a/b+b/c+c/a?

V6 Qubc B4 Can
1 Baitoan 1
1.1 [Vb6 Qudc Ba Can] Chitng minh ring vdi moi a,b,c > 0, ta c6

a b ¢ 21(a% + b* + ¢?)
244248y T )
(b+c+a>+ ~ (a+b+0)?

Chaing minh. Ta c6 bat ddng thiic tuong duong

b
2(a+b+c)2(z+c+2)+(a+b+c)2221(a2+b2+02)
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ad c?a ca? 9
cyc cyc cyc cyc cyc
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Zaj-l-Zab—QZaQ + Z@—Zab +2 Z@—Zab >6 Za2—2ab
b b b -
cyc cyc cyc cyc cyc cyc cyc cyc cyc
> Se(a—1b)*>0
cyc
trong do
b 2 2b b 2
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Khong mat tinh téng quat, ta chi can xét bat déng thic da cho trong trudng hgp a > b > ¢ la di,
khi d6 d& thay S, > S. va S, > 0, ta co
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Sc+2Sb=9+—b+m+—b—923+f+2 22a+3b)
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Do do
+, Néu S, >0, ta c6 (a —c)? > (a — b)? nén

VT > (S, +5:)(a—b)*>0
+, Néu S, < 0, theo bat déng thitc Cauchy Schwarz, ta ¢6 (a — c)? < (a — b)% + (b — ¢)? nén
VT > (Sq +25)(b— )+ (Se 4+ 255)(a — b)* > (Sc +25,)(b— ¢)* + (Se +25)(a — b)* > 0

B4t ding thitc duge ching minh xong. Dang thic x4y ra khi va chi khia =b=c.



2 Heé qua cua bai toan 1
2.1 [Vasile Cirtoaje] Ching minh ring véi moi a,b,c > 0, ta cé

3v/3(a? + b2 4 ¢2)
a+b+c

a

b

b ¢
+-+-=
c a
Chitng minh. St dung bai toan 1, ta chi can chitng minh

21(a® +b* + c?) .6 3(a2 + b2 + c2)

1
(a+b+c¢? — a+b+c +

= \V4 2 2 2 e 2 P
bat x = % > 1, bat dang thic tuong duong

72 > 6z +1

Hay
(x = 1)(Tz+1) > 0 (dang)

Bat dang thitc dugce chitng minh xong. Déng thiic xay ra khi va chi khia =b=c.
2.2 [Vo Quéc Ba Céan] Cho a,b,c > 0, ching minh bt ding thic

b ¢  2(ab+ bc+ ca)

a
T A
+c+a+ a? + b2+ c2
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Chitng minh. St dung bai toan 1, ta phai ching minh

1 [/21(a? + 0%+ ¢?) 2(ab + be + ca)
M= —F/—————— -1 —— >2+3V3
\/2( (a+b+c)? * a2+ 4+~ +3V3

5 10(a2 + b2 + ¢2) — (ab + be + ca) 2(ab+bc+ca)22+3\/§
(a+b+c)? a? + b2+ c2

Khong méat tinh téng quat, gia st a + b+ c = 1, dat @ = \/10(a® + b2 + ¢2) — (ab + bc + ca), thé
thi xz € [\/g, V 10] va bat dang thitc trd thanh

2(10 — 22
04 200-27) oz,

222+ 1
Ta c6 )
VT_VP:3(1'—\/§) (227 — 224+ 1 —2V/3) N 3(x—V3) (7—4V3) -
272 +1 272 +1

Bét déng thitc duge chitng minh xong. Dang thiic xay ra khi va chi khi a = b = c.

2.3 Chiing minh rang vdi moi sé duong a, b, c ta luon cé

a b ¢ ab + be + ca
M3 -+-4+-— T\ —— > 16
<b+c+a>+ Va2 +b2+c2~



Chitng minh. St dung két qua bai toan 1, ta can chiing minh

3(10(a? + b2 + ¢2) — (ab + bc + ca)) fab+ bc + ca
>1
3\/ (a+b+c)? 7 a2+ b2 +c2 0

Dit z = ,/% < 1, bat déng thiic tré thanh

3(10 — 22)
AT e >16
o2yl 1 F2
free (10— 22) (z = 1 ?)
27(10 — z 14(x — 1)°(1 + 182 — Tx
— (16 = 72)2 = >
o1 6T 22 + 1 20

Do dé, ta c6 dpcm. Ding thitc x3y ra khi va chi khi a = b = c.
2.4 [Nguyén Anh Cuong] Cho cdc s6 khong am a,b,c, ching minh bt ding thic

3(a2+ b2 +c2)  a’b+b%c+cPa
a+b+c a3 + b3+ ¢3

Chitng minh. St dung két qua bai toan 1, ta ¢

21(a? +b* + ¢2)
2(a+b+c)?

9(a® + b + c?)
(a+b+c¢)?

+

b a
- >
c

c 1
Z - >
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Suy ra

2, 12, 2
@%b+ Be 4 Pa > 9abe(a® + b* + ¢#)

(a+b+c¢)?
Ta can chitng minh
3(a? +b% + ¢?) 9abe(a® + b? + ¢2) -8
a+b+c (a+b+c)2(a®+b+c3) —

Khong mét tinh téng quat, gia sit a +b+c = 1, dat = ab+ bc+ ca thi ta c6 % > 2 > 0. Hon nita,
theo bat dang thitc Schur, ta suy abc > 421 do d6

9abe 9abe < 3(4x — 1)
a3+ +e3  3abe+1-3z - 2—5zx

Nhu thé, ta phai chiing minh

i 34z — 1)(1 — 2z) -

2 —bx

Ta co

147(1 — 22) — (8 3 -1)(1 - 23:))2 _ (3 — 1)2(227 — 550z — 642?)

2 —bx (2 — 5x)?
. Bz 1)? (227 — 550-3 —64-5)  329(3z — 1)2 -0
- (2 —5z)2 92— 5x)2 T

Bat dang thitc dugce chitng minh xong. Déng thic xay ra khi va chi khia =b=c.



3 Bai toan 2
3.1 Vgi moi x,y,z >0 théa xyz =1, ta cé

5 o o 3 11 1
Ty +27+6>(ztyt+z+—+—+ -
2 T Yy =z

Chitng minh. Khong méat tinh téng quat, gia st x = min{z,y, z}. Dat t = JUZ va
3 1 1 1
P(z,y,z) =a> +y* + 22 +6— = <I+y+z+++)
2 X y z
Ta c6

Ple.na) = Platt) = 1 (Vi—v3) (2(vi+va) -3 )

(V- V2 (5-3-3 0

vV
DN = N =

Lai c6
>0

_ 2 2 _ _ 2 2
Pt = p (L) o CoD@ =2 -1+ )
12 2t

Bét déng thitc duge chitng minh. Déng thitc x4y ra khi va chi khiz =y = 2z = 1.
Nhan xét. Bat diing thic trén c6 thé viét lai 6 dang khac nhu sau

a? 3« a® +b?
- >7§ >
b2+6_2 o Va,b,c >0

cyc cyc
4 Heé qua bai toan 2
4.1 [Pham Hitu Dtic] Chitng minh ring véi moi a,b,c > 0, ta luén cé

a? + b2+
a+b+ec

a’b L bie n cta
cb+c¢) alc+a) bla+bd)

3
> 2.
-2

Chiing minh. Dat v =1,y =1 ¢ =1 thé thi bat déng thic tré thanh

a

Z 22 N 3 22y% + 222 + 2222
2 =9’

y*(z + ) ryz(zy + yz + 22)

cyc

Hay

Z 2?(x+y+ 2) S 3(@%y? +y?2% + 222?)(x +y + 2)
v(z+x) ~ 2xyz(zy + yz + zx)

cyc

x? x? (2 +y222 + 22 (e +y+ 2
Z = Z > (z%y Y )( Y )
y p y(z + x) 2xyz(xy +yz + 2x)

cyc

St dung két qua bai toan 2 vi bat ding thitc Cauchy Schwarz, ta cé

Z£2>§Z$2+92_6 Z x? S (x+y+z)2
y? 2 Ty ’ y(z+z) — 2(zy +yz + 22)

cyc cyc cyc



Ta can chiing minh

§Zw2+y2 6L _@ryra)? 3@y 4y + 2wty + 2)
2 el 2@y +yz+zx) — 2xyz(zy + yz + zx)
Chuéan héa cho x +y + 2z = 1 va dit u = 2y + yz + zz,v = 2yz thi ta c6 % >q > 0,7 >0 va bat
déng thiic tré thanh

3(u—3v) 1 3(u? — 2v)
D S T < S S S
2v +2u 6= 2uv
Ta c6 713
VT—VP:MZO
2u

Bat dang thitc dugce chitng minh xong. Déng thiic xay ra khi va chi khia =b=c.
4.2 [Nguyén Van Thach] Ching minh rang vdi moi a,b,c > 0, ta cé

a? b2 2 8(ab+bc+ca
f-i-cj—&- ( )

> > 11

a2 a?+0b2+c2
Chitng minh. St dung két qua bai toan 2, ta suy ra dudc ta chi can chiing minh

§Za2+b2 8(ab + be + ca)

17
2 po ab a? + b2 + ¢2

Hay

> Sc(a—1b)*>0

cyc
trong dé

3 8 3 8 3 8
Sy = Sp=——————— Se =

be a2+ b2+ c2’ ca  a+b2+c2’ ab a2+ b2+ 2

Khong méat tinh téng quat, gia st a > b > ¢, khi d6, dé thay S, > S, > S., lai ¢6

3(b+c) 16 6 16 6 16

Sy + S = - > — - > — -
b e abc a?+b024+c2 7 gvbe a?+2bc T avbe  2av2bc

>0

Tit day, ta dé dang suy ra dpem. Déng thitc x4y ra khi va chi khi a = b = c.

2
Nhan xét. Cha y rang (gg’iggji‘;) +1> %w, ta suy ra

2 2 2 2
a b c (ab+bc+ca) >7

4 248 4y
b2+c2+a2+ a? + b2 + c2

Két qua nay dudce tim ra bdi ban Nguyén Anh Cudng va da dudc dua lén http://mathnfriend.org/
5 Cac bai toan khac
5.1 [Vo Quéc Ba Can] Cho cdc s6 khong am a,b,c, ching minh bat dang thitc

a b ¢ 8(ab + bc + ca)
3(T4+245)+ 22T Sy
<b+c+a>+ a?4+b2+c2 ~



Chatng minh. Khong mat tinh téng quét, gia sit ¢ = min{a, b, c}, dit a = c+2,b = c+y (z,y > 0), bang
bién ddi tuong duong, ta cé thé viét lai bat ding thitc nhu sau

fe) = (*—zy+y?)—(22° —9zy? +2u%)® + (32 — 1123y + 2022y — 529> + 3y c+-32y? +323y% > 0
Ta c6

f'(c) = 3(x* — zy +y*)c? — 2(22° — 9zy? + 29°)c + 32* — 1123y + 2022y* — 5xy® + 3y*

A’f, = —(52% — 422%y + 1382%9? — 11623y> + 3xy* + 122y° + 5¢%) <0

Suy ra f’(c) > 0, do d6 f(c) 1a ham dong bién, lai c6 f(0) = 3zy* + 323y? > 0 nén ta c6 dpem.
Déang thtic xay ra khi va chi khi a = b = c.



