME 387 by Jack Garfunkel

On the gsides AF and AC of an squilateral triangle AEBC, mark the
points D' and B respectively, such that A0 = AF. Brect dirsctly similar
zquilateral triangles O DP, AEQ, BAKon 0D, AE, and AE respectively.
Show that triangle PR 15 equilateral. Alzo show that the midpoints of
FPE, AQ, and KD are vertices of an equilateral triangle.

32. PME 399 by Jack Garfunkel
chow that

-3
atezin (%) + 2 arccos\/g = g . (3 <& <8

33. PME 422 by Jack Garfunkel

Lzt perpendiculars be erscted outwardly at 4 and B of a right tri-
angle ABC (' = 90%), and at M, the midpoint of AB. Extend these
perpendiculare to pointe F, &, K such that

AP=BQ=ME=ATB.

Show that triangle PQ R i perspective with triangle ABC,

34. PME 431 by Jack Garfunkel
In a right triangle AEBC, with sidss &, b, and hypotenuse ¢, show that

4{me + bz) < el

35. PME 442 by Jack Garfunkel

chow that the sum of the perpendiculars from thes circumesnter of a
triangls to ite sides iz not lese than the sum of the perpendiculare drawn
from the incentsr to the sides of the trianglse.

36. PME 453

Ziven two intersecting lines and a cirels tangsent to sach of them,
congtruct a square having two of ite vertices on the circumference of the
eirele and the other two on the intersscting lines,



37. PME 473 by Jack Garfunkel

In an acute triangle AEC with angle A = 60°, P iz a point within the
triangle. Let D' and & bes the feet of the ceviang through F from & and
E regpeactively
a) If BD) = DE = EC, prove that AP = EFP =P,
i If AF = BEF =P, prove that ED = DE = B

() If LPEC = LPCE = 30°, then BD = DE = EC.

38. PME 476 by Jack Garfunkel
If A, B, < and D ars the internal angles of a convax quadrilateral,

that iz, if A+ B+ C + D = 360°, then

[eos(A/2) + cos{B/2) + cos(C/2) + cos{ D/2)]
2 [eot{AS2Y + cot{B /D) + cot{T/2) + cot{D/2Y],

with squality when A=F = = D = a90°,

39. PME 492 by Jack Garfunkel

Gtven an acute triangle ABC with altitudes denoted by h,, k; and k,
and medians by s, #rg and #e, to gides 5, b and o, regpactively. The
pointz F, ¢} and K are determinad by the intersections s, Mhy, my Mk,
and e, Mk, reepectivaly. Frove

AF B 'R
129 5,
FPL QM RN
where L, M and I arse the feet of the madianes.

40. PME 509 by Jack Garfunkel

Ziven a triangle AFC with itg ineirele 7, touching the gides of the
triangle at pointe &, M and N, Let P, @ and K be the midpoints of
ares WL, LN and MN, regpectively, Form triangle DEF by drawing
tangents to the cirele at P, & and K. FProve that the perimeter of triangle
DEF doss not sxeeed the perimeter of triangle 4B,

41. PME 512 by Jack Garfunkel
Denote the number of ways a positive integer 1 can be partitionsd into
3 positive integers by Fa(n). Prove thatif &, & and ¢ are positive integers

and &% + b5 = cz, then
Pyla) + P3ib) = Fylch.

42. PME 515 by Jack Garfunkel



Given a ssquencs of concsntrie circles with a triangles A EC cireum-
goeribing the outermost circle, Tangent lines are drawn from sach wertex
of ABC to the next inner cirele, forming the sides of triangle A'B'CY,
Tangents are now drawn from verticss 47, BY and ©7 to the next inner
circle and they are the sides of triangle AYBYCY, and so on. Prove that

the angles of triangls Al glrio(n] approach /3,

43. PME 544 by Jack Garfunkel

Show that a quadrilateral ABCD with AD = BEC =sand fA+/ 5 =
120" hag maximum area if it iz an izoscsles trapazoid.

44, PME 553 by Jack Garfunkel

Given a triangle AEBC, srect squilateral trianglss EAF and ACQ
outwardly on sides A5 and &4, Let K be the midpeint of side BC
and lst & be the centroid of triangle ACQ). FProve that triangle PREG is
a 30% — 60 — 90° triangls,

45. PME 572 by Jack Garfunkel

Let ABC D be a parallslogram and construct directly similar trianglss
on sides A0 and BT, and diagonals AC and BD. Triangles ADE, AT H,
EDFE and BCG are the directly similar triangles, What restrictions on
the appended triangles ars necegeary for EFGH to be a rthombug?

46. PME 584 by Jack Garfunkel

Lat AEBC be any triangls with bage BC Let D be any point on sids
AE and E any point of side AZ. Let FPDE bs an izoscelss triangls with
bage DE, oriented the sams as ABC, and with apsx angle P =qual to
angle 4. Find the locus of all such points F.

47. PME 602 by Jack Garfunkel

Ziven imogesles triangle ABC and a point O in the plans of the triangle,
ereot dirsetly similar izoseelss triangles POA, QOF and RO {(but not
neesssarily similar to triangle 4B, Prove that the apexss P, Q) and R
of these triangle determing a triangle similar to triangle AE5C,

48. PME 605 by Jack Garfunkel



Given that @ = an acute angle, find the valus of @ if

gin da ginw .
= + Zain .

Aoosde coE A

49. PME 607 by Jack Garfunkel
Triangle 45C and A'B'CY are ripht triangles with right angles at O
and CF, Prove that if s /v = &'/¥', then s /R < ¢'/R', where &, &', r, ¢,

F and B’ are respectively the semiperimeters, inradii, and cireumradii of
ABC and A'B'C,

50. PME 620 by Jack Garfunkel

A triangls AEC iz inseribad in an squilateral triangle FQ K, The angls
bizectors of triangle AEC are drawn and sxtended to mest the sides
of triangle PQR in points Ay, By, ©1. MNow draw the angle bizsctors
of triangle 475177 to m=ast the sides of triangle PQR at As, By, &

Fzpeat the procedurs, Prove or disprove that triangle A, E,Ch, tends to
equilateral ag v tends to infinity.



51. PME 629 by Jack Garfunkel
It 4, B, O ars the anglss of 2 triangls, prove that

cog dcog BeosC = (1 —cosd)l — com Bl — coa O).

52. PME 648 by Jack Garfunkel
If A4, B, O are the anglss of a triangle ABC, provs that

53. PME 656 by Jack Garfunkel

Let ABC be any triangle and sxtend side 48 to A7, side BC to BY, and
gide 04 to & go that B liss between A and A7, etc., and BA' =3 AE,
ACT =2 CA, and OB =X BC. Find the valus of A go that the area
of triangle A'B'C7 i= four times the area of triangle 4B,

54. PME 677 by Jack Garfunkel
If 4, B, and ' ars ths anglss of a triarigls, then show that

cog Acog Beog - 3

COS%COS%COS% e

55. PME 683 by Jack Garfunkel

(a) Given three concentric circles, construct an mosceles right triangle
go that ite vertices lie one on each cirele. {b) Is the construction always
possible?

56. PME 695 by Jack Garfunkel
If ABC i a triangle, prove that

A B i
vein A ++/8in B+ +/sin (' > FS\/*/@sin ESinESinE‘

57. PME 708 by Jack Garfunkel
Find a Magzcheroni construction {a construction using only compasses
— no straightedge allowed) for the orthic triangle of an acute triangle

AEC,



58. PME 716 by Jack Garfunkel
Prove that, for ¢, v, 5> 0,

_ — [ wyw
- _
«my—l—«,/’yz—l—x,"xx_ﬁxfﬁ TR,

59. SSM 4045 by Jack Garfunkel
Lt @, &, and ¢ be positive real numberzs, Frove that
(14 1/b 4 1e)(al 4 22 4 )12 > 34/3,
with equality if and only if a = b=«

60. SSM 4069 by Jack Garfunkel

Let AEC be a triangle. Denote its altitudes by h,, By, and k) its
angls bizectors by £, 5, and 4, and the angls bizectors sxtendad to the
circumeirele of triangle ABC by Ty, Tj, and T, Prove that

T&t& + T&t& + T{:t{: - ER{IIE-Q + lll-& + |12-¢:|,

where K iz the cireumradius of triangle AEC.

61. SSM 4072 by Jack Garfunkel
Frowve that a ovclic quadrilateral with gides whose meagurss are con-
gacutive pogitive integsrs cannot have an intspral arsa.

62. SSM 4086 by Jack Garfunkel

Let triangle ABC with sideg &, b, and ¢ and inradiug » be given.
Clonsider the squilateral triangle 4'B'C7 with sides each equal to (o +b+
21 /% and inradiug ». Prove that » = »,

63. SSM 4087 by Jack Garfunkel
Zonzider the Fibonacel sequence 1,1,2,5,5,8, ..., %6,..., Whers

%z%_l—l—%_z, for '?‘1-2 3.

Frowve the inequality

L
nz%_z = Z brg,, for niz Bl
k=1

64. SSM 4115 by Jack Garfunkel
Squarss are constructed {outwardly) on sach side of a parallelogram.
Frove that the centers of these aquares ars the verticss of a square.



65. SSM 4122 by Richard A. Gibbs, L\'aszl\'o Sz\H{u}cs, and Jack
Garfunkel

(ziven teo cireles Ay and Ao with radii v and ry respectively, sach
cirele being exterior to the other

() Characterize the set & consizting of all points F which lie exterior
to both Ay and Ay and which have the following property:

Theare exizte an izogceles right triangle FOE with right angle at Fauch
that & iz on A4 and K iz on A5,

(b)Y Given F € &, degcribe a construction of the triangle PQ R satisfy-
ing the conditions stated in (a).

66. SSM 4140 by Jack Garfunkel
In triangle AEL, ma,, g, and n2, denote the medians to sides a, b, and

¢ and M, My, and A, denote the medians extendsed to the circumeircls
of ABC, Prove that

Moyrng + Myprng + Mo, = I + b + &,

67. SSM 4150 by Jack Garfunkel
Solve for @ & [0, 27 ):

2 2
(16/81F™° % 4 (16/81)%°% % = 26,27,

68. SSM 4152 by Jack Garfunkel
In a triangle ABC, the cevians AD, BE, and C'F concur at a point
F,and /FDE = /EDC. Prove that AD iz the altitude to the side BC.

69. SSM 4165 by Jack Garfunkel
Let ABCDEF S be a regular heptagon., Frove that

11 N 1
oD AC T ADY

70. SSM 4173 by Jack Garfunkel
Let 0, E, and F ks the points of tangeney of ths incirels of triangls
AEC to the sides B, &4, and AE, respsctively. Prove that

1
perimeter of ADEF < 3 perimeter of SAABC

71. SSM 4187 by Jack Garfunkel
Given two externally tangsnt circles with radii » < #p. If & iz the
angle between the common extarnal tangents, show that

divg — v1 ), PPy
(ry + 7o)’

gind =




72. SSM 4192 by Jack Garfunkel
If A, E, &7 are the anpgles of a triangls, prove that

gin® A +2in® B 48in® 0 > Sgin Agin Bein O

73. SSM 4211 by Jack Garfunkel

Erect equilateral triangles ACYE, BA'C, OB A4 externally on the sides
AE, BC, OA, respectively, of an arbitrary triangle ABC, The lines A4,
EE' ¢! meet at F, known as the Fermat point of A4EC, Prove that
AA'B'C! has the same Fermat point as AABC,

74. SSM 4222 by Jack Garfunkel
Lat D', B, F bs the peoints of tangeney of the sxeireles of triangls

AEC to thesides BC, CA, AE, respectively. (Thelines AD, BEE, C'F are
concurrsnt at a point M, called the Nagel point.) Prove that if BE = CF
then the triangle ABT is isosceles.

75. SSM 4231 by Jack Garfunkel

Let B bs the point of interssction of the diagonals of a quadrilateral
AEBC D, Let F, @, E, 5 be the feet of the perpendiculars from E to
the gides AE, BC, D, DA, respectively, Prove that the perimeter of
FQES iz lezg than or equal to AC 4 ED,

76. SSM 4240 by Jack Garfunkel
Let e, 8,7 be the angles of a triangls ABC, FProve that

Oeinf{e/sin(F/2)einly/2) — cosaxcosFcosy = 1,
with squality if and only if the triangle AEC i= equilateral.

77. SSM 4249 by Jack Garfunkel
Given a quadrilateral ABC D, saxtend sach side by ite own length to

pointe 4, B, ¢, D', The pointe B, ¢, D, 4 are midpointe of the lins
segments ABY, BCY, 0D/, DA', respectively, Prove that the area of the
quadrilateral 4'B'C7D is five times the area of ABCD,

78. SSM 4256 by Jack Garfunkel
Frove that, if 4, B, ¢ are the angles of an acute triangle, then

1/+/com A+ ifﬂ.fcosﬁ—l— ifﬁfcosf_’?’ e

with equality if and only if the triangle is equilateral.

79. SSM 4261 by Jack Garfunkel



Let &y, P, f, b2 the altitudss of an acute-angled triangle ABC, and
let Hy, Hp, Ha denote the altitudes extendsed to the circumeirels. Prove
that Hazzlll-a —+ H&flhb —+ Hcfllz-c = d,
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