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TWO USEFUL SUBSTITUTIONS

We know that in most inequalities with a constraint such as abc =1
the substitution a = E, b= g, c= % simplifies the solution (don’t kid
yourself, not all problems of this type become easier!). But have you ever
thought about other similar substitutions? For example, what if we had
the conditions z,y,z > 0 and zyz =z +y+ 2+ 2?7 Or z,y,z > 0 and
zy + yz + zx + 2xyz = 17 There are numerous problems that reduce
to these conditions and to their corresponding substitutions. You will
be probably surprised when finding out that the first set of conditions
implies the existence of positive real numbers a, b, ¢ such that

v b+c ct+a a+b

i I .

a y b c

Let us explain why. The condition zyz = 4y + 242 can be written
in the following equivalent way:

1 n 1 n 1
142 14y 14z

Proving this is just a matter of simple computations. Take now

1 1 1
a= , b=——  «¢= .
1+ 1+y 142
l—a b+c _
Then a4+ b+c=1and z = = . Of course, in the same
a a
b b
way we find y = c%l;a, z = @t . The converse (that is, +c, c—ib—a7
a+b

satisfy xyz = x +y+ 2z = 2) is much easier and is settled again by
basic computations. Now, what about the second set of conditions? If

you look carefully, you will see that it is closely related to the first one.

11

Indeed, z,y, z > 0 satisfy xy + yz + 2z + 2zyz = 1 if and only if —, —,
Ty

1 1 1 1 1

— verify — = — + — + — + 2, so the substitution here is

z TYyz T Yy oz

a b c
xr= s = y =
b+c 4 ct+a a+b



So, let us summarize: we have seen two nice substitutions, with even
nicer proofs, but we still have not seen any applications. We will see
them in a moment ... and there are quite a few inequalities that can be
solved by using these ”tricks”.

First, an easy and classical problem, due to Nesbitt. It has so many
extensions and generalizations, that we must discuss it first.

Example 1. Prove that

a b c 3
b+c+c+a+a+b = 2

for all a,b,c > 0.
Solution. With the "magical” substitution, it suffices to prove that

3
if x,y,2z > 0 satisfy 2y + yz + 2z + 22yz = 1, then z +y + 2z = 3

3
Let us suppose that this is not the case, ie. x +y + 2 < 3 Because

(z+y+2)?

3
zy + yz + zx < ,wemusthavexy+yz+zx<1and

rT+y+z 3 1
since zyz < <3> , we also have 2zyz < 1 It follows that
1=2y+yz+ 2zx+2xyz < — + — = 1, a contradiction, so we are done.

4 4
Let us now increase the level of difficulty and make an experiment:

imagine that you did not know about these substitutions and try to
solve the following problem. Then look at the solution provided and you
will see that sometimes a good substitution can solve a problem almost
alone.
Example 2. Let z,y,z > 0 such that zy 4+ yz + zx + 22yz = 1.
Prove that
1 1 1
—+t -+ -4z +y+2).
x Yy z
Mircea Lascu, Marian Tetiva

Solution. With our substitution the inequality becomes

b+c c+a a+bd a b c
+ + >4 - + :
b+c c+a a+bd

a b c



But this follows from
4s

<

b+c ™

Simple and efficient, these are the words that characterize this sub-

4b b b 4c c c
< - < —+

+

) )

c+a_c+a atb~a b

ol

Sl IS

stitution.

Here is a geometric application of the previous problem.

Example 3. Prove that in any acute-angled triangle ABC the fol-
lowing inequality holds

1
cos? A cos? B+cos? B cos® C+cos? C cos® A < Z(COSQ A+-cos? B+cos? C).

Titu Andreescu

Solution. We observe that the desired inequality is equivalent to

cosAcosB cosBcosC  cosAcosC

cosC cos A cos B
1 cos A cos B cos C
< - + +
4 \cosBcosC  cosCcosA cosAcosB
Setting
cos BcosC cos AcosC cos Acos B
r= ——- = - = ——
cosA Y cosB cos C
the inequality reduces to
1 1 1
dz+ty+z)<—+-+-.
r Yy =z

But this is precisely the inequality in the previous example. All that

remains is to show that zy + yz + za 4+ 2zyz = 1. This is equivalent to
cos® A + cos? B + cos® C' + 2 cos Acos BeosC = 1,

a well-known identity, proved in the chapter ”Equations and beyond”.
The level of difficulty continues to increase. When we say this, we

refer again to the proposed experiment. The reader who will try first to

solve the problems discussed without using the above substitutions will

certainly understand why we consider these problems hard.



Example 4. Prove that if x,y,z > 0 and xyz = x + y + z + 2, then

2(vTy + Yz +Vzz) <z +y+ 2 +6.

Mathlinks site

Solution. This is tricky, even with the substitution. There are two
main ideas: using some identities that transform the inequality into

an easier one and then using the substitution. Let us see. What does

2(\/ry + /yz + /zx) suggest? Clearly, it is related to
WV +y+v2)? = (z+y+2).

Consequently, our inequality can be written as

VT Vy+ vz <2 +y+ 2+ 3).

The first idea that comes to mind (that is using the Cauchy-

Schwarz inequality in the form /z + /y + vz < /3 +y+2) <

V2(z +y + z + 3)) does not lead to a solution. Indeed, the last inequal-

ity is not true: setting x+y+2z = s, we have 3s < 2(s+3). This is because
3 3

s s

f 0l >s42
57 S0 57 = s+ 2,
which is equivalent to (s — 6)(s + 3)2 > 0, implying s > 6.

from the AM-GM inequality it follows that zyz <

Let us see how the substitution helps. The inequality becomes

b+c c+a a+b b+c c+a a+bd
- + <4/2 - - +3
a b c a b c

The last step is probably the most important. We have to change

b b
the expression re + ¢ —Z a + ot + 3 a little bit.
a c

We see that if we add 1 to each fraction, then a + b 4 ¢ will appear

as common factor, so in fact

b+c c+a a+bd
+ +
a b c

1 1 1
+3=(a+b+c) Strto)



And now we have finally solved the problem, amusingly, by employ-

ing again the Cauchy-Schwarz inequality:

b b 11 1
\/+C+\/C+a+\/a+§ (b+c+etata+bd)(—+-+=).
a b c a b c

We continue with a 2003 USAMO problem. There are many proofs

for this inequality, none of them easy. The following solution is again not
easy, but it is natural for someone familiar with this kind of substitution.
Example 5. Prove that for any positive real numbers a, b, c the

following inequality holds

(2a+b+¢c)>  (2b+c+a)®  (2c+a+b)? <3
202+ (b+c¢)?2 202+ (c+a)?2 22+ (a+b)2 ~
Titu Andreescu, Zuming Feng, USAMO 2003

Solution. The desired inequality is equivalent to
b 2 2 b 2
<1+ +c> <2+c—|—a) <1+a—|— >
a b c
- 5 + 5 + 2 <3
2+< +c> 2+(C—|—a) 2+<a—|— >
a b c
Taking our substitution into account, it suffices to prove that if xyz =

T +y+z+2 then
2+2)?  2+y)?*  (2+2)

< 8.
2+ 22 2+ 3?2 2422
This is in fact the same as
2z4+1 2y+1 2241 _5
< —.
242 Y242 224272

Now, we transform this inequality into
(-1 (y-1? (-1 1
22 +2 Y2+ 2 2242 T2
This last form suggests using the Cauchy-Schwarz inequality to prove

that

(z-1°  (y-1% (-1 _ (@+y+z-3)°
22+ 2 Y2 +2 2242 T2+ y2 42246




So, we are left with proving that 2(z +y+ 2 —3)? > 22 +y? + 22 +6.
But this is not difficult. Indeed, this inequality is equivalent to

2w +y+2z-3)7> (x+y+2)>—2xy+yz+ 2x) +6.

Now, from xzyz > 8 (recall who z,y,z are and use the AM-GM
inequality three times), we find that zy+yz+z2x > 12 and x+y+2 > 6
(by the same AM-GM inequality). This shows that it suffices to prove
that 2(s—3)? > s2—18 for all s > 6, which is equivalent to (s—3)(s—6) >
0, clearly true. And this difficult problem is solved!

The following problem is also hard. We have seen a difficult solution
in the chapter ”"Equations and beyond”. Yet, there is an easy solution
using the substitutions described in this unit.

Example 6. Prove that if z,y, z > 0 satisfy xy +yz + zax + zyz =4
then x +y+ 2 > axy + yz + zz.

India, 1998

Solution. Let us write the given condition as

T Yy Yy 2
22+22+

Hence there are positive real numbers a, b, ¢ such that

2a 2b 2c

x:b—i-c’ y c+a’ a+b

But now the solution is almost over, since the inequality
r+y+z>ry+yz+zx

is equivalent to

a . b n c < 2ab . 2bc . 2ca
b+c c+a a+b~ (ct+a)(c+b) (a+b)(a+ec) (b+a)(b+e)

After clearing denominators, the inequality becomes

a(a+b)(a+c)+bb+a)(b+c)+clc+a)(c+b) >



> 2ab(a + b) + 2bc(b+ ¢) + 2ca(c + a).

After basic computations, it reduces to
ala —b)(a—c)+bb—a)(b—c)+c(c—a)(c—b) >0.

But this is Schur’s inequality!

We end the discussion with a difficult problem, in which the substi-
tution described plays a key role. But this time using the substitution
only will not suffice.

Example 7. Prove that if z,y, z > 0 satisfy xyz = 2 +y + 2 + 2,
then zyz(x — 1)(y —1)(z — 1) < 8.

Gabriel Dospinescu

Solution. Using the substitution

b+ c c+a a+b
:I/‘ - M - ) - )]

a Y b c

the inequality becomes
(a+b)(b+c)ct+a)a+b—rc)(b+ec—a)(c+a—b)<8a®b*c® (1)

for any positive real numbers a, b, c. It is readily seen that this form is
stronger than Schur’s inequality (a +b—¢)(b+ ¢ —a)(c+a —b) < abe.
First, we may assume that a, b, ¢ are the sides of a triangle ABC), since
otherwise the left-hand side in (1) is negative. This is true because no
more than one of the numbers a+b—c, b+c—a, c+a—>b can be negative.
Let R be the circumradius of the triangle ABC'. It is not difficult to find
the formula
a’b?c?
(a+b—c)b+c—a)(c+a—0b)= @ibr IR

Consequently, the desired inequality can be written as

(a+b+c)R? > (a+b>(b—gc)(c+a).




But we know that in any triangle ABC), 9R? > a2 + b% + 2. Hence

it suffices to prove that
8(a+b+c)(a®+b*+c*) >9(a+b)(b+c)(c+a).
This inequality follows from the following ones:

(a+b+c)?

wl oo

8(a+b+c)(a®+b*+c%) >

and

(a+b+c)

W =

9a+b)(b+c)(c+a) <
The first inequality reduces to
1
a? + >4+ > g(a—l—b—l—c)Q,

while the second is a consequence of the AM-GM inequality. By com-

bining these two results, the desired inequality follows.

Problems for training

1. Prove that if z,y, z > 0 satisfy xy + yz + zx + 2zyz = 1, then
1 3
xyz < 3 and zy + yz + zz > R

2. Prove that for any positive real numbers a, b, ¢ the following in-
equality holds

b+c c+a a+bd a b c 9
- + > + + + =
a b c b+c c+a a+b 2

J. Nesbitt
3. Prove that if z,y,2 > 0 and xyz = x + y + z + 2, then

3
ry+yz+zx>2@+y+2z)and Vo + Y+ Vz < ix/xyz.

4. Let x,y,z > 0 such that zy + yz + zx = 2(x + y + z). Prove that
zyz<zr+y+z2+2.

Gabriel Dospinescu, Mircea Lascu



5. Prove that in any triangle ABC the following inequality holds
1
cos A+ cos B+ cosC > 1(3 + cos(A — B) + cos(B — C) + cos(C — A)).

Titu Andreescu

6. Prove that in every acute-angled triangle ABC),
(cos A + cos B)? + (cos B 4 cos €)% + (cos C' + cos A)? < 3.
7. Prove that if a,b,c > 0 and z = a+%, Y= b—l—%, z= c—{—%, then
xy+yz+zx >2(x+y+ 2).

Vasile Cartoaje

8. Prove that for any a,b,c > 0,

b+c—a)? c+a—b)? a+b—c)? 3
b+ c)?2 + a2 c+a)?+ b2 a+b2+c2 5
( )
Japan, 1997
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ALWAYS CAUCHY-SCHWARZ

In recent years the Cauchy-Schwarz inequality has become one of
the most used results in elementary mathematics, an indispensable tool
of any serious problem solver. There are countless problems that reduce
readily to this inequality and even more problems in which the Cauchy-
Schwarz inequality is the key idea of the solution. In this unit we will
not focus on the theoretical results, since they are too well-known. Yet,
seeing the Cauchy-Schwarz inequality at work is not so well spread out.
This is the reason why we will see this inequality in action in several
simple examples first, employing then gradually the Cauchy-Schwarz
inequality in some of the most difficult problems.

Let us begin with a very simple problem, a direct application of the
inequality. Yet, it underlines something less emphasized: the analysis of
the equality case.

Example 1. Prove that the finite sequence ag, a1, ..., a, of positive

real numbers is a geometrical progression if and only if
(a3+a?+---+a2_)(a?+a3+---+a2) = (apar +ajao+- -+ an_1a,)°.

Solution. We see that the relation given in the problem is in fact

the equality case in the Cauchy-Schwarz inequality. This is equivalent to

the proportionality of the n-tuples (ag, a1, ...,a,—1) and (a1, az, ..., a,),
that is

@_i_ﬂ:: an—l‘

al a9 (079

But this is just actually the definition of a geometrical progression.
Hence the problem is solved. Note that Lagrange’s identity allowed us
to work with equivalences.

Another easy application of the Cauchy-Schwarz inequality is the

following problem. This time the inequality is hidden in a closed form,

11



which suggests using calculus. There exists a solution by using deriva-
tives, but it is not as elegant as the featured one:
Example 2. Let p be a polynomial with positive real coefficients.

Prove that p(2?)p(y?) > p?(xy) for any positive real numbers z, y.
Russian Mathematical Olympiad

Solution. If we work only with the closed expression p(z2)p(y?) >
p?(wy), the chances of seeing a way to proceed are small. So, let us write

p(x) =ag+ arx + - - - + apz™. The desired inequality becomes
(a0 + a12® + - - + apz®)(ao + a1y® + - - + any®™)

> (ag + arzy + - - - + anz"y™)>.

And now the Cauchy-Schwarz inequality comes into the picture:
(ap + a1y + - + apa"y™)?

= (Vao - Vao + Varw? - ag? + -+ Vana" - Jany")?
< (a0+a1x2_|_...+an:c2”)(a0+a1y2+-"+any2n).

And the problem is solved. Moreover, we see that the conditions
x,y > 0 are useless, since we have of course p?(zy) < p?(|zy|). Addi-
tionally, note an interesting consequence of the problem: the function
f:(0,00) — (0,00), f(z) = Inp(e”) is convex, that is why we said in
the introduction to this problem that it has a solution based on calculus.
The idea of that solution is to prove that the second derivative of is non-
negative. We will not prove this here, but we note a simple consequence:

the more general inequality

p(a)p(al) ... p(af) = p*(arzs ... ap),

which follows the Jensen’s inequality for the convex function f(x) =

Inp(e®).

12



Here is another application of the Cauchy-Schwarz inequality, though
this time you might be surprised why the ”trick” fails at a first approach:
1
Example 3. Prove that if z,y, z > 0 satisfy — + — 4+ — = 2, then
Ty oz

Ve—1+\y—-1+Vvz—1<Vzt+y+z

Iran, 1998

Solution. The obvious and most natural approach is to apply the

Cauchy-Schwarz inequality in the form

Ve —T1+Vy—1+vVz—1<3@x+y+2-3)

and then to try to prove the inequality \/3(33 +y+2z-3)<r+y+z,
9
which is equivalent to x +y + z < 5 Unfortunately, this inequality is

9
not true. In fact, the reversed inequality holds, that is x +y + 2z > 3

1 1 1 9

since 2 = — + — + — > ————. Hence this approach fails. Then, we
r Yy =z rT+y+z

try another approach, using again the Cauchy-Schwarz inequality, but

this time in the form

T T = v [ i e [
§¢m+b+@<m;1+9g1+zgl>

We would like to have the last expression equal to \/r + y + z. This

encourages us to take a =z, b = y, ¢ = z, since in this case

-1 -1 -1
a; —|—yb —|—Z =landa+b+c=x+y+=z.
a c

So, this idea works and the problem is solved.
We continue with a classical result, the not so well-known inequality
of Aczel. We will also see during our trip through the exciting world of

the Cauchy-Schwarz inequality a nice application of Aczel’s inequality.

13



Example 4. Let a;,a9,...,a,,b1,b,...,b, be real numbers and let

A, B > 0 such that
A2>al+ a3+ +a2or B2>bE b5+ -+ b2
Then
(42—}~ ) (B B )
< (AB — a1by — agby — -+ - — anbn)Q.
Solution. We observe first that we may assume that
A2 >at+a3+---4+a? and B® > b3 + b3 4 - + b2,

Otherwise the left-hand side of the desired inequality is smaller than
or equal to 0 and the inequality becomes trivial. From our assumption

and the Cauchy-Schwarz inequality, we infer that

arby+agba+- - +anby, < \/a? + a3 +---+a,%-\/b% +b3+---+b2 < AB

Hence we can rewrite the inequality in the more appropriate form

arby + agbs + - + anby + /(A% — a)(B2 —b) < AB,

where a = a3 + a3 + -+ + a2 and b = b3 + b3 + - -- + b2. Now, we can

apply the Cauchy-Schwarz inequality, first in the form

a1y +agbo+- - -+ anbp++/(A2 — a) (B2 —b) < Vab++/(A2% — a)(B2 — b)

and then in the form

Vab+ /(A2 — a)(B2 —b) < \/(a + A2 —a)(b+ B2 —b) = AB.

And by combining the last two inequalities the desired inequality
follows.

As a consequence of this inequality we discuss the following problem,
in which the condition seems to be useless. In fact, it is the key that

suggests using Aczel’s inequality.

14



Example 5. Let ay,as,...,ay,b1,b2,...,b, be real numbers such

that
(af+a3+ - +aZ—1) (0T +b3+- - -+b2—1) > (a1b1+agba+- - -+anb,—1)*.

Prove that a? + a3 +---+a2 > 1 and b3 + b3 + - - + b2 > 1.
Titu Andreescu, Dorin Andrica, TST 2004, USA

Solution. At first glance, the problem does not seem to be related
to Aczel’s inequality. Let us take a more careful look. First of all, it
is not difficult to observe that an indirect approach is more efficient.
Moreover, we may even assume that both numbers a? +a3 + - - - +a2 — 1
and b? + b3 + --- + b2 — 1 are negative, since they have the same sign
(this follows immediately from the hypothesis of the problem). Now, we

want to prove that

(@ +ai+-+a2 D)2 +b2+---+b2—1)

< (a1by + agby + - - - 4 apb, — 1) (1)

in order to obtain the desired contradiction. And all of a sudden we
arrived at the result in the previous problem. Indeed, we have now the
conditions 1 > a? + a3 +--- + a2 and 1 > b3 + b3 + - + b2, while the
conclusion is (1). But this is exactly Aczel’s inequality, with A = 1 and
B = 1. The conclusion follows.

Of a different kind, the following example shows that an apparently
very difficult inequality can become quite easy if we do not complicate
things more than necessary. It is also a refinement of the Cauchy-Schwarz
inequality, as we can see from the solution.

Example 6. For given n > k > 1 find in closed form the best con-

stant T'(n, k) such that for any real numbers x1, xa, ..., z, the following

15



inequality holds:
Y @iz =T k) > (2 —x5)”
1<i<j<n 1<i<j<k
Gabriel Dospinescu

Solution. In this form, we cannot make any reasonable conjecture

about T'(n, k), so we need an efficient transformation. We observe that

n n 2
Z (z; — x;)? is nothing else than n Z i (Z wz) and also

1<i<j<n i=1 i=1

k k 2
ST @)t =k 2t - (Z) |
=1 =1

1<i<j<k

according to Lagrange’s identity. Consequently, the inequality can be

written in the equivalent form

n n 2 k k
nZw?— (le) > T (n, k) k:Zx?— (Zm)
i=1 i=1 =1 i=1

And now we see that it is indeed a refinement of the Cauchy-Schwarz

2

inequality, only if in the end it turns out that T'(n,k) > 0. We also
observe that in the left-hand side there are n — k variables that do not
appear in the right-hand side and that the left-hand side is minimal
when these variables are equal. So, let us take them all to be zero. The

result is

k k 2 k k 2
”2%2_ <le> > T (n, k) k‘Zx?— (le> ,
i=1 i—1 i—1 i=1

which is equivalent to

k 2 k
(T(n, k) — 1) (Z ;1:) > (kT(n, k) —n) Y a3 (1)

=1

16



Now, if kT'(n, k) —n > 0, we can take a k-tuple (x1,x2,...,xx) such

k k
that Zmz = 0 and fo # 0 and we contradict the inequality (1).
i=1 i=1

Hence we must have kT'(n, k) —n < 0 that is T'(n, k) < —. Now, let us

n
k
proceed with the converse, that is showing that

n n 2 k k 2
i=1 i=1 i=1 i=1

for any real numbers x1, 2, . . ., . If we manage to prove this inequality,

then it will follow that T'(n, k) = % But (2) is of course equivalent to

n n 2 k 2
i=k+1 i=1 k i=1

Now, we have to apply the Cauchy-Schwarz inequality, because we

need Z x;. We find that
i=k+1

n

n 2

i=k+1 i=k+1

and so it suffices to prove that

n n
A2 >(A+B)Y? - B2 3
— > (A+ B) B (3)

n k

where we have taken A = Z x; and B = le But (3) is straight-
i=k+1 i=1

forward, since it is equivalent to

(kA — (n—k)B)* +k(n —k)B* >0,

n
which is clear. Finally, the conclusion is settled: T'(n, k) = T is the best
constant.

We continue the series of difficult inequalities with a very nice prob-

lem of Murray Klamkin. This time, one part of the problem is obvious

17



from the Cauchy-Schwarz inequality, but the second one is not immedi-
ate. Let us see.
Example 7. Let a,b, c be positive real numbers. Find the extreme

values of the expression

\/a2:r2 + 0292 + 222 + \/b2$2 + 22 + a222 + \/sz2 + a2y? + b222
where z,y, z are real numbers such that 22 4 y? + 22 = 1.

Murray Klamkin, Crux Mathematicorum

Solution. Finding the upper bound does not seem to be too difficult,

since from the Cauchy-Schwarz inequality it follows that

Va2z? + 02y? + 222 + /0222 + 2y? + a222 + /222 + a2y + b222 <

< V/3(a222 + 022 + 222 4+ Y2 + a222 + 222 + a2y? + b222)

= /3(a® +b% + 2).
We have used here the hypothesis z? + y? + 2> = 1. Thus,
3(a? + b? + ¢2) is the upper bound and this value if attained for

V3

3
But for the lower bound things are not so easy. Investigating what
happens when zyz = 0, we conclude that the minimal value should be
a+ b+ ¢, attained when two variables are zero and the third one is 1 or

—1. Hence, we should try to prove the inequality

\/a2x2 + b2y2 + 222 + \/b2x2 + 2y? + a?22

+v/ 222+ a2 + 0222 > a+b+e.
Why not squaring it? After all, we observe that
a?x? + 02y + P 0Pt 4 Py a2 e Pyt bR = a4

so the new inequality cannot have a very complicated form. It becomes

\/a2x2 + b2y2 + 222 \/b2x2 + 2y + a?22

18



+/0222 + 22 + a222 - \/2a? + a2y + b222

+/ 222 + a2y + b222 - \/a222? + b2y? + 222 > ab + be + ca

which has great chances to be true. And indeed, it is true and it follows

from what else?, the Cauchy-Schwarz inequality:

Va2a? + b2y + 222 - /0222 4 2y? + a222 > abx? + bay® + caz®

and the other two similar inequalities. This shows that the minimal value
is indeed a + b + ¢, attained for example when (z,y, z) = (1,0,0).

It is now time for the champion inequalities. We will discuss two
hard inequalities and after that we will leave for the reader the pleasure
of solving many other problems based on these techniques.

Example 8. Prove that for any nonnegative numbers a1, as, ..., a,

n
1
such that Z ai =3, the following inequality holds
i=1

a;a; n(n—1)
2 Toa(-a) < 2ea—1F

Vasile Cartoaje

Solution. This is a very hard problem, in which intuition is better

than technique. We will concoct a solution using a combination between

the Cauchy-Schwarz inequality and Jensen’s inequality, but we warn the

reader that such a solution cannot be invented easily. Fasten your seat
belts! Let us write the inequality in the form

"o g a? n(n—1)
(Z 1—ai) <2 e e

i=1 i=1

We apply now the Cauchy-Schwarz inequality to find that

)< () Ete) S

i=1 =1 =1

19



Thus, it remains to prove the inequality

ai
n — n

2 a? n(n—1)
L i—ap = L li-ap " Ca-1P

i=1 i=1

The latter can be written of course in the following form:

" a;(1—2a;) _ 2n(n—1)
2 e S @D

i=1
This encourages us to study the function

£ {0,;] — R, f(w)Zm

and to see if it is concave. This is not difficult, for a short computa-

tion shows that f”(z) = (1__6;4 < 0. Hence we can apply Jensen’s
inequality to complete the solution.

We end this discussion with a remarkable solution, found by the
member of the Romanian Mathematical Olympiad Committee, Claudiu
Raicu, to the difficult problem given in 2004 in one of the Romanian
Team Selection Tests.

Example 9. Let a1, ao, ..., a, be real numbers and let S be a non-

empty subset of {1,2,...,n}. Prove that

(z) < S (o)

€S 1<i<j<n
Gabriel Dospinescu, TST 2004, Romania

Solution. Let us define s; = a1 +as+---+a; for ¢ > 1 and sg = 0.

Now, partition S into groups of consecutive numbers. Then Z a; is of
€S

the form s, —s;, +5j, =8, + - +55, —5;,, with 0 < iy <ig < --- < i < n,

J1 < jo < --- < jpandalsoi; < ji,...,0 < jg. Now, let us observe that
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the left-hand side is nothing else than

Yosi+ D (sj—s)= D) (sj—s)
=1

1<i<j<n 1<i<j<n+1
Hence we need to show that
(sjl = Siy + Sjp — Sip T A S — Sik)2 < Z (sj - Si)Q'
0<i<j<n+1
Let us take a1 = s;,, ag = sj,,..., azg—1 = Sj,, azx = S;, and observe
the obvious (but important) inequality
Sosi—s)= > (ai—a))?.
0<i<j<n+1 1<i<j<2k
And this is how we arrived at the inequality
(a1 —ag+az—--+agy —an)’ < Y (a4 —a;)’ (1)
1<i<j<2k
The latter inequality can be proved by using the Cauchy-Schwarz

inequality k-times:

(a1 —ag +azg — -+ agp_1 — ag)?
< k((a1 — a2)? + (a3 — ag)® + - - + (azk—1 — agk)?)
(a1 —az +a3 — -+ + age—1 — ag)?

< k((a1 — as)® + (a3 — ag)® + - - - + (agr—1 — a2)?)

(e —ag+az — -+ agg—1 — a2k)2

< k((a1 — agk)?* + (a3 — a2)* + - + (azk—1 — agx—2)?)

and by summing up all these inequalities. In the right-hand side we

obtain an even smaller quantity than Z (a; — aj)2, which proves
1<i<j<2k
that (1) is correct. The solution ends here.
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Problems for training

1. Let a, b, ¢ be nonnegative real numbers. Prove that
(az® + bz + ¢)(cx® + bz + a) > (a + b+ ¢)?a?

for all nonnegative real numbers x.
Titu Andreescu, Gazeta Matematica

2. Let p be a polynomial with positive real coefficients. Prove that

1 1
if p <> > is true for x = 1, then it is true for all x > 0.
z) ~ p(x)
Titu Andreescu, Revista Matematica Timisoara

3. Prove that for any real numbers a, b, ¢ > 1 the following inequality

holds:

Va—1+vVb—1++vVe—1<a(be+1).
4. For any positive integer n find the number of ordered n-tuples of
integers (a1, ag, ..., a,) such that

a1+a2+---+an2n2 anda%+a%+---+ai§n3+1.

China, 2002
5. Prove that for any positive real numbers a, b, ¢,

LS SR 1 (atbtet Vabc)?
a+b b+c c+a 2Vabe  (a+b)(b+c)(c+a)
Titu Andreescu, MOSP 1999

6. Let a,a9,...,ay,,b1,b9,...,b, be real numbers such that
Z a;a; > 0.
1<i<j<n

Prove the inequality

Z a;Qj Z bibj

1<izj<n 1<i#j<n 1<i#j<n

Alexandru Lupas, AMM

(]
&
RS
IV
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7. Let n > 2 be an even integer. We consider all polynomials of the
form 2" + ap_12" ' 4 - - + a1z + 1, with real coefficients and having at

least one real zero. Determine the least possible value of a? + a3 + -+ +

2

anil.

Czech-Polish-Slovak Competition, 2002
8. The triangle ABC satisfies the relation

A 4 (et B) 4 (3e0t O) = (&)
cot — cot — cot—| == .
2 2 2 r
Show that ABC is similar to a triangle whose sides are integers and
find the smallest set of such integers.
Titu Andreescu, USAMO 2002
9. Let x1, 22, ...,x, be positive real numbers such that
LS SR
1+ 2 1+ 2o 142,

Prove the inequality

\/571+\/:72+...+@>(n_1)<1+1+...+ 1 >

Vojtech Jarnik Competition, 2002

10. Given are real numbers z1,x9,...,2Z10 € [0, g} such that
sin? x1 + sin? o+ -+ sin? z10 = 1.

Prove that

3(sinzy + sinxg + -+ - + sinxyg) < cosxy + cosxg + - - - + €8 T1p.

Saint Petersburg, 2001

11. Prove that for any real numbers a, b, ¢, x,y, z the following in-

equality holds

2
az + by + cz + /(a2 + 02 + 2) (a2 + y2 + 22) > satbto)z+y+z)

Vasile Cartoaje, Kvant
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12. Prove that for any real numbers x1, xo, ..., x, the following in-

equality holds

n o n 2 2(712 . 1) n o n
(ZZ!M-%\) <S [ oDl
=1 1=1 i=1 j=1

IMO 2003

13. Let n > 2 and xq, 22, ..., x, be positive real numbers such that

1 1 1 9
(x14+x24+ - +x) | —+—+-+— ) =n"+1.
X1 4] Tn

Prove that

1 1 1 2
2 2 2 2
(xf + x5 + +xn)<x%+m%+ +x%) n’ + +n(n_1)
Gabriel Dospinescu

14. Prove that for any positive real numbers a, b, ¢, z, y, z such that

ry +yz + zx = 3,

a b c
— z T+ > 3.
b—i—c(y—’—z)—i_c—l—a(x+ )+a+b( y) =
Titu Andreescu, Gabriel Dospinescu
15. Prove that for any positive real numbers ai,ao,...,a,, =1,
Z9,..., Ty such that
n
2 mm=(y)
i<i<j<n

the following inequality holds

al U,

(24 Fzp) 4+ +

as + -+ ap o ta n-1)

Vasile Cartoaje, Gabriel Dospinescu
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EQUATIONS AND BEYOND

Real equations with multiple unknowns have in general infinitely
many solutions if they are solvable. In this case, an important task char-
acterizing the set of solutions by using parameters. We are going to
discuss two real equations and two parameterizations, but we will go
beyond, showing how a simple idea can generate lots of nice problems,
some of them really difficult.

We begin this discussion with a problem. It may seem unusual, but
this problem is in fact the introduction that leads to the other themes
in this discussion.

Example 1. Consider three real numbers a, b, ¢ such that abc = 1
and write

1 1 1
r=a+—-, y=>b+ z=c+ - (1)
a c

57
Find an algebraic relation between z,y, z, independent of a, b, c.
Of course, without any ideas, one would solve the equations from
(1) with respect to a, b, c and then substitute the results in the relation

abc = 1. But this is a mathematical crime! Here is a nice idea. To

generate a relation involving z,y, z, we compute the product

(0+2) (r+5) (++2)
ryz=\|a+—-) b+~ ) |c+ -
a b c

1 1 1
N ) 2 2
_<a+aQ>+(b+b2>+<c+02>+2

=2 -2+ @ —2) + (2 -2)+2
Thus,
2?4+ —ayz =4 (2)

and this is the answer to the problem.
Now, another question appears: is the converse true? Obviously not

(take for example the numbers (x,y, z) = (1,1, —1)). But looking again
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at (1), we see that we must have min{|z|, |y, |z|} > 2. We will prove the
following result.

Example 2. Let z,y, z be real numbers with max{|z|, |y|, |z|} > 2.
Prove that there exist real numbers a, b, ¢ with abc = 1 satisfying (1).

Whenever we have a condition of the form max{|z|, |y|, |z|} > 2, it is
better to make a choice. Here, let us take |z| > 2. This shows that there
exists a nonzero real number u such that = u+ —, (we have used here
the condition |x| > 2). Now, let us regard (2) as a sgcond degree equation
with respect to z. Since this equation has real roots, the discriminant
must be nonnegative, which means that (22 —4)(y? — 4) > 0. But since
|z| > 2, we find that y? > 4 and so there exist a non-zero real number
v for which y = v + 1 How do we find the corresponding z? Simply by
solving the second dggree equation. We find two solutions:

u v
Z1=uv+—, 2z9=—+—
UV voou

1 1
and now we are almost done. If z = uv+— we take (a,b,c) = (u, v, >
uv uv

U v 1 U
and if z = — + —, then we take (a,b,¢) = (,v, ) All the conditions
voou u v
are satisfied and the problem is solved.
A direct consequence of the previous problem is the following;:

If z,y,z > 0 are real numbers that verify (2), then there exist
a, B, x € R such that
x =2ch(o), y=2ch(B), =z=2ch(x),
where ch : R — (0,00), ch(z) = #. Indeed, we write (1), in
which this time it is clear that a,b,c > 0 and we take @« =lna, 8 =1Inb,
x =Inc.

Inspired by the previous equation, let us consider another one
22+ y? 4+ 22 ayz = 4, (3)
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where z,y, z > 0. We will prove that the set of solutions of this equation
is the set of triples (2 cos A, 2 cos B, 2 cos C') where A, B, C are the angles
of an acute triangle. First, let us prove that all these triples are solutions.

This reduces to the identity
cos® A + cos® B + cos®> C' + 2 cos A cos BeosC = 1.

This identity can be proved readily by using the sum-to-product
formulas, but here is a nice proof employing geometry and linear algebra.

We know that in any triangle we have the relations

a=ccosB+bcosC
b=acosC +ccos A
c=bcosA+acosB

which are simple consequences of the Law of Cosines. Now, let us con-

sider the system

x—1ycosC —zcosB=0
—xcosC+y—zcosA=0
—xcosB+ycosA—z=0

From the above observation, it follows that this system has a non-

trivial solution, that is (a, b, c) and so we must have

1 —cosC —cosB
—cosC 1 —cosA | =0,
—cosB —cosA 1

which expanded gives
cos® A + cos® B + cos®> C' + 2 cos A cos BeosC = 1.

For the converse, we see first that 0 < z,y,z < 2, hence there are
numbers A, B € (0, g) such that x = 2cos 4, y = 2cos B. Solving the

equation with respect to z and taking into account that z € (0,2) we
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obtain z = —2cos(A + B). Thus we can take C = 7 — A — B and we
will have (z,y,2) = (2cos A,2cos B,2cos C). All in all we have solved
the following problem.

Example 3. The positive real numbers z, y, z satisfy (3) if and only

if there exists an acute-angled triangle ABC such that
x=2cosA, y=2cosB, z=2cosC.

With the introduction and the easy problems over it is now time to
see some nice applications of the above results.

Example 4. Let z,y,z > 2 satisfying (2). We define the sequences
(an)n>1, (bn)n>1, (en)n>1 by

a2 + a2 —4 b2 +9y? —4 24224

an-i—l = - bn+1 = - 7 Cn+1 = R
Anp—1 bnfl Cn—1

witha =z, b1 =y, c1 =zand ag =22 — 2, by = y> — 2, co = 2% — 2.

Prove that for all n > 1 the triple (ay, by, ¢,,) also satisfies (2).
Solution. Let us write x = a+—, y = b+ 3 z = c+—, with abc = 1.

a c
Then

1 1 1
a2:a2+¥, b2:b2+— 02262—’_672'

b2’

So, a reasonable conjecture is that

1 1 1
(an,bn,cn) = (CLn + ain’bn + b?’cn + Cn> .

Indeed, this follows by induction from
1\° 1
a"+— ) +a*+ -2
a" a? n+1 1
=Q +

1 an—l—l

an—l

anfl +

and two similar identities. We have established that

1 1 1
(anybnacn) = <an + a77bn + binacn + Cn>
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But if abc = 1, then certainly a”b"¢” = 1, which shows that indeed
the triple (ay, by, ¢y,) satisfies (2).

The following problem is a nice characterization of the equation (2)
by polynomials and also teaches us some things about polynomials in
two or three variables.

Example 5. Find all polynomials f(z,y,z) with real coefficients
such that

1 1 1
f<a+,b+,c+> =0
a b c

whenever abc = 1.
Gabriel Dospinescu

Solution. From the introduction, it is now clear that the polyno-
mials divisible by 22 4+ y? + 22 — zyz — 4 are solutions to the problem.
But it is not obvious why any desired polynomial should be of this form.
To show this, we use the classical polynomial long division. There are

polynomials g(z,y, ), h(y, z), k(y, z) with real coefficients such that
fla,y,2) = (@@ + 9% + 2% — 2yz — 4)g(,y, 2) + zh(y, 2) + k(y, 2)

Using the hypothesis, we deduce that

1 1 1 1 1
O=la+—-|h|b+—-c+—-|+Ek|b+—-,c+ -
a b c b c

whenever abc = 1. Well, it seems that this is a dead end. Not exactly.

Now we take two numbers x,y such that min{|z|, |y|} > 2 and we write

1 1 Va?—4 Vy?—4
x:b+g,y=c+fwithbzﬂ+,c:w+.
c

1
Then it is easy to compute a+—. It is exactly zy++/(22 — 4)(y2 — 4).
a

So, we have found that

(zy + /(2% — 4)(y2 — 4)h(z,y) + k(z,y) =0

whenever min{|z|, |y|} > 2. And now? The last relation suggests that we

should prove that for each y with |y| > 2, the function z — V2?2 — 4 is
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not rational, that is, there aren’t polynomials p, ¢ such that vaz2 — 4 =
p(z

~—

. But this is easy because if such polynomials existed, than each

<

=
8

N—

zero of 2% — 4 should have even multiplicity, which is not the case. Con-

[}

sequently, for each y with |y| > 2 we have h(z,y) = k(z,y) = 0 for all
x. But this means that h(z,y) = k(z,y) = 0 for all z,y, that is our
polynomial is divisible with 2% + 3% + 22 — 2yz — 4.

O a different kind, the following problem and the featured solution
prove that sometimes an efficient substitution can help more than ten
complicated ideas.

Example 6. Let a,b,c > 0. Find all triples (x,y, z) of positive real

numbers such that
r+y+z=a+b+c
a’x 4+ b%y + c?z + abc = dxwyz
Titu Andreescu, IMO Shortlist, 1995

Solution. We try to use the information given by the second equa-

tion. This equation can be written as

and we already recognize the relation

u? 4+ 0%+ w? + uvw =4

a b c .
where u = v = w = . According to example 3, we can

find an acute-angled triangle ABC such that

u=2cosA, v=2cosB, w=2cosC.

We have made use of the second condition, so we use the first one

to deduce that
r+y+z=2/rycosC + 2,/yzcos A+ 2y/zx cos B.
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Trying to solve this as a second degree equation in /z, we find the

discriminant
—4(\/ysin C' — \/zsin B)?.

Because this discriminant is nonnegative, we infer that

VysinC = y/zsin B and v/x = /ycos C + /2 cos B.

Combining the last two relations, we find that

VE _ i _\E
sinA sinB sinC

Now we square these relations and we use the fact that

b
cosB= ——, cosC =

a
2./yz’ 2\/zx’ 2./1y
The conclusion is:
b+c c+a a+b
xTr = _— =
9 YT o 2

and it is immediate to see that this triple satisfies both conditions. Hence

cos A =

there is a unique triple that is solution to the given system. Notice that

the condition
r+y+z=2/xycosC + 2,/yzcos A+ 2\/zx cos B

is the equality case in the lemma stated in the solution of the following
problem. This could be another possible solution of the problem.

We have discussed the following very difficult problem in the chapter
” An useful substitution”. We will see that example 3 helps us find a nice
geometric solution to this inequality.

Example 7. Prove that if the positive real numbers z,y, z satisfy

xy +yz + zx + xyz = 4, then
T+y+z>xy+yz+ 2.

India, 1998
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Solution. It is not difficult to observe that at first glance, the con-
dition zy + yz + zx + xyz = 4 it’s not the same as the equation (3). Let

us write the condition xy + yz + zx + xyz = 4 in the form

\/xy2 + \/yz2 + \/zye2 + Vxy - JSyz - zx =4.

Now, we can use the result from example 3 and we deduce the exis-

tence of an acute-angled triangle ABC' such that

VYzZ =2cos A
Vzx = 2cos B
VZY =2cosC
We solve the system and we find the triplet
2cos BecosC 2cos AcosC 2cos Acos B
(@2) = ( )

cosA ' cosB ' cosC
Hence we need to prove that

2cosBcosC 2cosAcosC 2cosAcosB
cos A cos B cos C

> 2(cos? A4-cos? B+cos? C).

This one is a hard inequality and it follows from a more general
result.
Lemma. If ABC' is a triangle and x,y, z are arbitrary real numbers,
then
2 + % + 2% > 2yz cos A + 2z cos B + 2xy cos C.

Proof of the lemma. Let us consider points P, @, R on the lines
AB, BC, CA, respectively, such that AP =BQ =CR=1and P,Q,R
and do not lie on the sides of the triangle. Then we see that the inequality

is equivalent to
(z-AP+y-BQ+z-CR)? >0,
which is obviously true.
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The lemma being proved, we just have to take

2cos BcosC 2cos AcosC 2cos Acos B
€r = —_— = _— z = _—
V cos A y V cosB V cosC

in the above lemma and the problem will be solved.

But of course, this type of identities does not appear only in inequal-
ities. We are going to discuss two problems in which the identity is very
well masked.

Example 8. Find all continuous functions f : (0,00) — (0, 00)

satisfying

@) f () = fay) + f (”;) .

Sankt Petersburg

Solution. First of all, observe that by symmetry in z,y we must
have f <a:> =f (%) and so f(z) = f (i) Next, by taking z =y =1
we obtair?f(l) = 2 and then f(2?) = f?(x) — 2. These relations should
now ring a bell! It seems that we are searching for something like f(x) =
zk 4 —- We are right, but still far from the solution. Let’s make another
Smallxstep: proving that f(xz) > 2 for all z. Indeed, this is going to be
easy, since f(x?) = f%(z) — 2 implies that f(z) > /2 for all z. Thus,
f2(z) = f(2®) +2 > 2 + /2. Repeating this argument, we find that for

f@ﬁ>¢2+ﬁ2+vﬁ+.“:2

(the last equality being immediate for a beginner in analysis).

all x we have

Yet, till now nothing related to our theme. Wrong! Let’s observe that

1)+ FP) = fay)) (;’)

for all x,y. Indeed, it suffices to write

2 T 2 Y
t=wy=, Y=g
y z
Yy
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With this information, let us make one more step and write

@)+ f2(y) — 4= @) + fF?) = flay)(f(@) f(y) — flay).

We are now on the right track, since we find that

@)+ () + P(2y) = @) fy) flay) + 4.

Using also the fact that f(z) > 2, we deduce the existence of a con-
tinuous function ¢ : (0,00) — [1,00) such that f(z) = g(z) + (1$) The
above relation implies of course that g(xy) = g(z)g(y). By cé]nsidering
h(z) = Ing(e®), we obtain that h is a continuous solution of Cauchy’s
functional equation f(z+y) = f(x)+ f(y), thus h(z) = kx for a certain
k. This shows that g(x) = ¥ and that our thoughts were right; these are
all solutions of the equation (the verification of the identity is immediate
for this class of functions).

And finally, an apparently inextricable recursive relation.

Example 9. Let (ay)n>0 be a non-decreasing sequence of positive

integers such that
ag = a1 = 47 and a%_l + a% + a%H — Up_1apan+1 = 4 for all n > 1.

Prove that 2 + a,, and 2+ /2 + a,, are perfect squares for all n > 0.
Titu Andreescu

Solution. Using the idea from the chapter with real equations, we
write a, = x, + i, with x, > 1. The the given condition becomes
Tptl = TpTp—1 (WZ; 7ilawe used here explicitly that x,, > 1), which shows
that (Inzy,)n>0 is a Fibonacci-type sequence. Since zg = z1, we deduce

that z,, = mOF", where Fy = F} =1, Fj,4+1 = F,, + F,,—1. Now, we have to
AT + /472 -1

5 won'’t suffices.

do more: who is z9? And the answer zg =

Let us remark that

(e ) =
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from where we find that

1
Vg + —=1.
Vo
Similarly, we obtain that
1
4 =3.
xo + o
Solving the equation, we obtain
2
1 5
Vg — ( +2\f> — )2

that is 29 = A\%. And so we have found the general formula a, = A3 +

A~8n  And now the problem becomes easy, since
an +2= M4 X2 and 2 + V2 + a, = (A2 4 X722,

1
All we are left to prove is that A2* 4+ 2* € R for all £ € R. But this

isn’t difficult, since

1 1
2 4
)‘+FGR’ )\+F€R
and
1 1 1 1
2(k+1 _ (2 b 2k LN [ y2(k-1
A )+/\2(k+1)_</\ +A2><A +)\2k> (A( )+/\2(k_1)>.

Problems for training

1. Find all triples z,y, z of positive real numbers, solutions to the
system:
22+t + 22 =ayz+4
{ xy+yz+ze=2x+y+z)
2. Let x,y, 2 > 0 such that 22 + 32 + 2% + zyz = 4. Prove that

\/(2—@)(2—1)) +\/(2—b)(2—0) +\/(2—c)(2—a) _
2+a2+0) @+t  \@+o@+a)

Cristinel Mortici, Romanian Inter-county Contest
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3. Prove that if a, b, ¢ > 0 satisfy the condition |a®+b?+c?—4| = abc,
then
(a—2)(b—2)+(b—2)(c—2)+ (c—2)(a—2) > 0.
Titu Andreescu, Gazeta Matematica

4. Find all triples (a, b, ¢) of positive real numbers, solutions to the
system
a?+ b+ +abc=4
{ a+b+c=3

Cristinel Mortici, Romanian Inter-county Contest

5. Prove that in any triangle the following inequality holds
(sin é + sin E + sin 0)2 < cos? é + cos? E + cos? g
2 2 2) = 2 2 2
6. Let z,y, 2z > 0 such that zy + yz + zo + xyz = 4. Prove that
3 <1+1+1>2 > (z+2)(y+2)(2 +2).
Er At
Gabriel Dospinescu

7. Prove that in any acute-angled triangle the following inequality
holds

<COS ) +<COS ) +<CO§C> + 8cos Acos BeosC > 4.

cos B cos C' cos A

Titu Andreescu, MOSP 2000

8. Solve in positive integers the equation
(z+2)(y+2)(z2+2) =@ +y+z+2)>~

Titu Andreescu
9. Let n > 4 be a given positive integer. Find all pairs of positive
integers (x,y) such that

(z+y)? _

TY — n —4.
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Titu Andreescu

10. Let the sequence (an)n>0, where a9 = a1 = 97 and ap41 =
Ap—10n + \/(a% —1)(a®_; — 1) for all n > 1. Prove that 2+ /2 + 2a,, is

a perfect square for all n > 0.

Titu Andreescu

11. Find all triplets of positive integers (k, [, m) with sum 2002 and
for which the system

f_|_f:k
Yy X
Y

has real solutions.
Titu Andreescu, proposed for IMO 2002
12. Find all functions f : (0,00) — (0, 00) with the following prop-
erties:
a) f(x)+f(y)+f(2)+f(zyz) = f(V2y) f(Vyz) f(Vzn) forall o, y, 2;
b) if 1 <z <y then f(z) < f(y).
Hojoo Lee, IMO Shortlist 2004
13. Prove that if a, b, ¢ > 2 satisfy the condition a®+b>+c? = abc+4,
then

a+b+ctactbe>2\/(a+b+c+3)(a®+b2+c2-3).

Marian Tetiva

14. Prove that if a,b, ¢ > 0 satisfy a® + b + ¢? + abc = 4 then
0 < ab+bc+ ca— abe < 2.

Titu Andreescu, USAMO 2001
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LOOK AT THE EXPONENT!

Most of the times, proving divisibility reduces to congruences and
the famous theorems from this field, such as Fermat, Euler, or Wil-
son. But what do we do when we have to prove for example that
lem(a, b, c)?|lem(a,b)-lem(b, ¢)-lem(c, a) for any positive integers a, b, ¢?
Then one thing is sure: the above methods fail. Yet, another smart idea
appears: if we have to prove that a|b, then it is enough to prove that
the exponent of any prime number in the decomposition of a is at least
the exponent of that prime number in the decomposition of b. For sim-
plicity, let us denote by v,(a) the exponent of the prime number p in
the decomposition of a. Of course, if p doesn’t divide a, then v,(a) = 0.
Also, it is easy to prove the following properties of v,(a):

1) minfu(a), v,(b)} < vpla +b) < maxfu(a), v,(b)}

2) vp(ab) = vp(a) + vy(b)
for any positive integer numbers a, b. Now, let us repeat the above idea
in terms of v,(a): we have a|b if and only if for any prime number p
we have vp(a) < vy(b) and we have a = b if and only if for any prime
number p, v,(a) = vp(b).

Some other useful properties of vy(a) are:

3) vp(gcd(ar, az, . .., an)) = min{uy(ar), vp(az),. .., vp(an)},
4) vy(lem(ay, ag, . .., ay)) = max{vy(a1), Up(a(z)), ..., vp(ap)} and
5) vp(n!) = [;] + [;} + [;} +-= % whenever p|n. Here,

sp(n) is the sum of digits of n when written in base b. Observe that 3)

and 4) are simple consequences of the definitions. Less straightforward is
5). This follows from the fact that there are [n} multiples of p, [Z] are
p p

multiples of p? and so on. The other equality is not difficult. Indeed, let

us write n = ag +a1p+---+app”, where ag, a1, ...,a, € {0,1,...,p—1}
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and ag # 0. Then
n n _ k—1 k—2

and now using the formula

pi+1 -1
p—1
we find exactly 5). Enough with the introduction, let’s see some concrete

9

results. We have chosen with intention the first problem (the classical
one) a very nasty one, so that the reader doesn’t think that all the above
formulas were for nothing and because it offers us the opportunity to
prove a very nice inequality. There are hundreds of variants of it in all

contests around the world and in all elementary magazines. Let us see.
(3a + 3b)!(2a)!(30)!(2b)!
(2a + 3b)!(a + 2b)!(a + b)!al(b!)?

Example 1. Prove that € Z for

any positive integers a, b.
Richard Askey, AMM 6514

Solution. First, let us clearify something. When we write

e Bl ]

n
we write in fact Z {k] and this sum has clearly a finite number of
k>1
non-zero terms. Now, let us take a prime p and let us apply formula 5),

as well as the first observations. We find that

vp((3a-+3)!(20)!(3)!(20)1) = <[3a+k3b] + [ﬂ * Fﬂ " [ﬂ)

= p p p p

and also

vp = ((2a+ 3b)!(a + 2b)!(a + b)!al(b))*)
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Of course, it is enough to prove that for each £ > 1 the term cor-
responding to k in the first sum is greater than or equal to the term
corresponding to k in the second sum. With the substitution z = —,
p
Yy = —, we have to prove that for any nonnegative real numbers z,y we

have
Bz + 3y] + [22] + [3y] + [2y] > [2x + 3y] + [z + 2y] + [x + y] + [z] + 2[y].

This isn’t easy, but with another useful idea the inequality will be-

come easy. The idea is that
Bz + 3y] = 3[] + 3[y] + B{z} + 3{y}]

and similar relations for the other terms of the inequality. After this
operation, we see that it suffices to prove the inequality only for 0 <
x,y < 1. Why is the new inequality easy? Because we can easily compute
all terms, after splitting in some cases, so that to see when [2{x}], [3{y}],
[2{y}] are 0, 1 or 2.

We won’t continue studying these cases, since another beautiful
problem is waiting.

Example 2. Let a, b be positive integers such that a|b?, b3|a*, a®|b°,
b7|a®,. ... Prove that a = b.

Solution. Let us take a prime p and try to prove that v,(a) = v,(b).
We see that the hypothesis a|b?, b3|a?, a®[b5, b7]a8,... is the same as
a1 p*nt2 and b4 t3|a*"+ for all natural number n. But the relation
a2 can be interpreted as (4n + 1)vy(a) < (4n + 2)v,(b) for all

n, that is

o 4An +2
<
(@)= I g1

(b) = (D).

Similarly, the condition b**3|a*"*4 implies v,(a) > v,(b) and so

vp(a) = vp(b). The conclusion follows: a = b.
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We have mentioned in the beginning of the discussion a nice and
easy problem, so probably it’s time to solve it, although for sure the
reader has already done this.

Example 3. Prove that lem(a, b, c)?|lem(a,b) - lem(b, c) - lem(c, a)
for any positive integers a, b, c.

Solution. Let p an arbitrary prime number. We have
vp(lem(a, b, ¢)?) = 2max{z,y, 2}
and
vp(lem(a,b) - lem(b, ¢) - lem(c, a)) = max{z, y} + max{y, z} + max{z, x},
where z = vp(a), y = v,(b), z = vp(c). So, we need to prove that
max{z,y} + max{y, z} + max{z,x} > 2max{x,y, z}

for any nonnegative integers z, y, z. But this is easy, since we may assume
that * > y > z (the symmetry allows us this supposition) and the
inequality becomes 2x + y > 2x, obviously true.

It is time for some difficult problems, which are all based on the
observations from the beginning of the discussion.

Example 4. Prove that there exists a constant ¢ such that for any

positive integers a, b, n that verify a! - b!|n! we have a +b < n + clnn.
Paul Erdos

Solution. This time the other formula for v,(n!) is useful. Of course,
there is no reasonable estimation of this constant, so we should better
see what happens if a! - bl|n!. Then vq(a!) + v2(b!) < vo(n!), which can
be translated as a — s2(a) + b — s2(b) < n — s2(n) < n. So, we have
found almost exactly what we needed: a + b < n + sa(a) + s2(b). Now,
we need another observation: the sum of digits of a number A when
written in binary is at most the number of digits of A in base 2, which

is 1 + [logy A] (this follows from the fact that 2¥=1 < A < 2* where
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k is the number of digits of A in base 2). So, we have the estimations
a+b<n+saa)+s2(b) <n+2+logyab < n+2+2logyn (since we
have of course a,b < n). And now the conclusion is immediate.

The following problem appeared in Kvant as a hard problem. It took
quite a long time before an olympic found an extraordinary solution. We
shall not present his solution; but another one, even easier.

Example 5. Is there an infinite set of positive integers such that
no matter how we choose some elements of this set, their sum is not an

integer power of exponent at least 27
Kvant

Solution. Let us take A = {27 - 3"*!n > 1} If we consider some
different numbers from this set, their sum will be of the form 2%-3%*!.y,
where (y,6) = 1. This is surely not a power of exponent at least 2, since
otherwise the exponent should divide both z and x + 1. Thus this set is
actually a good choice.

The following problem shows the beauty of elementary number-
theory. It combines diverse ideas and techniques and the result is at
least beautiful. This one is also a classic problem, that appeared in lots
of mathematics competitions.

Example 6. Prove that for any natural number n, n! is a divisor of

n—1
[Je@—25.

k=0

Solution. So, let us take a prime number p. Of course, for the ar-
gument to be non-trivial, we take p < n (otherwise doesn’t divide n!).
First, let us see what happens with p = 2. We have

va(n!) =n —sa(n) <n-—1
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and also
n—1 n—1
s (H(2” — 2’“)) => w2 -25)>n-1
k=0 k=0
(since 2" — 2% is even for k > 1), so we are done with this case. Now, let
us assume that p > 2. We have p|2P~! — 1 from Fermat’s theorem, so we

also have p|2¥(—1) — 1 for all k > 1. Now,

n—1 (n_1) n
[[er-2n=2"= []@" -1
k=0 k=1

and so, from the above remarks we infer that
n—1 n
g <H(2" - 2’“)) => w(2F-1)
k=0 k=1

> Z v (2P — 1) > card{k|1 < k(p—1) < n}

1<k(p—1)<n
Since
card{k|ll <k(p—1)<n}= [pfl] ,
we have found that
n—1
n k n
v2 (H(2 —2 )) > [p—l]
k=0
But we know that
UZ(n!):n—sp(n)<n—1 n

p—1 “p—-1 p-1
and since va(n!) € R, we must have
n
NS |——|.
nlnl) < [p—l]

From these two inequalities, we conclude that

n—1
V2 (H(Q" - Qk)> > va(n!)

k=0

and now the problem is solved.
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Diophantine equations can also be solved using the methods em-
ployed in this topic. Here is a difficult one, given in a russian olympiad.
Example 7. Prove that the equation

1 1 1 1
100 el T
does not have integer solutions such that 1 < n; <ng < --- < ng.
Tuymaada Olimpiad
Solution. Suppose we have found a solution of the equation and let
us consider

We have
10"((n+1) ... (g —Dngg+ -+ (N1 + 1) ... (ng — D)ng + 1) = ny!

which shows that nj divides 10™. Let us write ng = 2% - 5Y. First of
all, suppose that x,y are positive. Thus, (ny +1)...(ng — 1)ng + -+ +
(ng—1+1)...(ng — )ng + 1 is relatively prime with 10 and it follows

that va(ng!) = vs(ng!). This implies of course that [%} = [%} for all
j (because we clearly have [%} > [%}) and so ny < 3. A verification

by hand shows that there is no solution in this case.

Next, suppose that y = 0. Then (n1+1) ... (ng—Dng+-- -+ (ng_1+
1)...(nk — )ng + 1 is odd and thus va(ng!) = n < vs(ng!). Again this
implies v2(ng!) = vs(ng!) and we have seen that this gives no solution.
So, actually x = 0. A crucial observation is that if ny > ng_1 + 1,
then (n14+1)...(ng — )ng+ -+ (ng—1+1)...(ng — 1)ng + 1 is again
odd and thus we find again that va(ng!) = n < vs(ng!), impossible. So,
ng = ng_1 + 1. But then, taking into account that n is a power of 5, we
deduce that (n;+1)...(ng—Dng+---+ (ng—1+1)...(ng —)ng+1is
congruent to 2 modulo 4 and thus va(ng!) = n+1 < vs(ng!)+1. It follows

that [%} <1+ [%] and thus n; < 6. Since ny is a power of 5, we
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find that ny = 5, ng_1 = and a quick research of all possibilities shows
that there are no solutions. Thus, the given equation has no solution in
natural numbers.

A tricky APMO problem asked once upon a time to prove there is a
number 2 < n < 2000 such that n|2" 4+ 2. We will let to the reader the
job to verify that 2 - 11 - 43 is a solution (and especially the job to find
how we arrived at this number) and also the exercise to prove that there
are actually infinitely many such numbers. Yet... small verifications show
that all such numbers are even. Proving this turns out to be a difficult
problem and this was proved for the first time by Sierpinski.

Note. After the quadratic reciprocity law topic, it will be proved that
2 11 43 is a solution of the problem.

Example 8. Prove that for any n > 1 we cannot have n|2" ! + 1.

S
Solution. Although very short, the proof is tricky. Let n = prl
i=1
where p; < --- < ps are prime numbers. The idea is to look at va(p; —1).

Choose that p; which minimizes this quantity and write p; = 1 4+ 2"im;
with m; odd. Then of course we have n = 1 (mod 2™¢). Hence we can
write n — 1 = 2™¢. We have 22"% = —1 (mod p;) thus we surely have
—1=22"tmi = 2(i=Dt = 1 (mod p;) (the last congruence being derived
from Fermat’s theorem). Thus p; = 2, which is clearly impossible.

We continue with a very nice and hard problem, in which the idea of
looking at the exponents really saves us. This problem seemed to appear
for the first time in AMM , proposed by Armond E. Spencer. In the last

years, it appeared in various contests.

Example 9. Prove that for any integers a1, as,...,a, the number
a; — aj .
H — IS an integer.
1<icj<n 'Y

Armond Spencer, AMM E 2637
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Solution. This time, we consider a prime number p and we prove
that for each k > 1, there are more numbers divisible by p* in the se-
quence of differences (a; —a;)1<i<j<n than in the sequence (i—j)1<i<j<n.

Since

Up H (a; — aj) :ZNpk H (a; — aj)

1<i<j<n k>1 1<i<j<n

(here N, H y | is the number of terms from the sequence A that are
yeA
multiples of x) and

wl JI G=-»|=D N ] G-3)],

1<i<j<n k>1 1<i<j<n

the problem will be solved if we prove our claim. Now, let us fix k > 1
and let us suppose that there are exactly b; indices j € {1,2,...,n} such
that a; =4 (mod p*), for each i € {0,1,...,p* — 1}. Then we have

o T )= ()

1<i<j<n i=0

n—+1 n+1

—— | (there are [ numbers
P P

We see that if a; = 7, then b; =

congruent with ¢ (mod p) between 1 and n; any of them is of the form

i+ jp, with 0 < j < 2

, of course, if i = 0 we have 1 < j < ﬁ). So,
p

v T 6-0)-% [’f]

P
1<i<j<n i=0
and it suffices to prove that

Z ) Z Ed

=0



Now, observe that we are practically asked to find the minimal
pF-1 pF-1 pF-1

value of Z (l;), when Z x; = n (it is clear that Z by =n =
i=0

i=0 =0

ph—1

n

Z [;] from the definition of b;). For this, let us suppose that

: p

=0

r1 < gy < o0 < Tk is the n-tuple which attains the minimal
pF-1

value (such a n-tuple exists since the equation Z x; = n has a finite
i=0

number of solutions). If z,x_; > z¢ + 1, then we consider the n-tuple

(o +1,21,...,%pk_9,Tpk_q — 1) which has the sum of the components

n, but for which

() () () + (3
<(3)+(3)+ (5 + ()

The last inequality is true, since it is equivalent with z,x_; > zo+1, s0 it
is true. But this contradicts the minimality of (zq, z1,...,22,. .., Zp_1).
So, we must have z,x_; < zo + 1 and from here it follows that
z; € {xo,xo + 1} for all i € {0,1,2,...,p" — 1}. Thus, there is
j € {0,1,2,...,p% — 1} such that 29 = z; = --- = x; and x4 =
Tjra = - = Tpk_y = o + 1. This easily implies that the minimal
n+1
oF

Finally, it is time for a challenge.

n-tuple is in fact ([ ]) and the problem is solved.
i=0,pk—1
Example 10. Let a,b two different positive rational numbers such
that for infinitely many numbers n, a™ — b™ is integer. Then prove that
a, b are also integers.

Gabriel Dospinescu, Mathlinks Contest

x
Solution. Let us start by writing a = —, b = y, where x,y, z are
z z

different natural numbers relatively prime. We know thus that 2" |z" —y"
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for infinitely many numbers n. Let M be the set of those numbers n.
Now, assume that z > 1 and take p a prime divisor of z. Assuming that
p does not divide x, it obviously follows that it can’t divide y. We have
thus two cases:

i) If p = 2, then let n such that 2"|z" — y™ and write n = 2"7v,,

where v, is odd. From the identity
:L,QUTL'U" _ y2unvn _ (:L‘vn B yv”)(xv" + yv") o (:UQunflUn _ y2un71vn)

it follows that
Up—1

v (2" —y") = v (™ —y") + Z vz(ka”” + ka””).
k=0

But 2V 7! 4+ 292 4 ... 4 2y¥n =2 4 ¢~ is obviously odd (since

Un, ¢,y are odd), hence
va ("™ — y*
Similarly, we can prove that
va (2™ +y™) = va(z + ).
Since for k£ > 0 we have
22" on 4 ka“" =2 (mod 4),
we finally deduce that

2", <wg(2" —y") <wve(r+y) v —y) fFu, —1 (*)

Consequently, (2""),cas is bounded, a simple reason being the in-
equality 2% < vy(z +y) +ve(x —y) + u, — 1. Hence (up)nens takes only
a finite number of values and from (x) it follows that (v,)nens also takes
a finite number of values, that is M is finite.

ii) If p is odd, then let d the smallest positive integer k such that

p|z* —1*. Then for any n in M we will have p|z” —y". Let = tu, y = tv,
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where (u,v) = 1. Obviously, tuv is not a multiple of p. It follows then
that p|(u?—v?, u* —v™) = u(d —yd) | p(md) _y(d) and by the choice of
d, we must have d|n. Take now n in M and write it in the form n = md,
with m natural. Let A = 2¢, B = y¢. Then p™|p"|z" — y* = A™ — B™
and this happens for infinitely many numbers m. Moreover, p|A — B.
Let R the infinite set of those numbers m. For any m in R we have
m < vp(A™ — B™). Now, let us write m = p'j, where j is relatively
prime with p. We clearly have

, _API _ BPI AP’ _ g’
m _ pm _ J _ RJI
A™ — B™ = (A’ — BY) VI TR e

(we have assumed that ¢ > 1, since the final conclusion will be obvi-
ous in any other case). An essential observation is that we cannot have

APt _ gir”
P2 T g for a certain k > 1. Indeed, otherwise we would have

p2| A" — BiP" = 2| APi — BPI (Euler’s theorem). Yet, we also have

! + e _|_ bjpkil(p_l)‘ From pz‘AJ — B]

p2| AP T (D) 4 49t (p=2) piptT

we have

AP =) gt T -2 gt Tt L gipt T (=)

so we should have p|A, that is p|z, false.

_ Bpi
T Indeed, oth-

erwise (since p|A — B), we can write A7 = B’ + wp and then a simple

Let us prove now that we cannot have p?| VT

computation using Newton’s binomial formula shows that

APJ — Bpi A . ,
— Ail—1) ip=2) 4 ... j(p—1)
5 A + A + + B
= pBIt-1) 4 % BI®P-2,2 = pBIC-D  (mod p?)
and thus it would follow that p|B, that is pl|y, false.
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After all, we have shown that in this case we must have
m < vp(A™ — B™) < (A7 — BY) +i.
Using again the fact that A = B (mod p), we infer that
AL A2+ 4 BT = AP =5 (mod p),
which shows that
vp(AJ — BY) = v,(A — B).
Thus, for infinitely many numbers m we have
m < v,(A — B) + [log, m/,
which is clearly impossible.

Thus, we must have p|x and p|y, contradiction with the fact that

x,1, z are relatively prime. This shows that z = 1 and a, b are integers.

Problems for training
1. Prove the identity
lem(a, b, c)? B ged(a, b, c)?
lem(a,b) - lem(b, c) - lem(c,a)  ged(a,b) - ged(b, ¢) - ged(c, a)

for any positive integers a, b, c.

USAMO, 1972
2. Let a, b, ¢, d be positive integers such that ab = cd. Prove that

gcd(a,c) - ged(a,d) = a - ged(a, b, ¢, d).

Polish Mathematical Olympiad

3. Let ai,a9,...,ax,b1,be,...,br be positive integers such that
gcd(ai, b)) =1 for alli € {1,2,...,k}. Let m — lem[by, ba, . .., by]. Prove
that

g (S )
by ba b,

IMO Shortlist 1974
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4. Let n such that 2"~209|nl. Prove that this number has at most
2005 non-zero digits when written in base 2.

5. Prove that for any natural number n we have

(n?)!

)= )

R.M Grassl, T. Porter, AMM E 3123

e R.

6. Prove the identity

(n+ 1)lemy=o p (Z) =lem(1,2,...,n+1)

for any positive integer n.
Peter L. Montgomery, AMM E 2686

7.Let 0 < ay <--- < ay, be integers. Find the maximal value of the
number m for which we can find the integers 0 < by < .-+ < b, such

that

n

D om = Zm:bk and ﬁ(z%)! = ﬁbk!.
k—1 k=1 k=1

k=1 =
Gabriel Dospinescu

8. Prove that the least common multiple of the numbers 1,2,...,n
equals the least common multiple of the numbers <Tll>, <Z> e (n)
n

if and only if n + 1 is a prime.
Laurentiu Panaitopol, TST 1990 Romania
9. Prove that for any n € N we have n!(n + 1)!(n + 2)!|(3n)!.
Komal

10. Prove that the product of the numbers between 21917 4+ 1 and

21991 _ 1 is not a perfect square.

Tournament of the Towns, 1991

11. Show that if n is a positive integer and a and b are integers, then

n! divides a(a + b)(a +2b) ... (a + (n — 1)b)bn — 1.
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IMO Shortlist, 1985
12. Prove that k¥ %1 divides (k3)!.
Poland Olympiad

13. Let z, y be relatively prime different natural numbers. Prove that

for infinitely many primes p the exponent of p in 2P~1 — yP~1 is odd.

AMM
14. Let aq, ..., a, > 0 such that whenever k is a prime number of a
power of a prime number, we have
e
—_— e — < 1.
G5
Prove that there is a unique index ¢ € {1,2,...,n} such that a; +

et ap < 14 [ag].

16. Find the exponent of 2 in the decomposition of the number

(%) -G5)

AMM
17. Prove that (z,,)n>1 the exponent of 2 in the decomposition of
2 on ) )
the numerator of 1 + 5 + .-+ —, goes to infinity as n — oco. Even
n
more, prove that zon > 2™ —n + 1 (hint: try to prove first the identity
2 22 on on il 1
1*2*"'+n—n;m)-

Adapted after a Kvant problem

18. Prove that the product of at most 25 consecutive integers is not

a square.

Narumi’s theorem
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PRIMES AND SQUARES

The study of the properties of the prime numbers is so well developed
(yet, many old conjectures and open questions wait their solution), that
some properties have become classical and need to be known. In this unit,
we will try to present a unitary view over the properties of some classes of
primes and also some classical results related to representations as sum
of two squares. These things are not new, but they must be included
in the mathematical culture of a serious problem-solver. Yet, in the end
of the unit, we will discuss as usual some non-classical and surprising
problems. So, don’t skip this unit!

Since we will use some facts several times in this paper, we prefer to
make some notations before discussing the problems. So, we will consider
A, B the sets of all prime numbers of the form 4k + 1 and 4k + 3,
respectively. Also, let C' be the set of all numbers which can be written as
the sum of two perfect squares. Our purpose is to present some classical
things related to A, B, C. The most spectacular property of the set A
is surely the fact that any element is the sum of two squares of positive
integers. This is not a trivial property and we will see a beautiful proof
for this theorem of Fermat, which is far from easy.

Example 1. Prove that A is a subset of C.

Solution. Thus, we need to prove that any prime number of the form
4k-+1 is the sum of two squares. We will use a very nice theorem of Thue,
which says that if n is a positive integer and a is relatively prime with
n, then there exist integers 0 < z,y < y/n such that xa = ty (mod n)
for a suitable choice of the signs + and —. The proof is simple, but the
theorem itself is a diamond. Indeed, let us consider all the pairs xa — ¥,
with 0 < z,y < [v/n]. So, we have a list of ([y/n] +1)? > n numbers and
it follows that two numbers among them give the same remainder when

divided by n, let them be az; —y; and axs — yo. It is not difficult to see
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that we may assume that z1 > zo (we certainly cannot have x1 = x5 or
y1 = y2). If we take x = x; — z2, y = |y1 — y2|, all the conditions are
satisfied and the theorem is proved.

We will use now Wilson’s theorem to find an integer n such that
p|n? + 1. Indeed, let us write p = 4k + 1 and observe that we can take

n = (2k)!. Why? Because from Wilson’s theorem we have
p—1 p—1
—1=(p-1)! (modp)=1-2... (2> <p—> .(p—-1)

= (—1)% (p;l) 12 = (2k)!>  (mod p)
and the claim is proved. Now, since p|n? + 1, it is clear that p and n
are relatively prime. Hence we can apply Thue’s theorem and we find
the existence of positive integers 0 < z,y < /p (since \/p € R) such
that p|n?z? — y2. Because p|n? + 1, we find that p|z? + y? and because
0 < z,y < /p, we conclude that we have in fact p = z2 + y2. The
theorem is proved.

Now, it is time now to study some properties of the set B. Since they
are easier, we will discuss them all in a single example.

Example 2. Let p € B and suppose that x,y are integers such that
p|lz? 4+ y2. Then p|(x,y). Consequently, any number of the form n? + 1
has only prime factors that belong to A or are equal to 2. Conclude that
A is infinite and then that B is infinite.

Solution. Let us focus on the first question. Suppose that p|(z,y)

is not true. Then, it is obvious that zy is not a multiple of p. Because

plz? + y?, we can write > = —y? (mod p). Combining this with the
observation that (z,p) = (y,p) = 1 and with Fermat’s theorem, we
find that 1 = 2P~ ! = (—1)1)7_1 = (—1)1)7_1 = —1 (mod p), which is

clearly impossible. This settles the first question. The second one follows

clearly from the first one. Now, it remains to prove the third assertion.
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Proving that B is infinite is almost identical with the proof that there
exist infinitely many primes. Indeed, suppose that py,pe,...,p, are all
the elements of B greater than 3 and consider the odd number N =
4Ap1pa ... pn + 3. Because N = 3 (mod 4), N must have a prime factor
that belongs to B. But since p; is not a divisor of N for any i = 1,n
the contradiction is reached and thus B is infinite. In the same manner
we can prove that A is infinite, but this time we must use the second
question. Indeed, we consider this time the number M = (q1q2 ... qm)%+
1, where q1,q2, ..., qn are all the elements of A and then simply apply
the result from the second question. The conclusion is plain.

It is not difficult to characterize the elements of the set C'. A number
is a sum of two squares if and only if any prime factor of it that also
belongs to B appears at an even exponent in the decomposition of that
number. The proof is just a consequence of the first examples and we
will not insist. Having presented some basic results that we will use in
this unit, it is time to see how many applications these two examples
have. An easy consequence of the previous observations is the following.

As a simple application of the first example, we consider the following
problem, which is surely easy for someone who knows Fermat’s theorem
regarding the elements of A and very difficult otherwise.

Example 3. Find the number of integers x € {—1997,...,1997} for
which 1997|2% + (z + 1)%.

India, 1998

Solution. We know that any congruence of the second degree re-
duces to the congruence 2 = a (mod p). So, let us proceed and reduce
the given congruence to this special form. This is not difficult, since
224+ (z+1)2 =0 (mod 1997) is of course equivalent to 222 +2r+1 =0
(mod 1997), which in turn becomes (2z + 1)2 + 1 = 0 (mod 1997).
Since 1997 € A, the congruence n? = —1 (mod 1997) surely has at
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least a solution. More precisely, there are exactly two solutions that
belong to {1,2,...,1996} because if ng is a solution, so is 1997 — ng
and it is clear that it has at most two non-congruent solutions mod
1997. Because (2,1997) = 1, the function x — 2z + 1 is a permutation
of Rigg7 and so the initial congruence has exactly two solutions with
x €{1,2,...,1996}. In a similar way, we find that there are exactly two
solutions with x € {—1997, —1996, ..., —1}. Therefore there are exactly
four numbers z € {—1997,...,1997} such that 1997|22 + (x + 1)%.

From a previous observation, we know that the condition that a
number is a sum of two squares is quite restrictive. This suggests that
the set X is quite RARA. This conclusion can be translated in the
following nice problem.

Example 4. Prove that C' doesn’t have bounded gaps, that is there
are arbitrarily long sequences of integers, no term of which can be written

as the sum of two perfect squares.

AMM

Solution. The statement of the problem suggests using the Chinese
Remainder Theorem, but here the main idea is to use the complete
characterization of the set C, that we have just discussed: C' = {n €
R| if p|n and p € B, then v,(n) € 2R}. Hence we know what we have
to do. We will take long sequences of consecutive integers, each of them
having a prime factor that belongs to B and has exponent 1. More
precisely, we take different elements of B, let them py, pa, ..., p, (we can

take as many as we need, since B is infinite) and then we look for a
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solution of the system of congruences

r=p —1 (mod p?)
r=ps—2 (mod p3)

r=p,—n (mod p?)

The existence of such a solution follows from the Chinese Remainder
Theorem. Thus, the numbers z+ 1,242, ...,z +n cannot be written as
the sum of two perfect squares, since p;|x;, but p? does not divide x +i.
Since n is as large as we want, the conclusion follows.

The Diophantine equation x(z + 1)(z +2) ... (z +n) = y* has been
extensively studied by many mathematicians and great results have been
obtained. But these results are very difficult to prove and we prefer to
present a related problem, with a nice flavor of elementary mathematics.

Example 5. Prove that a set of p — 1 consecutive positive integers,
where p € B, cannot be partitioned into two subsets, each having the
same product of the elements.

Solution. Let us suppose that the positive integers = + 1,z +
2,...,¢ + p — 1 have been partitioned into two classes X,Y, each of
them having the same product of the elements. If at least one of them is
a multiple of p, then there must be another one divisible by p (since in
this case both the products of elements from X and Y must be multi-
ples of p), which is clearly impossible. Thus, none of these numbers is a
multiple of p, which means that the set of remainders of these numbers
when divided by p is exactly 1,2,...,p— 1. Also, from the hypothesis it

follows that there exists a positive integer n such that

(z+D(z+2)...(z+p—1)=n>

Hence n? = 1-2(p — 1) = —1 (mod p), the last congruence being

true by Wilson’s theorem. But from the second example we know that
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the congruence n?> = —1 (mod p) is impossible for p € B and this is the

needed contradiction.

The results stated in the second example are an useful tool in solving
non-standard Diophantine equations. The technique is better explained
in the following two examples.

Example 6. Prove that the equation ¢ = y? + 22 44 does not have

integer solutions.
Reid Barton, Rookie Contest, 1999

Solution. Practically, we have to show that 24 — 4 does not belong
to C. Hence we need to find an element of B that has an odd exponent
in the decomposition of 2* —4. The first case is when « is odd. Using the
factorization # —4 = (22 —2)(22+2) and the observation that 22+2 = 3
(mod 4), we deduce that there exists p € B such that v,(z* + 2) is odd.
But since p cannot divide 22 — 2 (otherwise p|z? 4+ 2 — (22 — 2), which is
not the case), we conclude that v,(z? —4) is odd and so 2% — 4 does not
belong to C. We have thus shown that in any solution of the equation x
is even, let us say « = 2k. Then, we must also have 4k* — 1 € C, which
is clearly impossible since 4k* — 1 = 3 (mod 4) and thus 4k* — 1 has
a prime factor that belongs to B and has odd exponent. Moreover, it
worth noting that the equation x?+y? = 4k+3 can be solved directly, by
working modulo 4. We leave to the reader the details, which are trivial.

The following problem is much more difficult, but the basic idea is
the same. Yet, the details are not so obvious and, most important, it
is not clear how to begin. It has become a classical problem due to its
beauty and difficulty.

Example 7. Let p € B and suppose that x,y, z,t are integers such
that 2P +y?P 4 2%P = ¢?P. Prove that at least one of the numbers z, v, z, t

is a multiple of p.
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Barry Powel, AMM

Solution. First of all, we observe that it is enough to assume that
x,y, z,t are relatively prime. Next, we prove that ¢ is odd. Supposing
the contrary, we obtain that 22’ + y?? + 2% = 0 (mod 4). Since a?
(mod 4) € {0, 1}, the latter implies that x,y, z are even, contradicting
the assumption that (x,y,z,t) = 1. Hence t is odd. This implies that
at least one of the numbers z,y, z is odd. Suppose that it is z. Now,
another step is required. We write the equation in the form
2P — 2%

2 2
P (t° —27)

x2p + y2p _

and we look for a prime number ¢ € B with an odd exponent in the
decomposition of a factor that appears in the right-hand side. The best

candidate for this factor seems to be

$2P _ 52p 3 3 B
W:(tQ)p 1—|—(t2)p 2Z2—|—---+(22)p 1’
which is congruent to 3 (mod 4). This follows from the hypothesis p € B

and the fact that a®> = 1 (mod 4) for any odd number a. Thus, there

2P — 2P
t2z2) is odd. Since % + y* € C, it

exists ¢ € B such that v, (
follows that v, (2% + y?) is even and so v,(t* — 22) is odd. In particular
q|t? —2? and, because q|(t?)P~ 1+ (#2)P7222 +. . .+ (22)P~L, we deduce that
q|pt> PV If q # p, then g|t, hence q|z and also q|z? + y?P. Because ¢ €
B, we infer that ¢|(x,y, z,t) = 1, which is clearly impossible. Therefore
q = p and so p|z? + y*. Because p € B, we find that p|r and ply. The
conclusion follows.

It’s time for a hard problem.

Example 8. Find the smallest nonnegative integer n for which there

exists a non-constant function f : Z — [0,00) with the following prop-

erties:

a) f(zy) = f(x)f(y);
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b) 2f(z% +4?) — f(x) — f(y) € {0,1,...,n} for all integers = and y.
For this n, find all the functions with the above properties.

Solution. We will use all results proved in the beginning of the note.
First, we will prove that for n = 1 there are functions which verify a)
and b). We remind that A and B are the sets of all primes of the form
4k + 1 and 4k + 3, respectively. For any p € B we define:

0, if p|x
fo:l= L fplw) = { 1, otherwise

Using properties of sets A and B, one can easily verify that f, verifies
the restrictions of the problem. Hence f,, is a solution of the problem for
any p € B.

We will prove now that if f is non-constant and verifies the conditions
of the problem, then n > 0. Suppose not. Then 2f(2?+y?) = f(z)+f(y)
and hence 2f2(x) = 2f(2% + 0%) = f(x) + f(0). It is clear that we
have f2(0) = f(0). Since f is non-constant, we must have f(0) = 0.
Consequently, we must have 2f2(x) = f(z) for every integer x. But if
there exists x such that f(z) = %, then f2(x?) # 2f(2?), contradiction.
Thus, f(z) = 0 for any integer x and f is constant, contradiction. So,
n = 1 is the smallest number for which there are non-constant functions
which verify a) and b).

We will prove now that any non-constant function f which verifies
a) and b) must be of the form f,. We have already seen that f(0) = 0.
Since f2(1) = f(1) and f is non-constant, we must have f(1) = 1. Also,
2f%(z) — f(x) = 2f(2® + 0%) — f(z) — £(0) € {0,1} for every integer x.
Thus, f(z) € {0,1}.

Since

f2(=1) = f(1) = 1 and f(—1) € [0,00), we must have f(—1) = 1
and f(—z) = f(—=1)f(z) = f(x) for any integer x. Then, since f(zy) =
f(z)f(y), it is enough to find f(p) for any prime p. We prove that there is
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exactly one prime number p for which f(p) = 0. Since f is non-constant,
there exists a prime number p for which f(p) = 0. Suppose there is
another prime ¢ for which f(¢) = 0. Then 2f(p? + ¢*) € {0,1}, which
means f(p? 4 ¢?) = 0. Then for any integers a and b we must have: 0 =
2f(a®+0%) f(P*+4%) = 2f ((ap+bq)*+(ag—bp)?). Since 0 < f(x)+f(y) <
2f(x? +y?) for any z and y, we must have f(ap + bq) = f(aq — bp) = 0.
Since p and q are relatively prime, there are integers a and b such that
aq —bp = 1. Then we have 1 = f(1) = f(aq — bp) = 0, contradiction. So
,there is exactly one prime number p for which f(p) = 0. Let us suppose
that p = 2. Then f(z) = 0 for any even x and 2f(224y?) = 0 for any odd
numbers z and y. This implies that f(x) = f(y) = 0 for any odd numbers
x and y and thus f is constant, contradiction. Therefore p € A U B.
Suppose p € A. According to proposition 2, there are positive integers
a and b such that p = a? + b2. Then we must have f(a) = f(b) = 0. But
max{a, b} > 1 and there is a prime number ¢ such that ¢| max{a, b} and
f(g) = 0 (otherwise, we would have f(max{a,b} = 1). But it is clear
that ¢ < p and thus we have found two distinct primes p and ¢ such
that f(p) = f(q) = 0, which, as we have already seen, is impossible.
Consequently, p € B and we have f(x) = 0 for any z divisible by p and
f(z) =1 for any x which is not divisible by p. Hence, f must be f, and

the conclusion follows.

Problems for training

1. Prove that if p € A, then it can be represented in exactly one way
as the sum of the squares of two integers, except for the order of the
terms.

2. Prove that a positive integer can be written as the sum of two
perfect squares if and only if it can be written as the sum of the squares

of two rational numbers.
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Euler

3. Find all positive integers n with the property that the equation
n = x? 4+ y%, where 0 < 2 < y and (x,%) = 1 has exactly one solution.
4. Here is another proof of the theorem from example 1. Suppose

that p = 4k + 1 € A and let =,y € Z such that max{|z|,|y|} < g and

2k
2306( k) (mod p), y = (2k)!z (mod p). Prove that p = 22 + 3.

Gauss

5. Find all pairs of positive integers (m,n) such that
m? —1[3™ 4 (n! — 1)™.

Gabriel Dospinescu

6. The positive integers a,b have the property that the numbers
15a 4+ 16b and 16a — 15b are both perfect squares. What is the least

possible value that can be taken on by the smallest of the two squares?
IMO CE AN?

7. Prove that the number 4mn — m — n cannot be a perfect square

if m,n are positive integers.
IMO 1984 Shortlist

8. Find all n-tuples of positive integers (a1, ag, ..., a,) such that
(a1! —1)(az! —1)...(ap! —1) — 16

is a perfect square.
Gabriel Dospinescu

9. Find all pairs of positive integers (x,y) such that the number

22 4 g2
Yy
r—y

is a divisor of 1995.

Bulgaria, 1995
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10. Prove that the equation y?> = x° — 4 does not have integer

solutions.
Balkan, 1998
11. Solve in integer numbers the equation z? = y” 4 7.
ROMOP, 2001

12. Find all positive integers n such that the number 2" — 1 has a

multiple of the form m? + 9.
IMO Shortlist, 1999

13. Prove that there exists infinitely many pairs of consecutive num-
bers, no two of them having any prime factor that belongs to B.

14. Prove that if n? + a € C for any positive integer n, then a € C.
Gabriel Dospinescu

15. Let T the set of the positive integers n for which the equation
n? = a® + b? has solutions in positive integers. Prove that 7" has density

1.
Moshe Laub, 6583

16. a) Prove that for any real number x and any natural number N
one can find integer numbers p, ¢ such that |gz — p| < Ni1

b) Suppose that a € Z is a divisor of a number of the form n? + 1.
Then prove that a € C.

17. Find all functions f : N — Z with the properties:

1. if a|b then f(a) > f(b)

2. for any natural numbers a, b we have

f(ab) + f(a® +0%) = f(a) + f (D).
Gabriel Dospinescu, Mathlinks Contest
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18. (for the die hards) Let Lo =2, L1 = 1 and Ly42 = Lypt1 + Ly
be the famous Lucas’s sequence. Then the only n > 1 such that L, is a

perfect square is n = 3.

Cohn’s theorem
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75’S LEMMA

T5’s lemma is clearly a direct application of the Cauchy-Schwarz in-
equality. Some will say that it is actually the Cauchy-Schwarz inequality
and they are not wrong. Anyway, this particular lemma has become very
popular among the American students who attended the training of the
USA IMO team. This happened after a lecture delivered by the first
author at the Mathematical Olympiad Summer Program (MOSP) held
at Georgetown University in June, 2001.

But what exactly does this lemma say? It says that for any real

numbers a1, as, ..., a, and any positive real numbers z1, xo, ..., x, the
inequality
ai | a3 a2 _ (a1 +az+ -+ ay)?

— 4 =44+ —= 2>
T €2 Tn r1t+x2+ -+ xp,

(1)

holds. And now we see why calling it also the Cauchy-Schwarz inequality

is natural, since it is practically an equivalent form of this inequality:

I Z2 In

2
[ .2 | 42 [ 2
a a a

> Y/ T R | RV > SERR Ry e Uy I
1 To Tn

But there is another nice proof of (1), by induction. The inductive

2 2 2
a a Q
<1+2+~-+”> (z1+ a2+ + )

step is reduced practically to the case n = 2, which is immediate. Indeed,
it boils down to (ajz2 — a2x1)2 > 0 and the equality occurs if and only

if 4= 2 Applying this result twice it follows that

T T2
2 2 2 2 2 2
a a a a +a a a +as +a
oy g 03 (@tan)” a5 (o1 +ap+as)”
1 T2 T3 T+ T2 3 T+ T2+ 23

and we see that a simple inductive argument finishes the proof. With this

brief introduction, let us discuss some problems. And there are plenty
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of them given in mathematical contests or proposed in mathematical
magazines!

First, an old problem, that became classical. We will see that with
T5’s lemma it becomes straightforward and even more, we will obtain a
refinement of the inequality.

Example 1. Prove that for any positive real numbers a, b, c

a’ b3 c3 a+b+c
T Pt d  Pratd =3

Tournament of the Towns, 1998

Solution. We will change the left-hand side of the inequality so that
we could apply 75’s lemma. This is not difficult: we just have to write it
in the form

at . bt L ct
a(a®>+ab+b%)  bb2+bc+c?)  c(+ca+a?)

It follows that the left-hand side is greater than or equal to

(a® 4 b% + c2)?
ad+ b3+ 2+ abla+b) + be(b+ ¢) + calc+ a)

But we can easily observe that
a+ 0+ +abla+b)+be(b+c)+calc+a) = (a+b+c)(a® +b* +2),

so we have proved an even stronger inequality, that is

a’ . % n A3 a? + b2 + 2
a24+ab+0b2  b2+bc+c?2 24+cat+a?T a+b+c

The second example also became representative for a whole class of
problems. There are countless examples of this type in numerous contests
and mathematical magazines, so we find it necessary to discuss it at this

point.
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Example 2. For arbitrary positive real numbers a, b, ¢, d prove the
inequality
a b c d
+ + +
b+2c+3d c¢c+2d+3a d+2a+3b a4+ 2b+ 3¢
Titu Andreescu, IMO 1993 Shortlist

2
> —.
-3

Solution. If we write the left-hand side in the form
a? b2 2 d?
+ + + ,
a(b+2c+3d)  blc+2d+3a) c(d+2a+3b) d(a+2b+ 3c)

then the way to continue is clear, since from the lemma we obtain

a b c d
b+26+3d+c+2d+3a+d+2a+3b+a+26+30

S (a+b+c+d)?
~ 4(ab+be+ cd+ da+ ac+ bd)’

Hence it suffices to prove the inequality
3(a+b+c+d)? > 8(ab+ be + cd + da + ac + bd).
But it is not difficult to see that
(a+b+c+d?=a’>+b*+c+d?+2(ab+ be+ cd + da + ac + bd),

implies
8(ab+bc+cd +da+ac+bd) =4(a+b+c+d)? —4(a® +V* + 2 +d?).

Consequently, we are left with the inequality

4@+ +c+d*) > (a+b+c+d)?,

which is just the Cauchy-Schwarz inequality for four variables.
The problem below, given at the IMO 1995, was discussed exten-
sively in many publications. It could be also solved by using the above

lemma.
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Example 3. Let a, b, ¢ be positive real numbers such that abc = 1.

Prove that
1 n 1 n 1 S 3
ad(b+e) b(ct+a) Ala+d) 2
Solution. We have:
1 1 1
1 1 1 2 » 2

a3(b+ c) * b3(c+ a) * Ala+b)  alb+e) * b(c+a) * c(c+a)

11 1)’
S <a + b +c> _ (ab+bc+ca)®>  ab+bec+ ca
~ 2(ab+bc+ca)  2(ab+ bc + ca) 2
the last inequality following from the AM-GM inequality.

v

3
27

The following problem is also not difficult, but it uses a nice combi-
nation between this lemma and the Power-Mean inequality. It is another
example in which proving the intermediate inequality (that is, the in-
equality that remains to be proved after using the lemma) is not difficult.

Example 4. Let n > 2. Find the minimal value of the expression
i 3 )

+ +F ;
To+2ax3+--+2Tp T1+IT3+--+Ty 1 +x2+ 0+ Tp—1

where x1,9,...,x, are positive real numbers satisfying a:% + x% +---+
z? =1.
Turkey, 1997

Solution. Usually, in such problems the minimal value is attained
when the variables are equal. So, we conjecture that the minimal value
1 1
is ——— attained when x; = x9 = --- = x,, = —. Indeed, by using
n(n —1 n
the lemma, it follows that the left-hand side is greater than or equal to

&)

Z:m(:m+-'-+xz‘—1+$z’+1+“-—|—xn)
i=1
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But it is not difficult to observe that

2
n n
w4 T F gt T) = (Zzz> —1.
i=1 =1

So, proving that

i 75 i
+ + -+
rot+x3+---+xn xT1H+T3+-+2) 1+ T2+ -+ Xp-1
1
“n(n-1)

reduces to proving the inequality

- ;(n -1)

(ix?)2><§$i>21.

But this is a simple consequence of the Power-Mean inequality. In-

deed, we have

S
3
N

n

1 1
3
D al D) Dwi

implying

n n
1
=1 i=1
The conclusion follows.
In 1954, H.S.Shapiro asked whether the following inequality is true
for any positive real numbers ai,as, ..., Gy:

a a2 Qp,
+ + o+
as + as as + aq a) + as

n
> —.
-2

The question turned out to be extremely difficult. The answer is

really unexpected: one can prove that the inequality is true for all n =

3,4,5,6,7 (and for all small values of n the shortest proof is based on
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this lemma), but it is false for all even numbers n > 14 as well as for
sufficiently large odd numbers n. Let us examine the case n = 5, a
problem proposed for MOSP 2001.

Example 5. Prove that for any positive real numbers a1, as, as, a4,

as,
a a a a a
L 2 3. 4 5
az+a3 az+tay ag4+as as+ar  ap+ag
Solution. Again, we apply the lemma and we conclude that it suf-

>

N | Ot

fices to prove the inequality
(a1 +ag+ a3+ a4 + a5)2

> —[a1(ag + a3) + az(as + aq4) + asz(as + a5) + as(as + a1) + as(a1 + a2)]

DN | Ut

Let us denote aj + as + ag + a4 + a5 = S. Then we observe that

ai(az + az) + az(as + as) + az(as + as) + as(a+ 5+ a1) + as(a1 + az)

_ al(S — al) + az(S — ag) —|—a3(S — ag) + a4(S — a4) + a5(S — a5)
2
SQ—a%—ag—ag—ai—ag

2
With this identity, we infer that the intermediate inequality is in fact

5
(a1+a2+a3—|—a4+a5)2>E(Sz—a%—a%—ag—ai—ag),

equivalent to 5(a? + a3 + a3 + a3 + a2) > S?, which is nothing else then
the Cauchy-Schwarz inequality.

Another question arises: is there a positive real number such that
for any positive real numbers aq, as, ..., a, and any n > 3 the following
inequality holds:

a a2 Qn

+ + -+ > cn.
as + as as + aq a + as

This time, the answer is positive, but finding the best such constant
is an extremely difficult task. It was first solved by Drinfield (who, by

the way, is a Fields’ medalist). The answer is quite complicated and we
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will not discuss it here (for a detailed presentation of Drinfield’s method
the interested reader can consult the written examination given at ENS
in 1997). The following problem, given at the Moldavian TST in 2005,
shows that ¢ = v/2 — 1 is such a constant (not optimal).

For any aq,as,...,a, and any n > 3 the following inequality holds:

Mo L > (V21

as + as a3z + a4 a1 +ag

The proof is completely elementary, yet very difficult to find. An in-
genious argument using the arithmetic-geometric means inequality does
the job: let us write the inequality in the form

a a a a a a a a a
1+az+ 3+ 2 +asg + 4+‘_.+ n+ar+ 2>\/§n
az + as ag + a4 a1 + as

Now, using the AM-GM inequality, we see that it suffices to prove

the stronger inequality:

a1+a2+a3'a2+a3+a4_“an+a1+a2 Z(\@)n
az + as ag + aq a1 + ag

Observe that

a; a; 2
(@i + aiy1 + aiy2)? = (ai + grl + 2;1 +ai+2>
a; a;
Z4<a¢+ 151) ( 151 +ai+2>

(the last inequality being again a consequence of the AM-GM inequal-
ity). Thus,

n

n n
H(ai + a1 + aipo)* > H 2a; + aiy1) H (2a542 + aiy1).
i1 =1 i1

Now, the real trick is to rewrite appropriately the last products. Let

us observe that

n n

H(2ai+2 +aiq1) = H(2az’+1 + a;),

i=1 i=1
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SO

n n

n
H(Qai + ait1) H(Qai+2 +ai41) = H[(2ai + ait1)(a; + 2CLZ'+1)]
i=1 =1 =1

n

" 2
> H(Q(ai +ai41)?) = 2" <H(ai + az‘+1)) .
i=1

i=1

The conclusion now follows.

This lemma came handy even at the IMO 2005 (problem 3). In order
to prove that for any positive real numbers z, y, z such that zyz > 1 the
following inequality holds

> a? +y* + 27
d+y?+22 77
a few students successfully used the above mentioned lemma. For exam-
ple, a student from Ireland applied this result and called it ”SQ Lemma”.
During the coordination, the Irish deputy leader explained what ”SQ”

b

stood for: ”...escu”. A typical solution using this lemma is as follows:

hence

2 2
Zx2+y2+z2 A xy +yz + 2w

x5+y2+z2*2x2+y2+z2_ $y2($2+y2+2’2)7

It is now time for the champions. We begin with a difficult geometric
inequality for which we have found a direct solution using 75’s lemma.
Here it is.

Example 6. Prove that in any triangle ABC' the following inequality
holds

TaTy + TpTe 4 Tcla > 3.

mqeMmy mpme mcmg

Ji Chen, Crux Mathematicorum

72



Solution. Of course, we start by translating the inequality into an
algebraic one. Fortunately, this is not difficult, since using Heron’s rela-

tion and the formulas

K V2b2 4 2¢2 — a2
5 Mg =
s—a 2

rq =

and the likes the desired inequality takes the equivalent form

(a+b+c)(b+c—a) (a+b+c)(c+a—0)
V242 + 202 — 2 -/2a2 +2¢2 — b2 /202 +2a% — 2 - /202 + 2¢2 — a2

(a+b+c)la+b—c)
V22 + 202 — a2 - 22+ 2a2 — b2
In this form, the inequality is more that monstrous, so we try to

see if a weaker form holds, by applying the AM-GM inequality to each

denominator. So, let us try to prove the stronger inequality

2(a+b+c)(c+b—a) +2(a—|—b+c)(c+a—b)
4a? 4 b% + 2 4b? 4 % + a?

20a+b+c)a+b—c)

> 3.
4c? 4 a? + b2 -
Written in the more appropriate form
ct+b—a c+a-—1> a+b—c 3

>
4a?2 + 02+ A2+ +a® 4t +a?+b02 T 2a+b+c)
we see that by 75’s lemma the left-hand side is at least

(a+b+c)?
b+c—a)da?2+b2+c2)+ (c+a—b)(4b2+a?+c2)+ (a+b—c)(4c? + a? +b2)’

Basic computations show that the denominator of the last expression

is equal to
4a*(b+ c) + 4b*(c + a) + 4c*(a + b) — 2(a® + b + )
and consequently the intermediate inequality reduces to the simpler form
3@+ 0+ )+ (a+b+e)? >6[a*(b+c) + b (c+a) + E(a+b).
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Again, we expand (a + b+ ¢)? and obtain the equivalent inequality
4(a® + b3 + ) + 6abe > 3[a®(b+ ¢) + b2 (c + a) + Z(a + b)),
which is not difficult at all. Indeed, it follows from the inequalities
4(a® + % 4+ ) > 4[a*(b+ ¢) + b*(c+ a) + (a + b)] — 12abc

and
a?(b+4c¢) + b*(c+a) + *(a + b) > 6abe.

The first one is just an equivalent form of Schur’s inequality, while

the second follows immediately from the identity
2 2 2 _ 2 2 2
a“(b+c)+b*(c+a)+c(a+b) —6abc = a(b—c)* +b(c—a)” +c(a—b)~.

After all, we have managed to prove the intermediate inequality,
hence the problem is solved.

The journey continues with a very difficult problem, given at the
Japanese Mathematical Olympiad in 1997 and which became famous due
to its difficulty. We will present two solutions for this inequality. The first
one uses a nice combination between this lemma and the substitution
discussed in the unit " Two useful substitutions”.

Example 7. Prove that for any positive real numbers a,b, c the
following inequality holds

(b+c—a)? (c+a—b)? (a+b—rc)?
a?+(b+¢)? B+ (c+a)? 4+ (a+b)?

>3
)
Japan, 1997

Solution. Of course, from the introduction to this problem, the
reader has already noticed that it is useless to try a direct application of

the lemma, since any such approach is doomed. But with the substitution

b+c c+a a+b
:L‘ = bl = ) = )

a b c
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we have to prove that for any positive real numbers z,y, z satisfying
ryz = x +y + z + 2, the inequality

(x—-172 (-17 (z2-1)
22+1 g2+l 2241

3
> 2
)

holds. It is now time to use T5’s lemma in the form

(x—-1? =1 (=12 _ (@+y+z-3)°
2 +1 y2+1 2241 T2+ 242243

Hence it is enough to prove the inequality

(z+y+2-3)2% _ 3
> —.
w2 +y2+ 224375

But this is equivalent to
(x+y+2)?—15(x+y+2)+3(xy +yz + 22) + 18 > 0.

This is not an easy inequality. We will use the proposed problem 3
from the unit ” Two useful substitutions” to reduce the above inequality

to the form
(z+y+2)2—9x+y+2)+18>0,

which follows from the inequality = +y + 2z > 6. And the problem is
solved.

But here is another original solution.

Alternative solution. Let us apply 75’s lemma in the following

form:
(b+c—a)? (c+a—b)? (a+b—rc)?
a2+ (b+¢)? B+ (c+a)? 4+ (a+b)?

_(b+e)?—ald+c))? ((ct+a)?—blct+a))® ((a+b)?—cla+tb)?
a?(b+c)2+(b+c)*  b2(c+a)?+(c+a)*  Ela+b)?2+ (a+b)?

- 4(a2+b2—{—62)2
T a?b+ o)+ (ct+a)2+cAa+b)?2+(a+b)*+ (b+ )+ (c+a)t
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Consequently, it suffices to prove that the last quantity is greater
3
than or equal to 5 This can be done by expanding everything, but here

is an elegant proof using the observation that
20+ c)? + b (c+a)? +Ala+b)?+ (a+b)* + (b+)* + (c+a)
=[(a+b)*+ D+ )+ (c+a)(a® + >+ %)
+2ab(a + b)? + 2bc(b + ¢)* + 2calc + a)*.
Because
(a+b)2+(b+c)?+(c+a)?<4(a®+b>+3),
we observe that the desired inequality reduces to
2ab(a + b)% + 2bc(b+ ¢)? + 2calc + a)? < §(CL2 + % 4 )2
But this inequality is not so difficult. Indeed, first we observe that
2ab(a + b)? + 2bc(b + ¢)? + 2ca(c + a)?
< 4ab(a® + %) + 4be(b? + ¢2) + 4ca(c® + d?).
Then, we also find that
4ab(a® + b%) < a* + b + 6a%0?,
since (a — b)* > 0. Hence
4ab(a® + b%) + 4be(b? + ¢2) + 4ca(c® + a®) < 2(a® + b* + ¢)?
12(a2b? 4+ 22 + Pa?) < g(a2 T2 R)?
and so the problem is solved. With minor changes, we can readily see
that this solution works without the assumption that a, b, ¢ are positive.

We end this discussion (which remains probably permanently open)

with a difficult problem, based on two hidden applications of T5’s lemma.
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Example 8. Let ay,a9,...,a, > 0 such that a; +as+---+a, = 1.
Prove that:

( + 4.4 ) 1 + 2 + + n > n
ala asa T aAna cee .

Gabriel Dospinescu

2 2

a a a
—L 4+ 2 4 ... 4+ " after we use the lemma. So, let us try
aias asas3 anay

this the following estimation:

Solution. How can we get to ajas + asas + - -+ + ana1? Probably
2

from

2 2 2

ar  a an, aj as; a 1

—+—t == F—t e > :
az as ai aiaz aa3 anai aijaz + asag + - - - + anay

The new problem, proving that

al as Qp n ai a2 Qn
5 + = +- 0+ > —+ =+t —
az +az a3+ asg ai+a ~ n+1\ax a3 a1

seems even more difficult, but we will see that we have to make one more
step in order to solve it. Again , we look at the right-hand side and we

. al a9 a
write — 4+ — + -+ + — as

a2 a3 ai

al a9 a 2

n
<++m+>

a9 as al

ai a2 %9 ’

— 4+ =+ 4

az ag ai

After applying T5’s lemma, we find that

= + 4o
a3 +az a3+ ag aitar g4 % az—l—% ap + 2
2 3 1
2
au o, %2 4 dn
as as al
= ai a a
14+ — 4 — 4t 2
2 a3 ai



And we are left with an easy problem: if ¢t = “ 4+ -+ a—n, then
ag al

t2
—_—> , or t > n. But this follows immediately from the AM-GM
1+t n+1

inequality.

Problems for training

1. Let a, b, ¢, d be positive real numbers such that a +b+c+d = 1.

Prove that
a? b2 2 d?

a+b+b+c+c—|—d+d+a

1

> —.

-2
Ireland, 1999

2. Let a, b, ¢, be positive real numbers satisfying a? + b% 4 ¢ = 3abc.

Prove that
a b c 9
+ > .
b2c2  c2a?  a?b? T a+b+c
India
3.Let x1,22,...,%n, Y1, Y2, - - ., Yn be positive real numbers such that

1+ 22+ -+ Ty 22191 HX2Y2 + -+ TpYn-
Prove that

I X9 In
T4zt xy < —+ =4+ —.
Y1 Y2 Un

Romeo Ilie, Romanian Olympiad, 1999
4. For arbitrary positive real numbers a, b, ¢ prove the inequality

a n b n c -1
b+2c c¢+2a a+2b 7

Czech-Slovak Competition, 1999

5. Prove that for any positive real numbers a, b, ¢ satisfying a+b+c =

a N b n c
1+bc 1+4+ca 1+ab

9
> —
— 10
India
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6. Prove that for any positive real numbers a, b, ¢, d satisfying ab +
bc + c¢d + da = 1 the following inequality is true
a’ . b i 3 n d?
b+c+d c+d+a d+a+b a+b+c
IMO 1990 Shortlist

1
> —.
-3

7. Prove that if the positive real numbers a, b, ¢ satisfy abc = 1, then

a b c

> 1.
b+c+1+c+a+1+a+b+1 -

Vasile Cartoaje, Gazeta Matematica
8. Prove that for any positive real numbers a, b, ¢ the following in-
equality holds

a?+bc b +ca AEH+ab
+ +
b+c c+a a+b

>a+b+c.

Cristinel Mortici, Gazeta Matematica

9. Prove that for any nonnegative real numbers x1, x2, ..., Ty,
1 Zo x
+ e —— > 2,
Tp+ T2 T+ 23 Tp—1+T1

Tournament of the Towns, 1982

10. Prove that for any positive real numbers a, b, ¢, d, e satisfying
abede = 1,

a + abe . b+ bed n c+ cde
1+ab+abed 1+bec+bede 1+ cd—+ cdea
d + dea e+ eab >E

1—|—de—i—deab+ 1+ea+eabc — 3~
Waldemar Pompe, Crux Mathematicorum

11. Prove that for any positive real numbers a,b, c the following

inequality holds

a 2 b 2 c 2 3 a® + b2+ 2
+ + >
b+c c+a a+b 4 ab+bc+ ca

Gabriel Dospinescu
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12. Let n > 4 an integer and let a1, as, ..., a, be positive real num-

bers such that a? + a3 + - - - + a2 = 1. Prove that

a1 ag Gn 4 2
+ 4+ 4+ > —(a1v/a1 + agv/ag + - - -+ ap/an)”.
a3+1 a3+1 a’f+1—5(1 e nv/an)

Mircea Becheanu, Bogdan Enescu, TST 2002, Romania

13. Find the best constant k(n) such that for any positive real
numbers a1, as, . .., a, satisfying aias ... a, = 1 the following inequality
holds

a1a2 n a20a3 n n ana1
(af 4 az)(a3 4+ a1) (a3 + a3)(a3 + a2) (a2 + a1)(af + az)

Gabriel Dospinescu, Mircea Lascu

< kp.

14. Prove that for any positive real numbers a, b, ¢,
(2a+b+c)?  (2b+c+a)®  (2c+a+b)? -3
202+ (b+c¢)2 202+ (c+a)? 22+ (a+0b)2 ~

Titu Andreescu, Zuming Feng, USAMO 2003
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ONLY GRAPHS, NO SUBGRAPHS!

There were so many strategies and useful ideas till now, that the
reader might say: enough with this game of tricks! When shall we go
to serious facts? Not only that we will ”dissapoint” him again, but we
will try also to convince him that these are more than simple tools and
tricks. They help to create a good base, which is absolutely indispensable
for someone who enjoys mathematics and moreover, they are the first
step to some really beautiful and difficult theorems or problems. And the
reader must admit that the last problems discussed in the previous units
are quite serious facts. It is worth mentioning that they are not panacea.
This assertion is proved by the fact that each year problems that are
based on well-known ”tricks” prove to be very difficult in contests.

We will focus in this unit on a very familiar theme: graphs without
complete subgraphs. Why do we say familiar? Because there are hun-
dreds of problems proposed to different contests around the world and in
mathematical magazines that deal with this subject and each one seems
to add something. Before passing to the first problem, we will assume
that the basic knowledge about graphs is known and we will denote by
d(A) and C(A) the number, respectively the set of vertices adjacent to
A. Also, we will say that a graph does not have a complete k subgraph
if there aren’t k vertices any two of them connected. For simplicity, we
will say that G is k-free. First, we will discuss probably the first classical
result about triangles-free graphs, the famous Turan’ theorem. But be-
fore that, an useful lemma, which is also known as Zarankiewicz lemma,
and which is the main idea in Turan’ theorem’ proof.

Example 1. If G is a k-free graph, then there exists a vertex having

d t t k=2
egreea mos k} 17’l .

Zarankiewicz
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Solution. Suppose not and take an arbitrary vertex A;. Then

k1"
so there exists Ay € C(A;). Moreover,

ctanl > 1=

|C(A1) N C(A2)| = d(A1) + d(Az2) — |C(A1 U A)|

>2(1+ k=2 >0
> P n .

Pick a vertex Az € C'(A;1) NC(A2). A similar argument shows that

|CMﬁﬁC@bNﬂX@M23<L%ﬁ:f4>—2n

Repeating this argument, we find
k—2
Ay € C(A1) NC(A2) N C(As),..., Ap_1 € () C(A)).
i=1

2j(1+{2:f4>—4j—wn

This can be proved easily by induction. Thus,

k—1
(1 C(A)
=1

and consequently we can choose

Also, we have
J
N CA)

i=1

2(k—D(1+[::i4>—%k—mn>O

k—1

Ap € [) C(4).

i=1
But it is clear that A, Ao, ..., Ay form a complete k graph, which
contradicts the assumption that G is k-free.
We are now ready to prove Turan’ theorem.

Example 2. The maximal number of edges of a k-free graph with

k—2 n2—7“2+ T
2 k—1 2)’

82

vertices is




where r =n (mod k — 1).
Turan’ theorem

Solution. The theorem will be proved by induction on n. Since the
first case is trivial, let us suppose the theorem true for all k-free graphs
having n — 1 vertices and let G a k-free graph with n vertices. Using
Zarankiewicz’ lemma, we can find a vertex A such that

d(A) < [Z:fn]

Since the subgraph determined by the other n—1 vertices is obviously

k-free, using the inductive hypothesis we find that G has at most

k—2n +k—2 (n—l)Q—r%+ ol
k—1 k-1 2 2

edges, where r; =n —1 (mod k — 1).
Letn=q(k—1)+r=q(k—1)4+r+1. Thenr; € {r—1,r+k—2}

(this is because r —r1 =1 (mod k — 1)) and it is easy to check that

k—2 k-2 (n—1)2—r} 1 k—2 n?—r? r
—n| + . + =—": +
k—1 k—1 2 2 2 k—1 2
and the inductive step is proved. Now, it remains to construct a k-
k—2 n?2—p2 r Lo
: + edges. This is

f h with ti d
ree graph with n vertices an 5 - 9

not difficult. Just consider k — 1 classes of vertices, r of them having
q + 1 elements and the rest g elements and join the vertices situated in

different groups. It is immediate to prove that this graph is k-free, has
E—2 n?—r?

2

+ (;) edges and also the minimal degree of the vertices

k —

k—1
k—2
is [ 14. This graph is called Turan’ graph and it is denoted by
T(n, k)

These two examples generate lots of beautiful and difficult problems.
For example, knowing them means a straightforward solution for the

following bulgarian problem.
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Example 3. There are 2001 towns in a country, every one of which is
connected with at least 1600 towns by a direct bus line. Find the largest
n for which it is always possible to find n towns, any two of which are

connected by a direct bus line.
Spring Mathematics Tournament, 2001

Solution. Practically, the problem asks to find the maximal n such
that any graph G with 2001 vertices and minimum degree at least 1600
is not n-free. But Zarankiewicz’ lemma implies that if G is n-free, then
at least one vertex has degree at most [Z:i2001]. So, we need the

n—2

n—1
it is n = 5. Thus, if n = 5 then any such graph G is not n-free. It

maximal n for which 2001| < 1600. It is immediate to see that
suffices to construct a graph with all degrees of the vertices at least
1600, which is 6-free. We will take of course 7'(2001, 6), whose minimal
degree is [12001] = 1600 and which is of course 6-free. Thus, the answer
isn=>5.

Here is a beautiful application of Turan’ theorem in combinatorial
geometry.

Example 4. Given are 21 points on a circle. Show that at least 100
pairs of points subtend an angle smaller than or equal to 120 at the

center.
Tournament of the Towns, 1986

Solution. In such problems, it is more important to choose the
right graph than to apply the theorem, because as soon as the graph is
appropriately chosen, the solution is more or less straightforward. Here,
we will consider the graph with vertices in the points and we will connect
two points if they subtend an angle smaller than or equal to 120 at the
center. Therefore, we need to prove that this graph has at least 100

edges. It seems that this is a reversed form of Turan’ theorem, which
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maximizes the number of edges in a k-free graph. Yet, the reversed form
of a reversed form is the natural one. In the aim of this principle, let
us look at the "reversed” graph, the complementary one. We must show
that it has at most <221> —100 = 110 edges. But this is immediate, since
it is clear that this new graph does not have triangles and so, by Turan’

theorem it has at most = 110 edges. And the problem is solved.

At first glance, the following problem seem to have no relation with
the previously examples, but, as we will see, it is a simple consequence
of Zarankiewicz’ lemma. This problem is an adaptation of a USAMO
1978 problem. Anyway, this is trickier than the contest problem.

Example 5. There are n delegates at a conference, each of them
knowing at most k languages. Anyway, among any three delegates, at
least two speak a common language. Find the smallest number n (in
terms of k) such that it is always possible to find a language spoken by
at least three delegates.

Solution. We will prove that n = 2k + 3. First, we prove that if
there are 2k + 3 delegates,then the conclusion of the problem holds.
The condition ”among any three of them there are at least two who
can communicate” suggests us to take the 3-free graph with vertices
in the persons and whose edges join persons that cannot communicate.
From Zarankiewicz’ lemma, there exists a vertex whose degree is at most
[g} = k4 1. Thus, it is not connected with at least k+ 1 other vertices.
Therefore, there exists a person A and k + 1 persons Aj, Ag, ..., A1
that can communicate with A. Since A knows at most k languages, there
are two persons among Aj, Ag, ..., A, that know a language also known
by A. But that language is known by at least three delegates and we are
done. It remains to prove now that we can create a situation in which
there are 2k + 2 delegates, but no language is known by more than two

delegates. We use again Turan’ graph, by creating two groups of k + 1
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delegates. In each group a person will have a common language with
each other person from the group and will not have common languages
with the members of the other group. Of course, any language is spoken
by at most two delegates and there are no triangles.

The following problem turned out to be a surprise at one of the Team
Selection Tests for 2004 IMO, being solved by 4 contestants. The idea is
even easier than in the previous problems, but this time we need a little
observation, that is not so obvious.

Example 6. Let A1, As,..., A1g1 be different subsets of the set
{1,2,...,n}. Suppose that the union of any 50 subsets has more than
5
5—171 elements. Prove that there are three subsets among them, any two

of them having common elements.
Gabriel Dospinescu, TST 2004 Romania

Solution. Of course, as the conclusion suggests, we should take a
graph with vertices in the subsets, connecting two subsets if they have
common elements. Let us assume that this graph is 3-free. The main
idea is not to use Zarankiewicz’ lemma, but to find much more vertices
with small degrees. In fact, we will prove that there are at least 51
vertices whose degree are smaller than or equal to 50. Suppose this is
not the case, thus there are at least 51 vertices whose degrees are greater
than 51. Let us pick such a vertex A. It is connected with at least 51
vertices, thus it must be adjacent to a vertex B, whose degree is at
least 51. Since A and B are each connected with at least 51 vertices,
there is a vertex adjacent to both, so we have a triangle, contradicting
our assumption. Therefore, we can find A4;,, ..., A;;,, all of them having
degrees at most 50. Consequently, A;, is disjoint from at least 50 subsets.

50
Since the union of these subsets has more than an elements, we infer
50 n n

that |A4;,| <n— RidalTE In a similar way, we obtain that |A; | < =
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for all j € {1,2,...,51} and so

|Ai, UA;, U---U A | <A |+ 4 |Aig| < 2—(1)71,
which contradicts the hypothesis. And the solution ends here.
We end the discussion with an adaptation of a very nice and quite
challenging problem from the American Mathematical Monthly.
Example 7. Prove that the complementary of any 3-free graph with
n vertices and m edges has at least

n(n—él(n—ti) +% (m_ n24—n>2

triangles.
AW Goodman, AMM

Solution. Believe it or not, the number of triangles from the com-
plementary graph can be expressed only in terms of the degrees of the
vertices of the graph. More precisely, if G is the graph, then the number

of triangles from the complementary graph is

(g) _ % > d(@)(n —1—d(x)),

zeX

where X is the set of vertices of G. Indeed, consider all triples (x,y, z) of
vertices of G. We will count the triples that do not form a triangle in the

complementary graph G. Indeed, consider the sum Z d(z)(n—1—d(x)).

zeX
It counts twice every triple (x,y, z) in which are connected, while z is not

adjacent to any of z, y: once for z and once for y. But it also counts twice
every triple (z,y, z) in which y is connected with both z, z: once for x and

1
once for z. Therefore, B Z d(z)(n—1—d(z)) is exactly the number of

zeX
triples (z,y, z) that do not form a triangle in the complementary graph

(here we have used the fact that G is 3-free). Now, it is enough to prove
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that

<§> _;;d(x)(n—l—d(g;)) > n(n — 12)4(71— 5) +% <m B n24—n>2'

Using the observation that Z d(x) = 2m, after a few computations

zeX
we find the equivalent form of the inequality

4 2
S dPa) >

n
zeX

But this is exactly the Cauchy-Schwarz inequality combined with

> d(z) =2m.

zeX

the observation that

Problems for training

1. In a country there are 1998 cities. In each group of three cities,
at least two are not directly connected. What is the maximal number of
direct flights?

Japan, 1998

2. Let x1,z9,...,x, be real numbers. Prove that there are at most

2
nz pairs (4,7) € {1,2,...,n} x {1,2,...,n} such that 1 < |z; — z;| < 2.
MOSP, CE AN?

3. If n points lie on a circle, then at most %62 segments connecting
them have length greater than /2.

Poland, 1997

4. Let G be a graph with no triangles and such that no point is

adjacent to all the other vertices. Also, if A and B are not joined by

an edge, then there exists a vertex C' such that AC and BC are edges.

Prove that all vertices have the same degree.

APMO 1990
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5. Show that a graph with n vertices and k edges has at least ;(414:—
n
n?) triangles.
APMO 1989

6. Let A be a subset of the set S = {1,2,...,1000000} having exactly
101 elements. Prove that there exist t1,%9,...,t100 € S such that the sets
A; ={xz +tj|lz € A} are pairwise disjoint.

IMO 2003

6. There are 1999 people participating in an exhibition. Out of any

50 people, at least 2 do not know each other. Prove that we can find at

least 41 people who each know at most 1958 other people.
Taiwan, 1999

7. A graph with n vertices and k edges is 3-free. Prove that we
can choose a vertex such that the subgraph induced by the remaining
vertices has at most &k <1 — f;) vertices.

USAMO 1995

8. Prove that for every n one can construct a graph with no triangles
and whose chromatic number is at least n.

9. A graph with n? + 1 edges and 2n vertices is given. Prove that it
contains two triangles sharing a common edge.

China TST, 1987

10. We are given 5n points in a plane and we connect some of them,
so that 10n? 4+ 1 segments are drawn. We color these segments in 2

colours. Prove that we can find a monochromatic triangle.
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COMPLEX COMBINATORICS

When reading the title, one will surely expect a hard unit, which will
show what a complex field is combinatorics. Unfortunately, this was not
our intention. We ”just” want to discuss some combinatorial problems
that can be solved elegantly using complex numbers. In this moment,
the reader will probably say we are crazy, but we will continue our
idea and say that complex numbers can play a very important role in
counting problems and also in problems related to tilings. There are also
numerous applications in combinatorial number theory, so our purpose
is to present a little bit from each of these situations. After that, the
reader will surely have the pleasure of solving the proposed problems
using this technique. For fear of useless repetition, we will present in the
beginning of the discussion a useful result

Lemma. If p is a prime number and ag, a1, ...,a,—1 € Q satisfy the

relation
2 p—1 _
ap +aie +age” + - +ap_1e" - =0,

where
2 2

€ = cos — + isin —,
p
then ap = a1 = -+ = ap—1.

We will say just a few words about the proof, which is not difficult. It
is enough to observe that the polynomials ag+az+agz?+- - -+ap_135p_1
and 1+x 422+ --+2P~! cannot be relatively prime-because they share
a common root-and since 1 + x + 22 + - - - + 2P~ is irreducible over Q,
1+z+2? 4 -+ 2P7! must divide ag + a17 + agz® + -+ + ap_12P7 1,
which can only happen if agp = a1 = --- = ap—1. Therefore, the lemma
is proved and it is time to solve some nice problems. Not before saying
that in the following examples m(A) will denote the sum of the elements

of the set A. By convention m()) = 0.
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The first example is an adaptation from a problem given in the Inter-
County Contest ”Traian Lalescu”. Of course, there is a solution using
recurrent sequences, but it is by far less elegant than the following one.

Example 1. How many numbers with n digits, all equal to 1, 3, 4,
6, 7, 9 are divisible by 7?7

Solution. Let a%k) be the number of n-digits numbers, formed using
only the digits 1, 3, 4, 6, 7, 9 and which are congruent to £ modulo 7.

It is clear that

6
Zaglk)gk — Z 5$1+$2+"'+$n

k=0 1,22, 20 €{1,3,4,6,7,9}
=+ +et+f+"+ %

2 2
where € = 00877r —|—isin—ﬂ-. The remark that 1 +e4+e2+--- 4+ =0
helps us to bring (e +&3 +¢&* +£5+&” +£%)" to the simpler form (—&®)™.
Let us assume that n is divisible by 7, for example (the other cases can

be discussed similarly). Then

S affeh = (1

k=0
and from the lemma we infer that a,(lo) — (=" = anl) =...= a£16). Let
k be the common value. Then 7k = 26: alk) — (=1)™ = 6™ — (—=1)" - this
is because exactly 6 numbers have ];zzgligits, all equal to 1, 3, 4, 6, 7, 9.

6_§_1). We leave to the

reader the study of the other cases: n =12,3,4,5,6 (mod 7).

Thus, in this case we have al? = (=)™ +

The same simple, but tricky idea can offer probably the most beau-
tiful solution for the difficult IMO 1995 problem 6. It worth saying that
Nikolai Nikolov won a special prize for the following magnificent solu-

tion.
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Example 2. Let p > 2 be a prime number and A = {1,2,...,2p}.
Find the number of subsets of A, each having p elements and the sum
of the elements divisible by p.

Marcin Kuczma, IMO 1995

2 2
Solution. Consider € = cos il + 4 sin il and let z; the number of

p p
subsets  C A such that |X| = p and m(X) = j (mod p). Then it is

clear that
p—1
Zl‘j&] = E gm(B) = E glrteattep
Jj=0 BCA,|B|=p 1<e1<ea << ep<2p
But E gartet =t g exactly the coefficient of 2P in

1< <ea < <ep<2p
the expansion (X + &)(X + €2)...(X + &?). Since X? — 1 = (X —

(X —¢)...(X — P71, we easily find that (X +¢)(X +¢?)...(X +

p—1
e?P) = (XP 4 1)2. Thus, Zajjej = 2 and lemma implies the equality
j=0
. 2p .
rg—2=1x1 = -+ = x,_1. Since there are subsets with p elements,
P P
we have
2p
To+x1+ -+ Tp_1 = »)
Therefore,

1 2
a1 ((2))
p p

With a somewhat different, but closely related idea we can solve the
following nice problem.

Example 3. Let aq,aq, ..., a;, be natural numbers and let f(k) the
number of m-tuples (c1,ca, ..., ¢p) such that 1 < ¢; < a;, ¢ =1, m and
c1+ca+ -+ cpn =k (mod n), where n > 1 is a natural number.

Prove that f(0) = f(1) = --- = f(n — 1) if and only if there exists

an index ¢ € {1,2,...,m} such that n|a;.

Reid Burton, Rookie Contest ,1999
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Solution. It is not difficult to observe that

n—1 m

Zf(k)gk _ Z gerteattem _ 1_[((€ _’_52 4. _’_Eai)

k=0 1<¢;<a; i=1

for any complex number ¢ such that e” ' +&"24... 441 = 0. Thus,
one part of the problem is already proved, since if f(0) = f(1) =--- =
f(n — 1) then of course we can find i € {1,2,...,m} such that ¢ + 2 +
-+ 4% = 0, where we have chosen here a primitive root of the unity e.
We infer that €% = 1 and so n|a;. Now, suppose there exists an index

i € {1,2,...,m} such that n|a;. Then for any root e of the polynomial

n—1 n—1 n—1

ZX ¥ we have Z f(k)e* and so the polynomial ZX * divides the

k=0 k=0 k=0
n—1 n—1

polynomial Z f(k)X*. This is because the polynomial Z X* has only

k=0 k=0
simple roots. By a simple degree consideration, this is possible only if

f(0)=f(1) =--- = f(n —1). The solution ends here.

The enthusiasm determined by the above solutions will surely be
ATENUAT by the following problem, in which e need some tricky ma-
nipulations.

Example 4. Let p > 2 be a prime number and let m, n be multiples
of p such that n is odd. For any function f : {1,2,...,m} — {1,2,...,n}
that satisfies p|f(1) + f(2) + - -+ f(m), consider the product f(1)f(2)-

f(m). Prove that the sum of these products is divisible by <n>
p

Gabriel Dospinescu

2 2
Solution. Let ¢ = cosl + isin—7r and x, be the sum of all

the numbers f(l)f(2)...f(m§), after allpfunctions fA{L2,...,m} —
{1,2,...,n} that satisfy f(1) + f(2) +---+ f(m) = k (mod p). It is
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clear that:

p—1
g zref = g CLCy . .. CpeclTert tem
k=0 c1,62,...,cm€{1,2,...,n}

= (e +2e* 4+ -+ +ne™)™
Recall the identity

nz"t — (n+ 1)z + 1
(z —1)? ‘

Plugging ¢ in the previous identity, we find that

1422 +322 + - +na" ! =

ne"t? — (n+1)e"tt 46 ne

262 4 ... n .
€+ 2"+ -+ ne (c_1)2 p—

Consequently,

ke = o ym”
— (e—1)
On the other hand, it is not difficult to deduce the relations

P44+ l=0%

1 1
1 :—5(51’*2+25p*3+~-+(p—2)5+p—1).

Thus, if we consider
(XP242XP 34 (p—2) X +p—1)™ = bg+b X +- - '+bm(p_2)Xm(p_2),

then we have

m

m
n n -
(e—1m (p> (co+ere+ -+ epreh™),

where

Ci — Z bj.

k=k (mod p)

m
Ifr= (_n) , then we have the relation
p
xog —reg + (z1rer)e + -+ (xp_1 — rep_1)eP Tt = 0.
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From the lemma, it follows that xo —rco =21 —rc1 =+ = xp—1 —
rcp—1 = k. Because clearly cg,c1,...,c,—1 € R, it remains to prove that

r|k. Since
pk=xo+x14---+xp 1 —r(co+cr+---+cp1)

=142+ +n)™—r(bo+bi+ b))

:<MH+U>m_T<MpD>m

2 2 ’

it is clear that r|k. Here we have used the hypothesis. The problem is
solved.

It is time now to leave this kind of problems and to speak a little bit
about some nice applications of complex numbers in tilings. The idea is
to put a complex number in each square of a table and then to translate
the hypothesis and the conclusion in terms of complex numbers. But
we will better see how this technique works by solving a few problems.
First, some easy problems.

Example 5. Consider a rectangle which can be tiled with a finite
combination of 1 xm or nx 1 rectangles, where m, n are natural numbers.
Prove that it is possible to tile this rectangle using only rectangles 1 x m

or only with rectangles n x 1.
Gabriel Carrol ,BMC Contest,2000

Solution. It is obvious that the rectangle has natural dimensions,
let them be a,b. Now, let us partition the rectangle into 1 x 1 squares

and denote this squares
(1,1),(1,2),...,(a,1),...,(a,1),(a,2),...,(a,b).
Next, put the number 5%6% in the square whose label is (i, j), where
2r .. 27 2r . 27
£1 = COS— + 181N —, €9 = COS — +¢SIn —.
n n m m
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The main observation is that the sum of the numbers in any 1 x m
or n x 1 rectangle is 0. This is immediate, but the consequence of this
simple observation is really surprising. Indeed, it follows that the sum

of the numbers from all the squares is 0 and so

a b

_ iJ i J

0= 5 €16y = g €1 E 5.
1<i<a =1  j=1
1<5<b

a b
Thus, at least one of the numbers Zall and Zaé is 0. But this
i=1 j—1
means that nja or m|b. In any of these cases, it is clear that we can tile

the rectangle using only horizontal or vertical rectangles.

The idea in the previous problem is quite useful, many tilings prob-
lems having straightforward solutions by using it. An example is the
following problem, given in Baltic Contest in 1998.

Example 6. Can we tile a 13 x 13 table using only 1 x 4,4 x 1
rectangles, such that only the center of the table does not belong to any

rectangle?
Baltic Contest,1998

Solution. Suppose such a tiling is possible and label the squares of
the table as in the previous problem. Next, associate to square (k, j) the
number i¥t27. Obviously, the sum of the numbers from each 1 x 4,4 x 1
rectangle is 0. Therefore, the sum of all numbers from the squares of the
table is equal to the number in the square situated at the center of the

table. Thus,

21 2 1 2 4 2 113_1 2 i26_1
i =i i@t i) = — T 122'3,
1 — 1 —

which clearly cannot hold. Thus, the assumption was wrong and such a

tiling does not exist.
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The following example we are going to discuss is based on the same
idea, but here complex numbers are more involved.

Example 7. On a 8 x 9 table we put rectangles 3 x 1 and figures
formed by rectangles 1 x 3 by cutting the median 1 x 1 square. The
rectangles and the figures do not intersect and cannot be rotated. Prove
that there exists a set S of 18 squares of the table such that if there are

exactly two uncovered squares, then they belong to S.
Gabriel Dospinescu

Solution. Again, we label the squares of the table (1,1), (1,2),...,
(8,9) by starting from the up-left corner. In the square labeled (k, j) we
will put the number 7 - ¥, where i2 = —1 and €2 +e+1 = 0. The sum of
the numbers from any figure or rectangle is 0. The sum of the numbers
from the table is

8 9
k=1 j=1

Let us suppose that the squares (ai,b1), (az2,bs) are the only un-
covered squares. Then we have of course i"1e% 4 2% = —j. Let
21 =i 1e® | 2o = P27 1% We have |21 = |22| = 1 and 21 + 2 = —1.
It follows that — 4+ — = —1 and so 2z} = 25 = 1. This in turn im-

<1 <2

3(bi—1) — 3(b2—1) — 1 from where we conclude that

plies the equalities 4
by = by = 1 (mod 4). Therefore, the relation z; + 2o = —1 becomes
e* 4 %2 = —1, which is possible if and only if the remainders of the
numbers a1, ae when divided by 3 are 1 and 2. Thus, we can take S the
set of squares that lie at the intersection of the lines 1, 2, 4, 5, 7, 8 with

the columns 1, 5, 9. From the above argument, if two squares remain

uncovered, then surely they belong to S. The conclusion is immediate.
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Problems for training
1. Three persons A, B, C play the following game: a subset with k
elements of the set {1,2,...,1986} is selected randomly, all selections
having the same probability. The winner is A, B or C', according to the
case when the sum of the elements of the selected subset is congruent
to 0, 1, or 2 modulo 3. Find all values of k for which A, B, C have equal
chances of winning.
Imo Shortlist, 1987
2. The faces of a die are labeled with the numbers 1, 2, 3, 4, 5, 6.
We throw the die n times. What is the probability that the sum of the
numbers shown by the die is a multiple of 57
IMC, 1999
3. Let ay,bg,cx € R, k = 1,n. Let f(p) be the number of ordered
triples (A, B, C) of subsets (not necessarily non-empty) of the set M =
{1,2,...,n} whose union is M and for which
Z a; + Z b; + Z ¢i =3 (mod p).
1€EM\A i€eM\B 1eM\C
We assume that
Y @i =0and f(0) = f(1) = f(2).
i€l
Prove that there exists ¢ € M such that 3|a; + b; + ¢;.
Gabriel Dospinescu, Recreatii Matematice
4. How many subsets with 100 elements of the set {1,2,...,2000}
have the sum of their elements divisible by 57
Qihong Xie, High School-Mathematics
5. There are 2000 white balls in a box. There are also unlimited
supplies of white, green and red balls, initially outside the box. At each

step, we can replace two balls in the box with one or two balls according
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to the following rules: two whites or two reds with a green, two greens
with a white and red, a white and green with a red or a green and red
with a white.

a) After some finite number of steps, in the box there are exactly
three balls. Prove that at least one of them is green.

b) Is it possible that after a finite number of steps there is just one
ball in the box?

Bulgaria, 2000

6. A 7 x 7 table is tiled with 16 rectangles 1 x 3 such that only one

square remains uncovered. What is the position of this square?
Tournament of the Towns, 1984

7. Let £k > 2 be an integer. For which odd natural numbers n can
we tile a n X n table with 1 x k or k x 1 rectangles such that only the

square in the center of the table does not belong to any rectangle?
Arhimede Magazine, Gabriel Dospinescu

8. Let n > 2 be an integer. In each point (7, j) having integer coordi-
nates we write the number ¢+ j (mod n). Find all pairs (a, b) of natural
numbers such that any residue modulo n appears the same number of
times on the frontier of the rectangle of vertices (0,0), (a,0), (a,b), (0,b)
and also any residue modulo n appears the same number of times in the

interior of the same rectangle.
Bulgaria, 2001

9. Let F be the family of the subsets of the set A = {1,2,...,3n}
which have the sum of their elements divisible by 3. For each element of
F', compute the square of sum of its elements. What is the value of the

sum of all the obtained numbers?

Gabriel Dospinescu
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10. Let p > 3 be a prime number and let h be thelnumber of se-
quences (ay,ag,...,ap—1) C {0,1,2}?71 such that p\pz_:jaj. Also, let
k be the number of sequences (ai,as,...,ap—1) C {0, lj,:?g;p_1 such that

-1
| ijaj. Prove that h < k and that the equality appears only for p = 5.

o IMO 1999 Shortlist
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FORMAL SERIES REVISITED

We start with a riddle and a challenge for the reader: what is the
connection between the following problems:

1. The set of natural numbers (including 0) is partitioned into a
finite number n > 2 of infinite arithmetic progressions having ratios
r1,T9,...,T, and first term a1, ao, ..., a,. Then the following relation is

satisfied:

a a a n—1
1 T9 T 2

2. The vertices of a regular polygon are colored in some fashion so
that each set of vertices having the same colour is the set of vertices of
a regular polygon. Then there are two congruent polygons among them.

The first problem was discussed during the preparation for IMO of
the USA team, but it seems it is a classical result. As for the second one,
well, it is a famous problem given in a Russian olympiad and proposed
by N. Vasiliev.

If the reader has no clue, then let’s give him one small hint: the
methods used to solve both problems are very similar and can be in-
cluded into a larger field, that of formal series. What is that? Well,
given a commutative ring A, we can define another ring, called the ring
of formal series with coefficients in A and denoted A[X]. An element of

A[X] is of the form ZanX", where a, € A. As we are going to see
n>0
in what follows, these formal series have some very nice applications in

different fields: algebra, combinatorics, number theory. But let’s start
working now, reminding that the reader is supposed to be familiar with
some basic analysis tools:

Example 1. Let aq,as, ..., a, be some complex numbers such that
for any 1 < k < n we have a} + a5 + -+ af = 0. Then all numbers are

equal to 0.
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Solution. Of course, experienced reader has already noticed that
this problem is a trivial consequence of Newton’s relations. But what
can we do if don’t know them? Here is a nice way to solve the problem
(and a way to prove Newton’s relations too).

First of all, observe that the given condition implies that
af +a5+---+a) =0
for all positive integer k. Indeed, let

FX)=X"+bp 1 X"+ b1 X + by
n
the polynomial | | (z — a;). Then for all k£ > n + 1 we have
1

Z'_
af + by_1af ™t 4 £ boal T = 0.
Then it suffices to add these relations and to prove the statement by
strong induction.
Now, let us consider the function

=Y

i=1

Developing it by using

1
17:1+m+x2+...(for lz| < 1),
—x

we obtain that f(z) = n for all sufficiently small z (which means that
|z| max(]a;|) < 1). Assume that not all numbers are zero and take
ai,...,as (s > 1) to be the collection of numbers of maximal modu-
lus among the n numbers. Let the common value of the modulus be r.
By taking a sequence z, — % such that ‘i—p‘ < 1, we obtain a contra-

n
1
diction with the relation E T—a =" (indeed, it suffices to observe
— 2 a
i=1 P

that the left-hand side is u:abounded, while the second one is bounded).

This shows that all numbers are equal to O.
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We are going to discuss a nice number theory problem, whose solu-
tion is practically based on the same idea. Yet, there are some details
that make the problem more difficult.

Example 2. Let ay,a2,...,aq,71,%2,...,24 and m some integers

such that m\alx’f + agxé“ + -+ aqx’; for all £ > 0. Then

q
m|ay H(azl — ;).
i=2
Gabriel Dospinescu
Solution. Consider this time the formal series

f)=3"1 _“"m-

i=1

By using the same formula as in the first problem, we deduce immedi-

ately that

q q
flz) = Zai+ (Zaizxz) Z4...,
i=1 i=1

which shows that all coefficients of this formal series are integers multi-

ples of m. Obviously, it follows that the formal series

Zal(l —222)...(1 —x42)

also has all coefficients multiples of m. Now, consider St(i) the i-th
fundamental symmetric sum in z; (j # ). Since all coefficients of
Zal(l — x22)...(1 — z4z) are multiples of m, a simple computation

shows that we have the divisibility relation:
a q ‘ a ,
m|z? ! Z a; — x?iQ Z aisy) 4o (—1)9 Z aiSéi)l.
i=1 i=1 i=1
This can also be rewritten in the nicer form

q . .
m[ Z ai(:v(f_l - x(f_25§2) 4+ o4 (—1)(]_15(51_)1).
=1
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Now, the trivial identity
(1 —21) ... (1 —xim1(x1 — Tig1) .- (x1 —2y) =0
gives us the not-so obvious relation
x(ffl - x?iQSy) + 4+ (—1)q_15(i
for ¢ > 2. Therefore we can conclude, since
47— xg_25§1) +-F (71)11—15(517)1 = (21 —x2) ... (21 — xp).

In order to solve the problem announced in the very beginning of
the presentation, we need a little lemma, which is interesting itself and
which we prefer to present as a separate problem:

Example 3. Suppose that the set of natural numbers (including
0) is partitioned into a finite number of infinite arithmetic progressions
of ratios ri,7r9,...,7, and first term ai,ao,...,a,. Then the following
relation is satisfied:

1 1 1
H+g+---+a:1.
Solution. Let us observe that for any |z| < 1 we have the identity:
ZxalJrkm n Zxaﬁkrz ot Zxan+krn _ Zxk
E>0 k>0 k>0 £>0

Indeed, all we did was to write the fact that each natural number is
exactly in one of the arithmetic progressions. The above relation becomes
of course the very useful relation:

™ 2 o 1

1—2zan +1793T2+”'+17$’”n :lfx

(1)

Let us multiply the relation (1) with 1 — z and use the fact that

1 _ a
lim1 1 A a. We find of course the desired relation
r— — T
1 1 1
—F 4+ — =1
1 T2 Tn
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It’s time to solve the first problem. We will just a small, but not
obvious step and we’ll be done. The fundamental relation is again (1).
So:

Example 4. The set of natural numbers (including 0) is partitioned
into a finite number n > 2 of infinite arithmetic progressions having
ratios r1,79,...,r, and first term aq, a9, ..., a,. Then the following re-

lation is satisfied:

ai  as an n—1

MOSP

Solution. Let us write the relation (1) in the more appropriate form:

al an

x T
I B BN

=1 2)

Now, let us derive the relation (2) and then make z — 1 in the
resulting expression. A small computation let to the reader will show

that
T (TZ' — 1)

n Qi — 5
> r? =0.
i=1 i

But it suffices to use the result proved in example 3 in order to

conclude that we must have

a; as Qan, n—1
—t+ — 4+ —= .
1 ) T 2
Some commentaries about these two relations are necessary. First of

all, using a beautiful and hard result due to Erdos, we can say that the

relation

1 1 1

e T2 Tn
implies that max(ry,ra,...,r,) < 22" 71, Indeed, this remarkable theo-
rem due to Erdos asserts that if 1, 29, ..., x; are natural numbers whose
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sum of inverses is strictly smaller than 1, then
1 1 1 1 1 1
-t —+ -+ =< —+ —+-+—,
1 T2 S Uk
where u1 = 2, un11 = u2 —u,+1. But the reader can verify immediately

that
1 1 1 1

w T T e e
(it is trivial by induction). Thus we can write
ol v
T ULUY -+« Up—1

or even better r, < ujug...up—1 = u, — 1 (the last relation being
again a simple induction). Once again, the reader will do a short in-
duction to prove that wu, < 22" And here is how we can prove
that max(ri,ra,...,r,) < 22" (since of course any number among
r1,72,...,Ty can be taken as r,). Using the relation proved in example
4, we also deduce that max(ay, ag, . .., a,) < (n—1)-22""' =1, This shows
that for fixed n not only there is a finite number of ways to partition
the set of natural numbers into n arithmetic progressions, but we also
have some explicit (even though huge) bounds on ratios and first terms.

It is now time to solve the remarkable problem discussed in the
beginning of this note. We will see that in the framework of the previous
results proved here, the solution becomes natural. However, it is not at
all true, the problem is really difficult.

Example 5. The vertices of a regular polygon are colored such that

vertices having the same colour form regular polygons. Prove that there

are at least two congruent polygons among them.
N. Vasiliev, Russian Olympiad
Solution. Let us assume that the initial polygon (which we will call

big from now on) has n edges and that it is inscribed in the unit circle,

n—1

the vertices having as affixes the numbers 1,¢,¢2,...,e"" !, where ¢ =
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2im

en (of course, we will not loose generality with all these restrictions).
Consider now ni,ne, ..., ng the number of edges of each monochromatic

polygon and let us assume that all these numbers are different. Let
2w

€j = e " ; observe that the affixes of the vertices of each monochromatic

n;

polygon are zj, zj€j, ..., Zj€;

unit circle. First, a technical result.

-1
, for some z; complex numbers on the

2im
Lemma 1. For any complex number z, if ( = e » then we have the
identity
1 1 1 _p

1—z+1—zC+'”+1—zCP*1 1 —2p

Proving this lemma is a very simple task. Indeed, it suffices to observe
that z,2(,...,2¢P~! are exactly the roots of P(X) = XP — 2P. Or, we

know that

P'(z) 1 1
PX) X X — 2¢r1

By taking X = 1, we obtain exactly the desired identity.

Now, the hypothesis of the problem and lemma 1 allow to write

ny . ng _on
1—(zz1)™ 1— (zz)™ 1 —2n'

Also, the simple observation that ni 4+ ng + -+ + ng = n allows the

new identity

n n Nk
nlzl1 LM n2222 2" 44 771]42’]9 2 — 7712” . (1)
1—(zz)m 1 — (zz9)™ 1 — (zzg)™ 1—2zn
Let us assume now that n; < min(ng,...,n;) and let us divide (1)

by z™. It follows that for non-zero z we have

ni n2 s n—ni
m L A U R
1—(zz1)™m  1— (229)™ 1 — (zzg)m* 1—2zn

(2)
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Well, we are done: it suffices to observe that if we make z — 0
(by non-zero values) in (2) , we obtain that z"* = 0, which is surely
impossible since |z1| = 1. The proof ends here.

The following problem that we are going to discuss appeared in var-
ious contests under different forms. It is a very nice identity that can be
proved elementary in a quite messy way. Here is a magical proof using
formal series.

Example 6. For any complex numbers ay,as,...,a, € C, the fol-

lowing identity holds:

n n n "
(Se) X (Tw
i=1 i=1 \ j#i
" n n
+ Z Zak —‘--—i-(—l)”*lZa?:n!Hai.
1<i<j<n \k#i,j i—1 i—1

Solution. Consider the formal series

n

72) = TJ(e™ - 1.

i=1
We are going to compute it in two different ways. First of all, it is

clear that

n 2.2
ﬂ@ZIIGw+2;V+“>

=1

n
thus we can say that the coefficient of 2™ in this formal series is H aj;.
i=1
On the other hand, we can write

Indeed, the reader is right: now everything is clear, since the coeffi-

n
cient of 2™ in e** is — The conclusion is clear: not only the identity is

true, but it has a four-line solution!!!
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There aren’t only algebra problems that can be solved in an elegant
manner using formal series, but also some beautiful concocts of numbers
theory and combinatorics. We shall focus a little bit more on such type
of problems in the sequel.

Example 7. Let 0 = ag < a1 < a2 < ... be a sequence of positive
integers such that the equation a; + 2a; + 4a;, = n has a unique solution

’i,j, k. Find a1998-
IMO Shortlist, 1998

Solution. Here is a very nice answer: 9817030729. Let A =
{ag,a1,...} and b, = 1 if n € A and 0 otherwise. Next, consider the for-
mal series f(x) = Z bpz", the generating function of the set A (we can

n>0
write in a more intuitive way f(z) = Z x2%"). The hypothesis imposed

n>0
on the set A translates into

Replace x by 22°. We obtain the recursive relation

Fa) ) ) =

1= g2

Now, observe two relations:

T17e*) = [TUE 5@ ) = T —

1 _ 23k
k>0 k>0 k>0 -z
and
k 3k+1 3k42 3k+3 1
[1/7@*) = TTUE D)) = [T
E>1 k>0 k>0

Therefore (the reader has observed that rigor was not the strong

point in establishing these relations) we have

93k+1 23k+1

1@ =T1 g = [T+ 17 = [T g = [T+

o 1—7% k>0 k>0 k>0
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This shows that the set A is exactly the set of nonnegative integers
that use only the digits 0 and 1 when written in base 8. A quick com-
putation based on this observation shows that the magical term asked
by the problem is 9817030729.

The following problem is an absolute classic. It appeared, under dif-
ferent forms, in Olympiads from all over the world. We will present the
latest one, given in a Putnam competition:

Example 8. Find all partitions with two classes A, B of the set
of nonnegative integers having the property that for all nonnegative
integers n the equation x + y = n with x < y has as many solutions
(z,y) € Ax Aasin B x B.

Solution. Consider f, g the generating functions of A, B and write
them in explicit form

flz) = Zanx”, g(x) = Z bpx"
n>0 n>0
(as in the previous problem, a,, equals 1 if n € A and 0 otherwise). The
fact that A, B form a partition of the set of nonnegative integers can be
also rewritten as

1
1—z

f@) +glz) =) a" =

n>0
Also, the hypothesis made on the number of solutions of the equation

x +y = n imposes that

Therefore,
f(@®) —g(@®) =
which can also be rewritten as

fl@)—g(x) _
f(@?) = g(a?)
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Now, the idea is the same as in the previous problems: replace x by

22" and iterate the process. After multiplication, we deduce that

f(@) — g(@) = [ (1 - 2%) lim !

1 e T — g(a?)

Let us assume without loss of generality that 0 € A. Then the reader

can easily verify that

lim f(z*") =1and lim g(z*") = 0.

n—oo n—oo
This shows that actually
f@) = g(@) = [[(1 —2*) = Y (-1)=®at,
k>0 k>0
where sa(x) is the sum of digits of binary representation of x. Taking
into account the relation

f@)+gl@)=) a"=

n>0

1
1—2’

we finally deduce that A, B are respectively the set of nonnegative inte-
gers having even (respectively odd) sum of digits when written in binary.
We will discuss two nice problems in which formal series and complex
numbers appear in a quite spectacular way:
Example 9. Let n, k be positive integers such that n > 2~ and
let S ={1,2,...,n}. Prove that the number of subsets A C S such that

Z z =m (mod 2¥) does not depend on m € {0,1,...,2% — 1}.
€A
Balkan Olympiad Shortlist 2005

Solution. Let us consider the function (call it formal series, if you

want)
n

f(a) = [t + )

i=1
If we prove that 1+ x + --- + 22~ divides f(z), then we have

certainly done the job. In order to prove this, it suffices of course to
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prove that any 2¥th root of unity, except for 1 is a root of f. But it
suffices to observe that for any I € {1,2,...,2*"1 — 1} we have

gk—2—vg (1)

2 . 2w
cos2—k+zs1n2—k = -1

2 2
f (cos;,?—kisin;:) =0,

which proves our claim and finishes the solution.

and so

Example 10. Let m,n > 2 be positive integers and ai,as9,...,a,
integers, none of them divisible by m”™~!. Prove that one can find integers
€1,€2,...,6n, not all zero, such that |e;/] < m for all i and such that
m'|eja; + e2a2 + -+ - + epan.

IMO Shortlist 2002

n

Solution. Look at the set A = {Z eiail 1 <e; <m p» and observe
i=1
that we can assume that A is a complete system of residues modulo m"

(otherwise, the conclusion is immediate). Now, consider f(x) = Zx“.

peEA
On one hand, we have

n m—1 n

; 1 —gma
= Jai = _
f@=11{ 2™ ) =117
=1 ]:O =1
On the other hand, take ¢ = emt . Since A is a complete system of

residues modulo m", we must have f(e) = 0. Therefore (the hypothesis
n

ensures that ¢ # 1) we must have H(l — &™%) = 0. But this surely
i=1
contradicts the fact that none of the numbers aq, ao, .. ., a, is a multiple
of mn~1,
Finally, it is time for a tough problem. Of course, it will be a com-
binatorial problem, whose nice solution below was found by Constantin

Tanasescu.
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Example 11. Let A be the set of all words which can be formed
using m > 2 given letters. For any ¢ € A, let I(c) be its length. Also,
let C C A be a set of words. We know that any word from A can be

obtained in at most one way by concatenating words from C. Prove the

1
zhﬁSSL

ceC

inequality:

Adrian Zahariuc

Solution. Let S be the set of all words which can be obtained by
concatenating words from C. Let

Fa) =324, gy =34l

ceC seS
By the definition of S, we have that:
1

9($):1+f(3?)+f2(37)+"‘:1_7m-

Therefore,
f(@)g(x) = g(x) — 1. (%)
Now, S (and C) has at most m* elements of length k, thus g(z) < oo
and f(z) < oo for z < % Thus, for all x € (O, ;)

f(x)g(x)

=g(x) =1 <g(z)

1
and so f(z) < 1forall x € (O, > All we need now is to make z tend

m

1
to — and we will obtain that f ( > < 1, which is nothing else than
m

1
m
the desired inequality.

Proposed problems

1. Let 21, 29, ..., z;, be some arbitrary complex numbers. Prove that

for any € > 0 there are infinitely many numbers n such that

'\“/\z{“ + 28 4o+ 2k > max (|21, |22], - - -, |2a]) — e
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2. Find the general formula for the sequence (z,),>1 given by
Tptk = Q1Tptk—1 + -+ AxTn

in function of xg,x1,...,xx_1. Here ai,...,a; are arbitrary complex
numbers.

3. Prove that if we partition the natural numbers into a finite number
of infinite arithmetic progressions, then there will be two of them having
the same ratio.

4. How many polynomials P with coefficients 0, 1, 2 or 3 satisfy
P(2) = n, where n is a given positive integer?

Romanian TST, 1994

5. Define A; = @, B = {0} and An+1 = {1 -f—SU‘ S Bn}, Bpi1 =
(A \ Bn)U (B, \ A,,). What are the positive integers n such that B, =
{0}7

AMM

6. In how many ways can we parenthesis a non-associative product
aias...apn?
Catalan’s problem

7. For which positive integers n can we find real numbers a1, as, . ..,

an such that

{las — aj] | 1§i<j§n}:{1,2,...,(z>}?

China TST 2002

8. Let a1, as, . .., ay, relatively prime positive integers. Find in closed
form a sequence (x,,),>1 such that if (yy),>1 is the number of positive
integral solutions to the equation ayxi + asxe + - -+ + apx, = k, then

Ty

lim — = 1.
n—oo yn
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9. Let Ay, Ay, ..., A € M,(C) be some complex nfn matrices such
that

14T + A3 + - + Al s;
for any natural number p > 1. Here C does not depend on p > 1 and
I X = 1;12]%(“ |i;|. Then prove that A =0 for all 1 <i < k.
Gabriel Dospinescu

10. Is there an infinite set of natural numbers such that all suffi-
ciently large integer can be represented in the same number of ways as
the sum of two elements of the set?

D. Newman

11. Find all possibilities to color a regular polygon in the way pre-
sented in example 5.

12. Find all positive integers n with the following property: for any
real numbers a1, az,...,a,, knowing the numbers a; + a;, 1 < j, deter-
mines ai,ds, ..., a, uniquely.

Erdos and Selfridge

13. Suppose that ap = a1 = 1, (n + 3)an+1 = (2n + 3)ay, + 3nap—_1.
Prove that all terms of this sequence are integers.

Komal

14. Define two sequences of integer numbers (a,), (by) : a1 = b =0
and

an, = nb, + a1bp—1 + asby—o + -+ ap—1b1.

Prove that for any prime number p we have p|a,.

Komal

15. Is it possible to partition the set of all 12-digit numbers into

groups of 4 numbers such that the numbers in each group have the same

digits in 11 places and four consecutive digits in the remaining place?
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Saint Petersburg Olympiad
16. Prove the following identity

- (="
> > > ok (€100, +eaas, + oo+ exai, )"

k=11<i1<ig<-<ig<nei,ea,..,.enc{—1,1}
n 2 2 2
~ (=1)™(2n)latas...a;,
= o
for any real numbers aq, as, ..., ay.

Gabriel Dospinescu

17. A set of positive integers A has the property that for some
positive integers b;, ¢;, the sets b;A + ¢;, 1 < i < n are disjoint subsets

of A. Prove that
|
> 5 =1
i=1 ¢

IMO Shortlist 2004
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NUMBERS AND LINEAR ALGEBRA

We have seen how analysis can help in solving number theory prob-
lems. But linear algebra has an important role as well, especially because
it makes a beautiful connection between number theory and algebra.
This discussion practically started from the following difficult problem
that we solved in the chapter ”Look at the exponent!” and which ap-

peared in the American Mathematical Monthly a long time ago.

. a; — a; .
For any integers ay,as,...,a, the number | | I s an in-
—1
1<i<j<n J
teger.

You will see a nice and short solution to this problem. At the ap-
propriate time... But first, we need some basic facts about matrices,
determinants, and systems of linear equations. For example, the fact

that any homogeneous linear system

a1y + ajore + -+ ajpxy, =0

ao1x1 + a90xo + -+ + aspxy, =0

Ap1T1 + Ap2T2 + -+ + appty =0

in which
ail a1 e A1n
as1 a2 ... a9,
#0
anl1 AaAn2 ... Ann

has only the trivial solution. Secondly, we need Vandermonde’s identity

1z 2} x !

1z 23 aht
= H (25 — @) (1)
1<i<j<n

1 =z, 22 ant




With these basic facts (of course, for a better understanding, the
reader should have some more knowledge on linear algebra), we are
ready to begin the discussion. As usual, we start with an easy and clas-
sical problem. This time, we will prove a result from the theory of per-
mutations. Here is a nice solution.

Example 1. Let ¢ be a permutation of the numbers 1,2,...,n.
Then

I (eG)—cli)|=1-2".(n—1).
1<i<j<n

Solution. The formula in the left-hand side suggests that we might
use Vandermonde’s identity (1). But we also need a small trick. Using

the fact that det A = det 'A for any matrix A, we get

1 1 1 1
)o@ o) | o) -ot)
. 1<i<j<n
o)t o2t o@B)t ... o)t

So, by multiplying the two determinants we find

2

I[I @G -c6)] =

1<i<j<n

1 1 1 1 1 o(1) o(1)1
o) 0@ o) o(n) 1 o2 o(2)"!
o)t o(2)n"t o(3)n ! o(n)n~1 1 o(n) o(n)"!

SO Sl Snfl

St 5 Sn

Sn-1 Son—2
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where
Si=0(1)' +0(2)" +---+0o(n)
But since o is a permutation of the numbers 1,2,...,n, we have

S; =18 + 2" 4 ... 4 n’ and repeating the arguments we conclude that
2 2

I[ oot = II G-9

1<i<j<n 1<i<j<n

Hence

II ) —ctin|= J[ G-i)=m-Di(n-2)...1.

1<i<j<n 1<i<j<n
Using this result, we can answer immediately the following question:
Example 2. Given a polynomial with complex coefficients, can we
decide if it has a double zero only by performing additions, multiplica-
tions, and divisions on its coefficients?
Solution. Yes, we can. Let f(z) = ag+ a1z + - -+ apa™. Then this

polynomial has a double root if and only if

2
[[ @-=2)) =0
1<i<j<n
where z1,x2,...,T, are the zeros of the polynomial. But we have seen
that
) So St ... Sphoa
S Sy ... S,
H (QS‘Z — .Z‘j) = ,
1<i<j<n
Sp—1 -ev .. Sop_o

where S; = z¢ +z4+ - +2%,. So, we need to express S; = 2} +ab+- -+,
in terms of the coefficients of the polynomial. But this is a consequence

of Newton’s and Vieta’s formulas, which combined yield
anSi + an—1Si—1+ -+ ap—i+151 +iap—S; =0, i€ {l,2,..., }.
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The last formula allows us to prove by induction that .5; can be ex-
pressed only in terms of the coefficients of the polynomial (this could
have been shown much easier, since after all S; is a symmetric polyno-
mial in n variables, hence it can be expressed only in terms of the fun-
damental symmetric polynomials, which can also be expressed in terms
of the coefficients due to Vieta’s formulas). Consequently, we can decide

whether ,

[I @-z)| =0

1<i<j<n
only by using the described operations on the coefficients of the polyno-
mial, which shows that the answer to the problem is positive.

You may know the following classical problem: if a,b,c € @ verify
a+ b2+ ceVd = 0, then a = b = ¢ = 0. Have you ever thought about
the general case?” This cannot be done only with simple tricks. We need
much more. Of course, a direct solution could be the following: from
Eisenstein’s criterion, the polynomial f(X) = X" — 2 is irreducible,
soif ap + a1 /2 + - 4 an—1 "V/2n=1 = ( for some rational numbers
ag, a1, ...,0a,_1, then the polynomial g(z) = ag + a1z + -+ + a,_12"*
is not relatively prime with f. Hence ged(f, g) is a polynomial of degree
at most n — 1 that divides an irreducible polynomial f of degree n. This
cannot happen, unless ¢ = 0, i.e. a9 = a1 = -+ = a,—1 = 0. But here
is a beautiful proof using linear algebra. This time we will have to be

careful to work in the most appropriate field.

Example 3. Prove that if ag,a1,...,a,-1 € Q satisfy
ag+ a1 V24 +an_ "Vl =0,

then ag = a1 =---=an_1 =0.

Solution. If ag 4+ a1 V24 -+ + an_1 "V27~1 =0, then

kag + kay V24 4+ kan—1 "Von-1 =
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for any real number k. Thus, we may assume that ag,aq,...,a,_1 € Z
(for example, we can choose k to be the least common multiple of all de-
nominators of the numbers ag, a1, . .., a,—1). The idea is to choose n val-
ues for k so that to obtain a system of linear equations, having nontrivial
solutions. Then, the determinant of the system must be zero and this
will imply a9 = a1 = -+ = a1 = 0. Now, let us fill in the blanks. What
are the best values for k? This can be seen by noticing that v/2r—1. /2 =
2 € Z. So, the values (ki1, ko, ..., kn) = (1, ¥/2,..., ¥/27=1) are good and

the system becomes

a0+a1. {l/§+...+an71. 1n/2n71:0
ap- V2+ay- V224 +2a, 1 =0
agp - v"2”_1+2a1+--~+an_1‘ Von—2 =

Viewing (1, ¥/2,..., ¥27~1) as a nontrivial solution to the system,

we conclude that

an al e an—1
20,”_1 ag ce. Qp—2
=0.
2a1 2&2 e a

But what can we do now? Expanding the determinant leads nowhere.
As we said before passing to the solution, we should always work in the
most appropriate field. This time the field is Zs, since in this case the
determinant can be easily computed. It equals @ = 0. Hence ap must

be even, that is ag = 2by and we have

bo aq e Ap—1
Ap—1 ap e Qp—2 -0
al 2a2 e ag
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Now, we interchange the first two lines of the determinant. Its value
remains 0, but when we expand it in Zs, it is @ = 0. Similarly, we
find that all a; are even. Let us write a; = 2b;. Then we also have
bo+bi- V24 +b,_1- "V2=T =0 and with the same reasoning we
conclude that all b; are even. But of course, we can repeat this as long
as we want. By the method of infinite descent, we find that ap = a1 =
coi=ay_1 = 0.

The above solution might seem exaggeratedly difficult compared
with the one using Eisenstein’s criterion, but the idea was too nice not
to be presented here.

The following problem can become a nightmare despite its simplicity.

Example 4. Let A = {a® + b + ¢® — 3abc| a,b,c € Z}. Prove that
if x,y € A then zy € A.

Proof. The observation that

a ¢ b
A+ +E—3abe=|b a ¢
c b a

leads to a quick solution. Indeed, it suffices to note that

a ¢ b T z Yy
a c¢ y © z | =
c b a z Yy x

ax+cy+bz az+by+cr ay+br+cz
=| ay+br+cz ax+cy+bz az+by+cx
az+by+cr ay+br+cz ar+cy+bz

and thus
(a® +b® + ¢ — 3abe) (2 + y* + 2° — 3wyz) = A® + B* + C° — 3ABC,
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where A = ax 4+ cy + bz, B =az + by + cx, C = ax + cy + bz. You see,
identities are not so hard to find...

We all know the famous Bezout’s theorem, stating that if a1, ao, ...,
an are relatively prime, then one can find integers ki, ko,...,k, such
that kiaq + koae + - - - + kna, = 1. The following problem claims more,
at least for n = 3.

Example 5. Prove that if a, b, ¢ are relatively prime integers, then

there are integers x,y, 2, u, v, w such that

a(yw — zv) + b(zu — zw) + c(xv — yu) = 1.

Solution. First of all, there is a crucial observation to be made: the

given condition can be also written in the form det A = 1, where

a T u
A= b y v
c z w

So, let us prove a much more general result.

Theorem. Any vector v whose integer components are relatively
prime is the first column of an integral matriz with determinant equal
to 1.

There is a simple proof of this theorem, using clever manipulations of
determinant properties and induction on the dimension n of the vector
v. Indeed, for n = 2 it is exactly Bezout’s theorem. Now, assume that
it is true for vectors in Z"~! and take v = (vy,vs,...,v,) such that v;

. . v Up— .
are relatively prime. Consider the numbers —1, - ! , where g is the

greatest common divisor of vy, ...,v,—1. They are relatively prime and
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thus we can find an integral matrix

U1
— a2 ... Qlp-1
g
Un—1
an-1,2 .- Qn—-1n

having determinant equal to 1. Now, using Bezout’s theorem, we can
find «, 8 such that ag + Bv,, = 1. In this case, it is not difficult to verify
that the following matrix has integral entries and determinant equal to
1:

1,01
(% a19 al’n_l (—1)” 1ﬁ7
g
_1,Yn—-1
Un-1 ap-12 ... Gp—-1n-1 (_1)71 lﬁnT
Vn 0o ... 0 (-1 Lo

We said at the beginning that the discussion started from the difficult
problem that appeared in AMM, but yet we did not present its solution

yet. It is now time to do it.

Example 6. For any integers aj,aq,...,a, then
a; — a;
H < _——eZ
= J—1
1<i<j<n

Armond Spencer, AMM E 2637

Solution. With this introduction, the way to proceed is clear. What
does the expression H (a; — a; suggest? It is the Vandermonde’s
1<i<j<n
identity (1), associated to ai,as,...,a,. But we have a hurdle here. We
might want to use the same formula for the expression H (j —1).
1<i<j<n
This is a dead end. But we have seen what is H (j — 1) equal to in
1<i<j<n
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the first problem. It equals (n — 1)!(n — 2)!...1l. Now, we can write

1 1 1 1
H a; —a; 1 ax az as an
1<iZi<n jg—i 120 (n—1)! )
al—l ag—l a3_1 an!

As usual, the last step is the most important. The above formula

can be rewritten as

1 1 1 1
aj ag 3 (279
H aj —a; 1 1! 1! 1!
1<i<j<n 1T n—1 n—1 el
aq sy y ap™!
m=1! (n—=1)! (n—1)! (n—1)!

(20 () ()

which can be proved easily by subtracting lines. Because each number
( . ) is an integer, the determinant itself is an integer and the conclusion
J
follows.
We end the unit with a very nice and difficult problem that also
appeared in AMM in 1998. A variant of this problem was given in 2004

at a TST in Romania and turned out to be a hard problem.
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Example 7. Consider the sequence (z,)n>0 defined by zp = 4,

x1 =22 =0, z3 = 3 and xp4+4 = Ty + Tp4+1. Prove that for any prime p
the number z,, is a multiple of p.

AMM

Solution. Let us consider the matrix

0 0

o R O O
S O = =

1 0
0 0
0 1
and let tr X be the sum of the entries of the main diagonal of the matrix
X. We will first prove that ,, = TrA"™ (here A? = I,). This is going to
be the easy part of the solution. Indeed, for n = 1, 2, 3 it is not difficult to
verify it. Now, assume that the statement is true forall¢ = 1,2,...,n—1

and prove that it is also true for n. This is true because
Tp = Ty + Tng=TrA" 2+ TrA" 3 = Tr(A”_4(A + 1)) =TrA"

We have used here the relation A* = A + I, which can be easily
verified by a simple computation. Hence the claim is proved.

Now, let us prove an important result, that is 7rAP = TrA (mod p)
for any integral matrix and any prime p. The proof is not trivial at
all. A possible advanced solution is to start by considering the matrix A
obtained by reducing all entries of A modulo p, then by placing ourselves
in a field in which the characteristic polynomial of A has all its zeroes
A1, A2, ..., Ay This field has clearly characteristic p (it contains Z,) and
so we have (using the binomial formula and the fact that all coefficients
<z>, 1 <k <p-—1 are multiples of p)

n n P
trAP =3 "2 = (Z /\i> = (TrA)y,
i=1

=1
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from where the conclusion is immediate via Fermat’s little theorem.
But there is a beautiful elementary solution. Let us consider two
integral matrices A, B and write
(A+ B)P = > AAy. A,
Ay,..,Aye{A,B}
Observe that for any A, B we have Tr(AB) = Tr(BA) and by in-

duction, for any Xi,..., X, and any cyclic permutation o,
T?“(Xl e Xn) = T’I”(Xo(l) e Xa(n))
Now, note that in the sum Z A1As ... A, we can form

Aj,..,Aye{A,B}
20— 2

groups of p-cycles and we have two more terms A? and BP. Thus

Z Tr(A1Ay ... Ap) = TrAP+TrBP modulo p (the reader has
Ar,..., Ape{A,B}
already noticed that Fermat’s little theorem comes handy once again),

since the sum of T'r(A; Ay ... A,) is a multiple of p in any cycle. Thus

we have proved that
Tr(A+ B =TrAP +TrB? (mod p)

and by an immediate induction we also have

k
Tr(Ay+- -+ Ap)P =) TrAL.
i=1

Next, consider the matrices E;; that have 1 in position (,7) and 0
elsewhere. For these matrices we clearly have TrAP = TrA (mod p) and
by using the above result we can write (using Fermat’s little theorem

one more time):

P
TrA? =Tr ZaijEij
1,J
= ZTT((IZP]-E%) = Z a;;TrE;; =TrA (mod p).
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The result is proved and with it the fact that z, is a multiple of p.

Problems for training

1. Let /41 =1, F5 =1 and F,, = F,,_1 + F,,_5 for all n > 3 be the

Fibonacci sequence. Prove that
FoiiFo1 — F2=(=1)"and Fyp = FyFo1 + Fpi1 By

2. Let the sequence of polynomials (fy,)n>1 be defined by fi(x) =1,
fo(x) = z and fr11(x) = xfn(x) + fn_1(x). Prove that this sequence
satisfies the following Fibonacci-type relations fi1n = fofm—1+ ot fm-

3. Prove that the number v/2 + v/3 + /5 + /7 is irrational.

4. Compute the product H (ej — £;)?, where
0<i<j<n—1

Ek :cos%—ﬂ +isir12k—7T
n n

for all k € {0,1,...,n —1}.

5. Consider 2005 real numbers with the following property: whenever
we eliminate one number, the rest can be divided into two groups of 1002
numbers each and having the same sum per group. Prove that all the
2005 numbers are equal.

6. Let a, b, ¢ be relatively prime nonzero integers. Prove that for any
relatively prime integers u, v, w satisfying au + bv + cw = 0, there are

integers m, n, p such that
a=nw—pv, b=pu—mw, c=mv— nu.

Octavian Stanasila, TST 1989, Romania

7. Let p be a prime and suppose that the real numbers a1, a0, ...,
ap+1 have the property: no matter how we eliminate one of them, the

rest of the numbers can be divided into at least two nonempty classes,

128



any two of them being disjoint and each class having the same arithmetic
mean. Prove that a1 = as = -+ = ap41.

Marius Radulescu, TST 1994 ,Romania

8. Let a, b, ¢ be integers and define the sequence (z,)n>0 by zo = 4,

x1 =0, xo = 2¢, x3 = 3b and 43 = axp—1 + bxy, + cxpy1. Prove that

for any prime p and any positive integer m, the number z,= is divisible

by p.
Calin Popescu, TST 2004, Romania

9. Prove that for any integers aq, ao, ..., a, the following number

lem(ay,ag, ... ap) H (a

j = ai)
aias .. .anp

1<i<j<n
is an integer divisible by 1!2!...(n — 2)!. Moreover, we cannot replace

1121... (n — 2)! by any other multiple of 1!12!...(n —2)L

10. Let ai,a92,...,a, € R. A move is transforming the n-tuple

(x1,x9,...,2y) into the n-tuple
1+ T2 T2+ T3 Tp—1+ Tn Tpn + T1
I 5 3 .

Prove that if we start with an arbitrary n-tuple (a1, as, ..., a,), after

finitely many moves we obtain an n-tuple (A1, As, ..., A,) such that
1
1<i555n [4i = Ayl < 22005 °
(k—1) (k—1)
a; +a;
11. Let ago), ago), . ,a%o) € R and define agk) = % for

all k > 1 and 1 <i < n (the indices are taken modulo n). Prove that

forall 1 <i<n.

Gabriel Dospinescu
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ARITHMETIC PROPERTIES OF POLYNOMIALS

Another topic with old fashioned tricks... will surely say the reader
at first about this small note. Yet, how many times happened to pass
too many time on a problem just because we neglected basic and triv-
ial aspects of it? This is why we think that speaking about these ”old
fashioned tricks” is not lack of imagination, but rather an imperious
need. In this small note we joined together some classical arithmetic
properties of polynomials. Of course, as usual, the list is just a small
and insignificant introduction to this field, but some basic things should
become reflex and between them there are also some problems we shall
discuss. As usual, we kept some chestnuts for the end of the note, so the
tough solver will have his own part of lecture, especially in a chapter
like this one, when extremely difficult problems with extremely simple
statements can be asked...

There is one result that should be remembered, that is for any poly-
nomial f € Z[X] and any different integers a, b, a — b divides f(a)— f(b).
Practically, this is the fundamental result that we shall use continuously.

We will start with an essential result, due to Schur, and which ap-
peared in many variants in contests. Although in the topic Analysis
against number theory we proved an even more general result using a
nice analytical argument, we prefer to present here a purely arithmetic
proof.

Example 1. (Schur) Let f € Z[X] be a non constant polynomial.
Then the set of prime numbers dividing at least one non-zero number
between f(1), f(2),..., f(n),... is infinite.

Proof. First, suppose that f(0) = 1 and consider the numbers f(n!).
For sufficiently large n, they are non-zero integers. Moreover, f(n!) =1
(mod n!) and so if we pick a prime divisor of each of the numbers f(n!).

we obtain the conclusion (since in particular any such prime divisor is
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greater than n). Now, if f(0) = 0, the conclusion is obvious. Suppose thus

that f(0) # 0 and consider the polynomial g(z) = f(j;{é)o))
g € Z[X] and ¢(0) = 1. Applying now the first part of the solution, we

. Obviously,

easily get the conclusion.

This result has, as we have already said, important consequences.
Here is a nice application.

Example 2. Suppose that f,g € Z[X] are monic non constant irre-
ducible polynomials such that for all sufficiently large n, f(n) and g(n)
have the same set of prime divisors. Then f = g.

Solution. Indeed, by Gauss’s lemma, the two polynomials are ir-
reducible in Q[X]. Even more, if they are not equal, then the above
remark and the fact that they have the same leading coefficient implies
they are relatively prime in Q[X]. Using Bezout’s theorem we conclude
instantly that we can find a non zero integer N and P,Q € Z[X] such
that fP+ g@Q = N. This shows that for all sufficiently large n, all prime
factors of f(n) divide N. But, of course, this contradicts Schur’s result.

The result of example 2 remains true if we assume the same property
valuable for infinitely many numbers n. Yet, the proof uses some highly
non elementary results of Erdos in this field. Interested reader will find
a rich literature on this field.

A refinement of Schur’s lemma is discussed in the following example.
The ingredient is, as usual, the Chinese remainder theorem.

Example 3. Let f € Z[X] be a non constant polynomial and n, k
some positive integers. Then prove that there exists a positive integer
a such that each of the numbers f(a), f(a+1),..., f(a +n — 1) has at

least k distinct prime divisors.

Bulgarian Olympiad

131



Solution. Let us consider an array of different prime numbers
(pij); j=17 such that for some positive integers x;; such that f(z;) =0
(mod p;;). We know that this is possible from Schur’s theorem. Now,
using the Chinese remainder theorem we can find a positive integer a
such that a;—1 = x;; (mod p;;). Using the fundamental result, it follows
that each of the numbers f(a), f(a+1),..., f(a +n — 1) has at least k
distinct prime divisors.

Classical arithmetic ”tricks” and the fundamental result that a — b
divides f(a) — f(b) are the main ingredients of the following problem.

Example 4. Find all polynomials with integer coefficients f such

that for all sufficiently large n, f(n)|n"~! — 1.
Gabriel Dospinescu

Solution. Since clearly f(X) = X — 1 is a solution, let us consider
an arbitrary solution and write it in the form f(X) = (X —1)"¢(X) with
r >0 and g € Z[X] such that ¢g(1) # 0. Thus, there exists M such that
for all n > M we have g(n)n"1 — 1.

We will prove that g is constant. Supposing the contrary, then, since
changing ¢ and his opposite has no effect, we may assume that the
leading coefficient of ¢ is positive. Thus one can find £ > M such that
for all n > k we have g(n) > 2 and g(n)|n"~! — 1. Now, since n +
g(n)—nlg(n+g(n)) —g(n), we deduce that g(n)|g(n+g(n)) for all n. In
particular, for all n > k we have g(n)|g(n+ g(n))|(n + g(n))"F9M=1 1
and g(n)|n"~! — 1. Of course, this implies that g(n)|n*T9(M-1 — 1 =
(n"~ 1 — 1)n9™ 4 ng(™ _ 1, that is g(n)|n9™ — 1 for all n > k. Now,
let us consider a prime number p > k and let us look at the smallest
prime divisor of g(p+1) > 2. We clearly have q|g(p+1)|(p+1)9P+D) —1
and ¢|(p+1)?~! — 1. Since ged(g(p+1),q — 1) = 1 (by minimality) and
ged((p+1)90tD) — 1 (p+ 1)1 — 1) = (p + 1)9edloetD)a=1) _ 1 — it
follows that we actually have p = ¢. This shows that p|g(p+ ¢) and thus
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(again using the fundamental result) p|g(1). Since this happens for any
prime number p > k, we must have g(1) = 0. This contradiction shows
that g is indeed constant.

Let g(X) = c. Thus, ¢[2"?"~D=1 —1 for all n > M. (2" > M). Since
ged(2¢—1,20—1) = 29¢4(@:b) _1 in order to show that |¢| = 1, it suffices to
exhibit & < m < n such that ged(m(2™ —1),n(2" — 1)) = 1. This is very
simple to realize. Indeed, it suffices to take m a prime number greater
than M,k and to choose n a prime number greater than m(2™ — 1).
A simple argument shows that ged(m(2"™ — 1),n(2" — 1)) = 1 and so
le| = 1.

Finally, let us prove that r < 2. Supposing the contrary, we deduce
that

(n _ 1)3|nn—1 —1e (TL _ 1)1|nn—2 _|_nn—3 444+ 1
for all sufficiently large n and since
TPt n 1=

=n—1+n-n"?+20" - 4 (n=3)n+ (n - 2)],
we obtain that n — 1|n" 3 +2n" 4 + ... + (n — 3)n+ (n —2) + 1 for all

sufficiently large n, which is clearly impossible, since

ot =3+ (n—2)+1=1424-+(n—2)+1

(n—1)(n—2
2
Hence r < 2. Finally, the relation

+1 (modn—1).

nl—1=m-1)n"24+2m" .+ (n-3)n+ (n—2)+1]

shows that (n — 1)2n"~! — 1 for all n > 1 and allows to conclude that
all solutions are the polynomials +£(X — 1)", with r € {0,1,2}.
After reading the solution of the following problem, the reader will

have the impression the problem is very simple. Actually, it is extremely
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difficult. There are many possible approaches that fail and the time spent
for solving such a problem can very well tend to infinity.

Example 5. Let f € Z[X] be a non constant polynomial and k& > 2
a positive integer such that W € @ for all positive integers n. Then
there exists a polynomial g € Z[X] such that f = g.

Folklore

Solution. Let us assume the contrary and let us decompose f =
plfl ..phs ¢* where 1 < k; < k and p; are different irreducible polyno-
mials in Q[X]. Suppose that s > 1 (which is the same as denying the
conclusion). Since p; is irreducible in Q[X], it is relatively prime with
p1p2 ... ps and thus (using Bezout’s theorem and multiplication with in-
tegers) there exist some polynomials with integer coefficients @, R and

a positive integer ¢ such that

Q(x)p1(z) + R(z)p1(z)p2(x) ... ps(z) = c.

Now, using the result from example 1, we can take a prime number
g > |c| and a number n such that ¢|p1(n) # 0. We shall have of course
qlp1(n+q) (since p1(n+q) = p1(n) (mod q)). The choice ¢ > |c| ensures
that ¢ does not divide pi(n)p2(n) ... ps(n) and so vy(f(n)) = ve(p1(n))+
kvg(g(n)). But the hypothesis says that k|v,(f(n)), so we must have
vg(p1(n)) > 2. In exactly the same way we obtain vy(p1(n+q)) > 2. Yet,

using the binomial formula, we can easily establish the congruency
pi(n+q) = pi(n) + qpi(n) (mod ¢*).
Therefore, we must have ¢|p;(n), which contradicts ¢ > |c| and
Q(x)p1(z) + R(z)p1(x)p2(x) .. .ps(z) = c.

This contradiction shows that the hypothesis s > 1 was wrong and

thus the result of the problem follows.
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The next problem was given in the USA TST 2005 and uses a nice
combination of arithmetic considerations and computations using com-
plex numbers. There are many arithmetic properties of polynomials spec-
ulated in this problem, although the problem itself is not so difficult, if
we find the good way to solve it, of course...

Example 6. Let us call a polynomial f € Z[X] special if for any
positive integer k£ > 1, in the sequence f(1), f(2), f(3),... one can find
numbers which are relatively prime with k. Prove that for any n > 1, at
least 71% of all monic polynomials of degree n, with coefficient in the
set {1,2,...,n!} are special.

Titu Andreescu, Gabriel Dospinescu, USA TST 2005

Solution. Of course, before counting such polynomials, it would be
better to find an easier characterization for them.

Let p1,p2,...,pr all prime numbers at most equal to n and let us
consider the sets A; = {f € M| p;i|f(m), ¥V m € N*}, where M is
the set of monic polynomials of degree n, with coefficient in the set

{1,2,...,n!}. We shall prove that the set T" of special polynomials is
T
exactly M \ U A;. Obviously, we have T' C M \ U A;. The converse,

i=1 i<r
however is not that easy. Let us suppose that f € Z[X] belongs to

T

M\ U A; and let p be a prime number greater than n. Since f is
i=1

monic, Lagrange’s theorem ensures that we can find m such that p is

not a divisor of f(m). It follows then that for any prime number ¢ at
least one of the numbers f(1), f(2), f(3),... is not a multiple of ¢. Let
now k > 1 and q1,¢q9,...,qs its prime divisors. Then we know we can
find wi,...,us such that ¢; does not divide f(u;). Using the Chinese
remainder theorem, we can find a positive integer x such that z = u;
(mod ¢;). Then f(z) = f(u;) (mod ¢;) and thus ¢; does not divide f(x),
thus ged(f(x),k) = 1. The equality of the two sets is thus proved.
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Using a brutal estimation, we obtain

> M| =) Al
1=1

T

U

=1

T| = M| -

n
Let’s compute now |A;|. Actually, we will show that (sz .Let f a
i

monic polynomial in A;,
fX)=X"4+a, 1 X" 1o a1 X + ag.
Then for any m > 1 we have
0= f(m)=ao+ (a1 +ap+ag—1+azyo2+...)m

+(ag+apy1+agy+. .. ym24- +(ap—1+azy_2+az, 3+... ymP~! (mod p),
where, for simplicity, we put p = p;. Using Lagrange’s theorem it follows
that plag, pla1 +ap+agp—1+...,...,plap—1 + azp—2 + ... We are going
to use this later, but we still need a small observation. Let us count the
number of s-tuples (z1,xo,...,x5) € {1,2,...,n!}® such that x1 + x9 +
-+ + 2, =u (mod p), where u is fixed. Let

€ :COSQI +isin2—ﬂ.

Let us observe that

O=(+e?+-- +e)*

p—1
= Zsk|{(x1,x2, cooxs) €4{L,2, .o 0!+t =k (mod p)}.
k=0

A simple argument related to the irreducibility of the polynomial
1+ X+ X2+ ...+ XP~! shows that all cardinals that appear in the
above sum are equal and that their sum is (n!)®, thus each cardinal

(n1)*

We are now ready to finish the proof. Assume that among the

equals

numbers a1, ap, azp—1,... there are exactly vy numbers that among
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ap—1,02p—2,... there are v,_1; numbers. Using the above observations,
it follows that we have

R ) K S &
“Upoop T p pP

Hence, we obtain

> )y — Y (’;!p)n.

pprime
But
1+1+ <11+1+1+ <1
5% 77 5% 5 52 7 1000

and so the percent of special polynomials is at least
1 1 1 100 1
100<1 ————— >:75——>71.

The solution of the problem ends here.

Example 7. Suppose that the non constant polynomial f with in-
teger coefficients has no double roots. Then for any positive integer r
there exists n such that f(n) has at least r distinct prime divisors, all of
them appearing with exponent 1 in the decomposition of f(n) in prime
factors.

Iran Olympiad

Solution. Already for » = 1 the problem is in no way obvious, so
let’s not try to attack it directly and concentrate at first on the case
r = 1. Suppose the contrary, that is for all n, all prime divisors of
f(n) appear with exponent at least 2. Since f has no double root, we
deduce that ged(f, f/) = 1 in C[X] and thus also in Q[X] (because of
the division algorithm and Euclid’s algorithm). Using Bezout’s theorem
in Q[X], we deduce that we can find integer polynomials P, @ such that
P(n)f(n) + Q(n)f'(n) = ¢ for a certain positive integer c¢. Using the

result stated in the first example, we can choose ¢ > ¢ a prime divisor
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of a certain f(n). The hypothesis made ensures that ¢?|f(n). But then
we also have ¢|f(n + ¢) and so ¢?|f(n + ¢). Using Newton’s binomial
formula, we deduce immediately that f(n+q) = f(n)+qf'(n) (mod ¢?).
We finally deduce that ¢|p’(n) and so g|c, impossible since our choice was
q > c¢. Thus the case r = 1 was proved.

Let us try to prove the property by induction and suppose it is true
for r. Of course, the existence of P, @ such that P(n)f(n)+Q(n)f'(n) =c
for a certain positive integer ¢ did not depend on r, so we keep the above
notations. By inductive hypothesis, there is n such that at least r prime
divisors of f(n) appear with exponent 1. Let these prime factors be
p1,D2,...,pr. But it is obvious that n + kp%p% ...p? has the same prop-
erty: all prime divisors p1, p2, ..., pr have exponent 1 in the decomposi-
tion of f(n+kp3p3...p2). Since at most a finite number among them can
be roots of f, we may very well suppose from the beginning that n is not
a root of f. Consider now the polynomial ¢g(X) = f(n + (p1...p,)?X),

which is obviously non constant. Thus, using again the result in exam-

ple 1, we can find ¢ > max{|c|,p1,...,pr, |p(n)|} a prime number and
a number u such that ¢lg(u). If vy(g(u)) = 1, victory is ours, since
a trivial verification shows that ¢, pi,...,p, are different prime num-

bers whose exponents in f(n + (p1 ...p,)?u) are all 1. The difficult case
is when v4(g(u)) > 2. In this case, we shall consider the number N =
n+u(pr ... pr)2+ug(pr ... pr)% Let us prove that in the decomposition of
f(N), all prime numbers ¢, p1, . .., p, appear with exponent 1. For any p;,
this is obvious since f(N) = f(n) (mod (p; ...p,)?). Using once again
binomial formula, we easily obtain that f(N) = f(n + (p1...pr)%u) +
uq(p1 - ..pr)2f(N) (mod ¢?). Now, if v,(f(n)) > 2, then since v, (f(n +
(p1...pr)%u)) = vy(g(u)) > 2, we have glu(py ...pr)%f'(N). Remember
that the choice was ¢ > max{|c|,p1,...,pr, |p(n)|} so necessarily g|u (if
qlf'(N) = q|(f(N), f'(N))|c = ¢q < |¢|, contradiction). But since g|g(u),
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we must have ¢|g(0) = f(n). But hopefully, we ensured that n is not a
roof of our polynomial and also that ¢ > max{|c|,p1,...,pr, |p(n)|} so
that the last divisibility relation cannot hold. This allows to finish the
induction step and to solve the problem.

Example 8. Find all non constant polynomials f with integer coef-
ficients and with the following property: for any relatively prime positive
integers a, b, the sequence (f(an 4+ b)),>1 contains an infinite number of

terms, any two of which are relatively prime.
Gabriel Dospinescu

Solution. We will prove that the only polynomials with the spec-
ified property are those of the form X", —X" with n a positive inte-
ger. Because changing f with its opposite does not modify the property
of the polynomial, we can suppose that the leading coefficient of f is
positive. Thus, there exists a constant M such that for any n > M
we have f(n) > 2. From now on, we consider only n > M. Let us
prove that we have ged(f(n),n) # 1 for any such n. Suppose that
there is n > M such that ged(f(n),n) = 1. Consequently, the sequence
(f(n+kf(n))n>1 will contain at least two relatively prime numbers. Let
them be s,r. Since f(n)|kf(n) = kf(n) +n —n|f(kf(n) +n) — f(n),
we have f(n)|f(n + kf(n)) for any positive integer k. Hence ,we ob-
tain that s, are multiples of f(n) > 2, impossible. We have shown
that ged(f(n),n) # 1 for any n > M. Thus ,for any prime p > M we
have p|f(p) and so p|f(0). Since any integer different from zero has a
finite number of divisors, we conclude that f(0) = 0. Thus, there is a
polynomial ¢ with integer coefficients such that f(X) = X¢(X). It is
obvious that g has positive leading coefficient and the same property
as f. Repeating the above argument, we infer that if ¢ is non-constant,
then ¢(0) = 0 and ¢(X) = Xh(X). Since f is not constant, the above

argument cannot be repeated infinitely many times and thus one of the
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polynomials g, h must be constant. Consequently, there are positive inte-
gers n, k such that f(X) = kX"™. But since the sequence (f(2n + 3))n>1
contains at least two relatively prime integers, we must have k = 1. We
have obtained that f must have the form X™. But since f is a solution
if and only if —f is a solution, we infer that any solution of the problem
is a polynomial of the form X", —X".

Now let us prove that the polynomials of the form X", —X™ are solu-
tions. It is enough to prove for X™ and even for X. But this follows triv-
ially from Dirichlet’s theorem. Let us observe that there is another, more
elementary approach. Let us suppose that z1,z»,...,z, are terms of the
sequence, any two of which are relatively prime. We prove that we can
add another term x,41 so that x1,x9,...,z,11 has the same property. It
is clear that x1,x2,...,7, are relatively prime with a, so we can apply
the Chinese remainder theorem to find x, ;1 greater than x1,z2,..., xp,

such that z,11 = (1 —b)a; 1

; U (mod z;),i € {1,2,...,p}, where a; isa’s
inverse in Zj . Then gcd(zpy1,2;) = 1 for i € {1,2,...,p} and thus we
can add xp1.

Here is an absolute classic, that appears in at least one Olympiad
around the world each year. Very easy, it uses only the fundamental
result.

Example. Suppose that

Fie n natural nenul. Care este gradul minim al unui polinom monic

cu coeficienti intregi f astfel incat n|f(k) pentru orice k natural?

Proposed problems

1. Let (an)n>1 be an increasing sequence of positive integers such
that for a certain polynomial f € Z[X] we have a,, < f(n) for all n.

Suppose also that m — n|a,, — a, for all distinct positive integers m,n.
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Prove that there exists a polynomial g € Z[X] such that a, = g(n) for

all n.
USAMO 1995

2. We call the sequence of positive integers (an)n>1 relatively prime
if ged(ap,, an) = 1 for any different positive integers m, n. Find all integer
polynomials f € Z[X] such that for any positive integer ¢, the sequence
(f™(c))p>1 is relatively prime. Here fI"l is the composition of f with
itself n times.

Leo Mosser

3. Are there polynomials p, ¢, r with positive integer coefficients such

that

2

p(z) + (2% — 3z + 2)q(z) and ¢(z) = <;UO — 1% + 112> r(z)?

Vietnam Olympiad
4. Given is a finite family of polynomials with integer coefficients.
Prove that for infinitely many numbers n, if we evaluate any member of

the family in n, we obtain only composite numbers.
Folklore

5. Find all polynomials with integer coefficients such that f(n)[2"—1

for any positive integer n.
Poland Olympiad

6. Suppose that f € Z[X] is a non constant polynomial. Also, sup-
pose that for some positive integers r, k, the following property is sat-
isfied: for any positive integer n, at most r prime factors of f(n) have
appear with exponent at most equal to k. Does it follow that any root
of this polynomial appears with multiplicity at least equal to k + 17

7. Is it true that any polynomial f € Z[X] that has a root modulo

n for any positive integer n must necessarily have a rational root?
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8. Let f,g € Z[X] some non zero polynomials. Let us consider the
set Dy 4 = {gcd(f(n),g(n))| n € N}. Prove that the two polynomials are
relatively prime in Q[X] if and only if Dy .

M. Andronache, Gazeta Matematica 1985

9. Prove that there are no polynomials f € Z[X] with the property:
there exists n > 3 and integers x1, . .., z, such that f(z;) = x;_1,i=1,n
(indices are taken mod n).

10. Let f € Z[X] a polynomial of degree n at least 2, with integer
coefficients. Prove that the polynomial f(f(X))—X has at most n integer
roots.

Gh. Eckstein, Romanian TST

11. Find all trinomials f € Z[X] with the property that for any
relatively prime integers m, n, the numbers f(M), f(n) are also relatively
prime.

Sankt Petersburg Olympiad

12. For the die hard: find all polynomials with the above property.

13. Let f € Z[X] be a non constant polynomial. Show that the
sequence f(3") (mod b) is not bounded.

14. Is there a second degree polynomial f € Z[X] such that for any

positive integer n all prime factors of f(n) are of the form 4k + 37
AMM

15. Prove that for any n there exists a polynomial f € Z[X] such
that all numbers f(1) < f(2) <--- < f(n) are

a) prime numbers b) powers of 2.
Folklore

16. Find all integers n > 1 for which there exists a polynomial
f € Z[X] such that for any integer k we have f(k) = 0,1 (mod n) and

both these congruences have solutions.
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17. Let p be a prime number. Find the maximal degree of a poly-
nomial f € Z[X] having coefficients in the set {0,1,...,p— 1}, knowing
that its degree is at most p and that if p divides f(m) — f(n) then it
also divides m — n.

18. Use example 1 and properties of the cyclotomic polynomials

ou(X) = [[ (X-e)
1<k<n
(kn)=1
to prove that there are infinitely many prime numbers of the form 1+kn
for any given n > 2. You may be interested to characterize those numbers
m,n for which p|¢,,(n), but p does not divide any other number of the

form ¢4(n), where d is a divisor of m different from m

Classical result
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LAGRANGE INTERPOLATION

Almost everyone knows the Chinese Remainder Theorem, which is a
remarkable tool in number theory. But does everyone know the analogous
form for polynomials? Stated like this, this question may seem impossible
to answer. Then, let us make it easier and also reformulate it: is it true
that given some pair wise distinct real numbers xg, z1,z2,...,z, and
some arbitrary real numbers ag, a1, as, ..., a,, we can find a polynomial
f with real coefficients such that f(x;) = a; for i € {0,1,...,n}? The
answer turns out to be positive and a possible solution to this question
is based on Lagrange’s interpolation formula. It says that an example of

such polynomial is

_ . r-T
=Y T =3 1)
Indeed, it is immediate to see that f(x;) = a; for i € {0,1,...,n}.
Also, from the above expression we can see that this polynomial has
degree less than or equal to n. Is this the only polynomial with this
supplementary property? Yes, and the proof is not difficult at all. Just
suppose we have another polynomial g of degree smaller than or equal
than n and such that g(z;) = a; for i € {0,1,...,n}. Then the polyno-
mial g — f also has degree smaller than or equal to n and vanishes at
0,1,...,n. Thus, it must be null and the uniqueness is proved.

What is Lagrange’s interpolation theorem good for? We will see in
the following problems that it helps us to find immediately the value of a
polynomial in a certain point if we know the values in some given points.
And the reader has already noticed that this follows directly from the
formula (1), which shows that if we know the value in 1 + deg f points,
then we can find easily the value in any other point without solving a

complicated linear system. Also, we will see that it helps in establishing
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some inequalities and bounds for certain special polynomials and will
even help us in finding and proving some beautiful identities.

Now, let us begin the journey trough some nice examples of problems
where this idea can be used. As promised, we will see first how we can
compute rapidly the value in a certain point for some polynomials. This
was one of the favorite’s problems in the old Olympiads, as the following
examples will show. The first example is just an immediate application

of formula (1) and became a classical problem.

Example 1.
Let f be a polynomial of degree n such that
1 2 n
—0, f) ==, fF2)=13,... = :
FO) =0, f(1) =5, f@)= 5,0 fl0) =

Find f(n+1).
USAMO 1975, Great Britain 1989

Solution. A first direct approach would be to write

f@) =3 aat
k=0

and to determine ag, a1, ..., a, from the linear system

JO) =0, £0) =3, £2) = 50 f0) = —2 .

But this is terrible, since the determinants that must be computed

are really complicated. This is surely a dead end. But for someone who
knows Lagrange’s Interpolation Theorem, the problem is straightfor-

ward. Indeed, we have

n

@) =3 5 15—

i=0 i T

so that

A n+1-j
fntn=3 511 i—j
i=0 n<i
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Now, how do we compute this? The reader might say: but we have
already found the value of f(n+1)! Well, it is tacit that the answer should
be expressed in the closest possible form. But, after all, computing the

above sum is not so difficult. Indeed, we can see that

n+l—j (n+1)! _qyn—i
]1;[ i—j _(n—#—l—i)'i!-(n—i)!( 2
just by writing
Hn+17j:(n+1)n...(n+1—(ifl))(n+17(i+1))...1‘
i i(i—1)...1-(=1)...(=(n—1))

According to these small observations, we can write

n

fin+1) =)

=0

i (n+1)!
i+1 (n+1—14)-i-(n—1)

(1)

n

nt+1—d)l-(i—1)

=1
=(n+ 1)222; <Z f 1) (—1)"" = (n + 1)2 (7;) (—1)m+i=e,

And we have arrived at a familiar formula: the binomial theorem.

According to this,

:21 <7Z> (1)t = (zn; (’Z) (—1)" — 1) —

This shows that f(n+1) =n+ 1.

The first example was straightforward because we didn’t find any
difficulties after finding the idea. It’s not the case with the following
problem.

Example 2. Let F} = F5, =1, Fj,10 = F,, + F,,11 and let f be a
polynomial of degree 990 such that f(k) = Fy for k € {992,...,1982}.
Show that f(1983) = Fiogs — 1.

Titu Andreescu, IMO 1983 Shortlist
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Solution. So, we have f(k + 992) = Fj992 for k = 0,990 and we
need to prove that f(992 + 991) = Fjggs — 1. This simple observation
shows that we don’t have to bother too much with k£ 4 992, since we
could work as well with the polynomial g(z) = f(z+992), which also has
degree 990. Now, the problem becomes: if g(k) = Fj.yg92, for k = 0,990,
then ¢(991) = Figgs — 1. But we know how to compute ¢(991). Indeed,

looking again at the previous problem, we find that
990 990

9(991) = 3" g(k) (9,21) (C1f =3 <921)Fk+992<—1>k
k=0

k=0

which shows that we need to prove the identity

990
991

> < I >Fk+992(—1)k = Figsg — 1.

k=0

This isn’t so easy, but with a little bit of help it can be done. The
device is: never complicate things more than necessary! Indeed, we could
try to establish a more general identity that could be proved by induc-
tion. But why, since it can be done immediately with the formula for
F,,. Indeed, we know that

a —b"

Fn: )
V5

1 1
VBl i

where a = . Having this in mind, we can of
course try a direct approach:

990

> (921> Frpo02(—1)"

k=0
L [RR 99T rrgsne e N (991 rese, k]
g (Vw3 (L]

But using the binomial theorem, the above sums vanish:
990 990

ML\ kroo2 k4002 LN k99200 _ 41991 | 49917
> (0 ment =y () ) o =

k=0
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Since a?

=a+ 1, we have
a®2[(1 — a)® + a1 = a(a — a2)%! + o198 = _q + ¢1983,

Since in all this argument we have used only the fact that a? = a+1

and since b also verifies this relation, we find that

990
991 1
F -1 k — 1983 b1983 o b
1§=0< 1 > k+992(—1) 75((1 a+b)

Q1983 _pl083 o p
= - = Figg3 — 1.

V5 V5

And this is how with the help of a precious formula and with some

smart computations we could solve this problem and also find a nice
property of the Fibonacci numbers.

The following example is a very nice problem proposed for IMO 1997.
Here, the following steps after using Lagrange’s Interpolation formula are
even better hidden in some congruencies. It is the typical example of a
good Olympiad problem: no matter how much the contestant knows in
that field, it causes great difficulties in solving.

Example 3. Let f be a polynomial with integer coefficients and let
p be a prime such that f(0) =0, f(1) =1 and f(k) = 0,1 (mod p) for
all positive integer k. Show that deg f is at least p — 1.

IMO Shortlist 1997

Solution. As usual, such a problem should be solved indirectly,
arguing by contradiction. So, let us suppose that deg f < p — 2. Then,

using the Interpolation formula, we find that

p—1 .
f@ =310 Il —=
k=0 j#k
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Now, since deg f < p — 2, the coefficient of #P~! in the right-hand

side of the identity must be zero. Consequently, we have

e
DD p A

k=0

From here we have one more step. Indeed, let us write the above

relation in the form

and let us take this equality modulo p. Since

k!<p;1> =(p-k@E-k+1)...(p—1) = (-1 (modp)

we find that

and so

Thus,
p—1
D f(k)=0 (mod p),
k=0

which is impossible, since f(k) = 0,1 (mod p) for all £ and not all of
the numbers f(k) have the same remainder modulo p (for example, f(0)
and f(1)). This contradiction shows that our assumption was wrong and
the conclusion follows.

It’s time now for some other nice identities, where polynomials do
not appear at first sight. We will see how some terrible identities are

simple consequences of the Lagrange Interpolation formula.

149



Example 4. Let ay, a9, ..., a, be pairwise distinct positive integers.

Prove that for any positive integer k the number Z H is an

. J#i
integer.

Great Britain

Solution. Just by looking at the expression, we recognize the La-
grange Interpolation formula for the polynomial f(z) = 2*. But we may
have some problems when the degree of this polynomial is greater than
or equal to n. But this can be solved by working with the remainder of
f modulo g(z) = (x — a1)(x — az2)...(x — an). So, let us proceed, by
writing f(z) = g(xz)h(x) + r(x), where r is a polynomial of degree at
most n — 1. This time we don’t have to worry, since the formula works

and we obtain

n
(lZ—CLj
(2) =S (@) ] .
a; — aj

i=1 e

Now, we need three observations. The first one is r(a;) = a¥, the sec-

ond one is that the polynomial r has integer coeflicients and the third one

is that Z H is just the coefficient of "' in the polynomial
a;

JF#i

T —aj
ZT(CH) H . All these observations are immediate. Combining
- ai —aj

k
a’
them, we find that Z ——— is the coefficient of "' in r, which
io1 | | (@i —aj)
J#i
is an integer. Thus, not only that we have solved the problem, but we
n k
also found a rapid way to compute the sums of the form Z ﬁ
i=1 @ — a;
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The following two problems we are going to discuss refer to combi-
natorial sums. If the first one is relatively easy to prove using a combi-
natorial argument (it is a very good exercise for the reader to find this
argument), the second problem is much more difficult. But we will see

that both are immediate consequences of the Interpolation Formula.
n

Example 5. Let f(x) = Zakm”_k. Prove that for any non-zero

k=0
real number h and any real number A we have

n

S (-1 <Z> FIA+ER) = ag-h" -l

k=0
Alexandru Lupas
Solution. Since this polynomial has degree at most n, we have no

problems in applying the Interpolation formula

—A—jh
ZfAth N

Now, let us identify the leading coefficients in both polynomials that
appear in the equality. We find that

1 n

= 1 k([T
a0 =3 f(A+kh) T o~ S (-1) k(k:) F(A+ER),

— J)h] M=o

J#k
which is exactly what we had to prove. Simple and elegant! Notice that
the above problem implies the well-known combinatorial identities

i(—l)k (Z) K =0

k=0

for all p € {0,1,2, .. n—l}andz ( >k"—
As we promised, we will dlscuss a much more difficult problem. The

reader might say after reading the solution: but this is quite natural! Yes,

it is natural for someone who knows very well the Lagrange Interpolation
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formula and especially for someone who thinks that using it could lead
to a solution. Unfortunately, this isn’t always so easy.

Example 6. Prove the identity

k=0
Solution. We take the polynomial f(z) = 2™ (why don’t we take the

n—k [
k
writing the formula for a polynomial of degree at most n) and we write

polynomial f(z) = 2”17 Simply because (—1) appears when

the Interpolation Formula

w o= prr—1) . (k=1 (z—k+1)...(x—n) e
a" =) k ) (n—)li)!k! Pt
k=0

Now, we identify the coefficient of "1 in both terms. We find that

0= i(—l)"’f(;gk”(l 424 +n—k).

k=0
And now the problem is solved, since we found that

n

Zn:(—m*’f (Z) gt = "(”;1) Z(—l)”*k (Z) k"

k=0 k=0
and we also know that
- n
;0(—1)" ’f(k) k" =nl
from the previous problem.

Were Lagrange interpolation formula good only to establish identi-
ties and to compute values of polynomials, it wouldn’t have been such
a great discovery. Of course it is not the case, it plays a fundamental
role in analysis. Yet, we are not going to enter this field and we prefer to
concentrate on another elementary aspect of this formula and see how
it can help us establish some remarkable inequalities. And some of them

will be really tough.
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We begin with a really difficult inequality, in which the interpola-
tion formula is really well hidden. Yet, the denominators give sometimes
precious indications...

Example 7. Prove that for any real numbers x1, xs, ..., z, € [—1,1]

the following inequality is true:

2n72

ZH’% i

JF#i
Iran Olympiad

Solution. The presence of H |zj — x;| is the only hint to this prob-
J#i
lem. But even if we know it, how do we choose the polynomial? The
answer is simple: we will choose it to be arbitrary and only in the end
we will decide which is one is optimal. So, let us proceed by taking
n—1
flz) = Z aix® an arbitrary polynomial of degree n — 1. Then we have
k=0

Zf Tk ka_i]j

J#k

Combining this with the triangular inequality , we arrive at a new

inequality

SZH:! $k|H

k=1 j#k

k:_x]

Only now comes the beautiful idea, which is in fact the main step.

From the above inequality we find that

|f ()] 1%
< B e

|JI]€ .CE]’ Jj#k
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and since this is true for all non-zero real numbers x, we may take the

limit when & — oo and the result is pretty nice

| f (xn)]
|xkz _531‘

ran_r<ZH

J#k

This is the right moment to decide what polynomial to take. We
need a polynomial f such that |f(z)] < 1 for all z € [—1,1] and such
that the leading coefficient is 272. This time our mathematical culture
will decide. And it says that Chebyshev polynomials are the best, since
they are the polynomials with the minimum deviation on [—1, 1] (the
reader will wait just a few seconds and he will see a beautiful proof of
this remarkable result using Lagrange’s interpolation theorem). So, we
take the polynomial defined by f(cosx) = cos(n — 1)x. It is easy to see
that such a polynomial exists, has degree n — 1 and leading coefficient

2"=2 50 this choice solves our problem.

’f(fb’k)|

|z —

n
Note also that the inequality |a,—1| < Z H can be

J7k
proved by identifying the leading coefficients in the identity

Z fan [T =7
J#k
and then using the triangular inequality.

The following example is a fine concoct of ideas. The problem is not
simple at all, since many possible approaches fail. Yet, in the frame-
work of the previous problems and with the experience of Lagrange’s
interpolation formula, it is not so hard after all.

Example 8. Let f € R[X] be a polynomial of degree n with leading

coefficient 1 and let g < 21 < 2 < -+ < x, be some integers. Prove
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that there exists k € {1,2,...,n} such that

Fal > o

Crux Matematicorum
Solution. Naturally (but would this be naturally without having
discussed so many related problems before?), we start with the identity
n
T — Ty
f(@) kzzoﬂxk)g P
Now, repeating the argument in the previous problem and using the

fact that the leading coefficient is 1, we find that
[flewl

l;) T 1w — 250
J#k

It is time to use that we are dealing with integers. This will allow us

to find a good inferior bound for H |z, — ;| > 1. This is easy, since
i#k

H |z, — 25 = (v —20) (xp —21) - - (Xh — Th—1) (X1 — ) - - - (Tp — k)
J#k
>k(k—1)(k—2)...1-1-2...(n—k) =k!(n — k).

And yes, we are done, since using these inequalities, we deduce that

Now, since

it follows trivially that
|flae)| = o

We shall discuss one more problem before entering in a more detailed

study of Chebyshev polynomials and their properties, a problem given
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in the Romanian mathematical Olympiad and which is a very nice ap-
plication of Lagrange’s interpolation formula. It is useless to say that it
follows trivially using a little bit of integration theory and Fourier series.

Example 9. Prove that for any polynomial f of degree n and with

leading coefficient 1 there exists a point z such that
|z| =1 and |f(2)| > 1.

Marius Cavachi, Romanian Olympiad

Solution. Of course, the idea is always the same, but this time
it is necessary to find the good points in which we should write the

interpolation formula. As usual, we shall be blind and we shall try to

find these points. Till then, let us call them simply xg, x1, x2, ..., %, and
write
3 |f (k)| >
k=0 H |z — 2]
J#k

This inequality was already proved in the two problems above. Now,

consider the polynomial

We have then
g/ (@) = |[ [ (=i = 5)|-
J#i
Now, of course we would like, if possible, to have |z;| = 1 and also

n n
1
Z - < 1. In this case it would follow from Z M >1
=0 |9’ (k)| P H |z, — ]
itk
that at least one of the numbers |f(xy)| is at least equal to 1 and the

problem would be solved. Thus, we should find a monic polynomial g of

n
1
degree n + 1 with all roots of modulus 1 and such that E m <1
9Tk
k=0
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This is trivial: it suffices of course to consider g(z) = "' — 1. The
conclusion follows.
We have an explanation to give: we said the problem follows trivially

with a little bit of integration theory tools. Indeed, if we write f(z) =
n
Z a,x" then one can check with a trivial computation that

k=0

1

2 ) )
- f(ezt)e—zktdt
27T 0

ay
and from here the conclusion follows since we will have

2r =

21 ) ) 27 )
f(e“)e‘”‘tdt‘ < [ 15t < 2 )L
0 =

|z

0

Of course, knowing already this in 10-th grade (the problem was
given to students in 10-th grade) is not something common...

The next problems will be based on a very nice identity that will
allow us to prove some classical results about norms of polynomials,
to find the polynomials having minimal deviation on [—1, 1] and also to
establish some new inequalities. In order to do all this, we need two quite
technical lemmas, which is not difficult to establish, but very useful.

k
Lemma 1. If we put t, = cos—ﬂ, 0<k <n, then
n

@) = [ —t0) = Y5 L@t Va2 1) — (- Va2 1)),

2
k=0

Proof. The proof is simple. Indeed, if we consider
Va?—1
9@) = Y+ Va1 - @ - VR,
using the binomial formula we can establish immediately that it is a

x
polynomial. Moreover, from the obvious fact that lim 9(z)
500 JITH_I

=1, we

deduce that it is actually a monic polynomial of degree n + 1. The fact
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that g(tx) = 0 for all 0 < k < n is easily verified using Moivre’s formula.
All this proves the first lemma.

A little bit more computational is the second lemma.

Lemma 2. The following relations are true:

1
i) [Jt—t;) = nz ifl<k<n-—1;
J#k

zz)Hto—t 2n P

1)"n
ii1) H = (211)2

Proof Simple computations, left to the reader, allow us to write:

fl(z) = %[(m + Va2 —1)"+ (z — V22 -1)"]

o T (z 4+ Va2 —1)" — (z — V22— 1)").

Using this formula and Moivre’s formula we easily deduce i). To
prove ii) and iii) it suffices to compute 931321 f!(z), using the above for-
mula. We leave the computations to the reader.

Of course, the reader hopes that all these computations will have a
honourable purpose. He’s right, since these lemmas will allow us to prove
some very nice results. The first one is a classical theorem of Chebyshev,
about minimal deviation of polynomials on [—1,1].

Example 10. (Chebyshev theorem) Let f € R[X] be a monic poly-

nomial of degree n. Then

1
>
xé??fu|f($)|—»2n_1

and this bound cannot be improved.
Solution. Using again the observation from problem 7, we obtain

the identity:

I__jzjj‘tk II - __t.

k=0 j£k
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Thus, we have

n
1
1< e
< qmax [f(te) >
k=0
[T —1)
J#k
Now, it suffices to apply lemma 2 to conclude that we actually have

n

1
e 2n71.
Tt —t)

i#k

This shows that n[1ax | |f(x)| > and so the result is proved.
ze[—1,1

n—1
To prove that this result is optimal, 2it suffices to use the polynomial
T,(x) = cos(narccos(x)). It is an easy exercise to prove that this is
really a polynomial (called the nth polynomial of Chebyshev of the first
kind) and that it has leading coefficient 2"~! and degree n. Then the
polynomial %—_lTn is monic of degree n and

1

z€[—1,1]

There are many other proof of this result , many of them are much
easier, but we chosen this one because it shows the power of Lagrange
interpolation theory. Not to say that the use of the two lemmas allowed
us to prove that the inequality presented in example 7 is actually the
best.

Some years ago, Walther Janous presented in Crux the following
problem as open problem. It is true that it is a very difficult one, but
here is a very simple solution using the results already achieved.

Example 11. Suppose that ag, a1, ..., a, are real numbers such that

for all z € [—1, 1] we have
lap + a1z + -+ - + apx”| < 1.
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Then for all z € [—1, 1] we also have
lan, + ap—12 + -+ + apx"| < on—1,

Walther Janous, Crux Matematicorum

Solution. Actually, we are going to prove a stronger result, that is:

Lemma. Denote
11 = max (@)
Then for any polynomial f € R[X]| of degree n the following inequal-
ity is satisfied:

|f@)| < |\Tu(2)] - [IFI} for all |z] = 1.

Proof. Using Lagrange’s interpolation formula and modulus in-

equality, we deduce that for all u € [-1,1] we have:

/()= I

k0¢k|

The very nice idea is to use now again Lagrange interpolation for-

mula, this time for the polynomial 7;,. We shall then have

- 1—ut;| 1 1 — ut;
T"< >‘ R S —yu@ﬂ -

’tk _tj‘

(the last identity being ensured by lemma 2). By combining the two

results, we obtain

‘f (i)‘ <|r, (i)‘ £ for all u e [1,1]

and the conclusion follows.

Coming back to the problem and considering the polynomial f(x) =

n
Z ara®, the hypothesis says that || f|| < 1 and so by the lemma we have
k=0
|f(x)| < |Tn(x)| for all |z| > 1.
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We will then have for all x € [—1,1]:

lan, + ap—12 + -+ + apx"| =

o(t)
x

It suffices to prove that

which can be also written as

(I4+vV1I—2?)"+(1—1—22)"<2™

But this inequality is very easy to prove: just set a = V1 — 22 € [0, 1]
and observe that h(a) = (1—a)"+(1+a)" is a convex function on [0, 1],
thus its superior bound is attained in 0 or 1 and there the inequality is

trivially verified. Therefore we have
lan + an_1z + - 4 agz™| < 2771

and the problem is solved.
We end this topic with a very difficult problem, that refines a prob-
lem given in a Japanese mathematical Olympiad in 1994. The problem

has a nice story: given initially in an old Russian Olympiad, it asked to

prove that
n n
max z — a;| < 108" max T — a;
xe[o,z]il;[l| il < xE[O,l]il;[l‘ il
for any real numbers aq,as,...,a,. The Japanese problems asked only

to prove the existence of a constant that could replace 108. A brutal
choice of points in Lagrange interpolation theorem gives a better bound
of approximately 12 for this constant. Recent work by Alexandru Lupas
reduces this bound to 1+ 2+/6. In the following, we present the optimal
bound.
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Example 12. For any real numbers ay, as, ..., ay, the following in-

equality holds:

maXH|m—aZ|<(3+2f) +(3-2vay maxH\:v—aA

z€[0,2] ; 2 z€[0,1] ;

Gabriel Dospinescu

Solution. Let us denote

1 fllfa,) = Joax |f(z)]

for a polynomial f and let, for simplicity,

_(34+2V2)" 4 (3 -2V2)"

= 5 :

We thus need to prove that || f|lj02] < callfll[p,1) Where

n

~
—
&
I
==

(x — a;).

We shall prove that this inequality is true for any polynomial f,
which allows us to suppose that || f||jp1; = 1. We shall prove that for
all x € [1,2] we have |f(z)| < x,. Let us fix € [1,2] and consider the

numbers xp = Tk Using Lagrange interpolation formula, we deduce

that

n

=21l — ZH[”_%

k=0 il k=0 4k k= 5]
01;[ _5Ej‘ ;g‘tk—t|

Using lemma 2, we can write

kil;[“c—t" 21;121_[ (8-1)

k=1 j#k
2n—2 n—1 n
+— [[e-t)+][B-t)
§=0 J=1
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Using again the two lemmas, we obtain:

(34 2v2)" — (3 —2V2)"]

lB+2v2)" + (3 -2v2)" + +1\f

~S o0+ [o-0+ [0

k=1 j#k = j=1

All we have to do now is to compute

n—1 n n—1
[[E-t)+][B-t)=6]]B—t).
§=0 j=1 j=1

[[63-t)= o +1\[[(3+2\f) —(3-2v2)".

Putting all these observations together and making a small compu-

tation, that we let to the reader, we easily deduce that |f(x)| < ¢,. This

Problems for training

1. A polynomial of degree 3n takes the value 0 at 2,5,8,...,3n—1,
the value 1 at 1,4,7,...,3n — 2 and the value 2 at 0,3,6,...,3n. It’s
value at 3n + 1 is 730. Find n.

USAMO 1984

2. A polynomial of degree n verifies p(k) = 2F for all k = 1,n + 1.
Find its value at n + 2.

Vietnam 1988

3. Prove that for any real number a we have the following identity

ZH:(—M <Z> (a — k)" = nl.

k=0

Tepper’s identity
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. - k n n+2 . k n n+3
4. Find ) (-1) <k>k and » (1) <k>k :
k=0 k=0
AMM

5. Prove that

3
N
+
=

and compute

N
3
+
[\

6. Prove the identity

——(n—k)" :n”Z%

k=1 k=2

Peter Ungar, AMM E 3052

S :)

7. Let a, b, c be real numbers and let f(x) = ax?® + bz + ¢ such that
max{|f(£1)|,]f(0)|} < 1. Prove that if |z| <1 then

(2=
i

8. Let f € R[X] a polynomial of degree n that verifies |f(x)| <1 for

all z € [0, 1], then
’f <—1)‘ <2mtl 1.
n

9. Let a,b,¢,d € Rsuch that |az®+bz?+cx+d| < 1forallx € [—1,1].

F@)] < 2 and

Spain, 1996

What is the maximal value of |¢|? Which are the polynomials in which

the maximum is attained?

Gabriel Dospinescu
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10. Let @ > 3 be a real number and p be a real polynomial of degree
n. Prove that

max_|a® — p(i)| > 1.
i=0,n+1

India, 2001

11. Find the maximal value of the expression a? + b% + ¢? if |ax? +

br +c| <1 foral ze|[-1,1].
Laurentiu Panaitopol

12. Let a,b,c,d € R such that |az® + bz? + cx + d| < 1 for all
x € [—1,1]. Prove that

la| + |b] + |c| + |d| < 7.
IMO Shortlist, 1996

1
13. Let A = {p € RX]| degp <3, |p(£1)| <1, ’p <:t2> < 1}.
Find sup max |p”(z)|.
IMC, 1998

peA |z|<1

14. a) Prove that for any polynomial f having degree at most n, the

following identity is satisfied:
F) = 2re) + 23 flom) 2
zf'(x)==f(z)+ — TzK) ———
2 et M= )2

where zj are the roots of the polynomial | X" + 1.

b) Deduce Bernstein’s inequality: || f/|| < n||f|| where

IfII = max | f(z)].

|lz|<1
P.J. O’'Hara, AMM
15. Define F(a,b,c) = mlél[%?é} |23 — ax? — bx — ¢|. What is the least
possible value of this function over R3?

China TST 2001
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HIGHER ALGEBRA IN COMBINATORICS

Till now, we have seen numerous applications of analysis and higher
algebra in number theory and algebra. It is time to see the contribution
of this ”"non-elementary mathematics” to combinatorics. It is quite hard
to imagine that behind a simple game, such as football for example
or behind a quotidian situation such as handshakes there exists such
complicated machinery, but this happens sometimes and we will prove it
in the next. For the beginning of the discussion, the reader doesn’t need
any special knowledge, just imagination and the most basic properties
of the matrices, but, as soon as we advance, things change. Anyway,
the most important fact is not the knowledge, but the ideas and, as we
will see, it is not easy to discover that ”non-elementary” fact that hides
after a completely elementary problem. Since we have clarified what is
the purpose of the unit, we can begin the battle.

The first problem we are going to discuss is not classical, but it is easy
and a very nice application of how linear-algebra can solve elementary
problems. Here it is.

Example 1. Let n > 3 and let A,, B, be the sets of all even,
respectively, odd permutations of the set {1,2,...,n}. Prove the equality

n n
S et = X Yl o]
€A, i=1 oc€B, i=1
Nicolae Popescu, Gazeta Matematica
Solution. Writing the difference

oD limadl= > > li— (i)

€A, i=1 oceBy i=1

as

> c0) Y li-ati)| =0,

ocES
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where
1, if o€ A,
(o) =
-1, if o€ B,

reminds us about the formula

det A = Z 8(0‘)(110(1)0,20(2) <+ OQpg(n)-
oc€Sh
We have taken here S,, = A,, U B,,. But we don’t have any product
in our sum! That is why we will take an arbitrary positive number a and

we will consider the matrix A = (a"~71);<; j<,. This time,

det A = Z (—1)F@gll=o @I gl-no(m)]
oc€ESH

1 T 562 xn—Z :L,n—l
T T xn73 1’”72
1,2 T :L,n—4 :L,n—S
xn—l xn—2 T 1
Ul . . Ul . .
> [i—o(i)] > > Ji—o(i)]
— xz:l — xz:l . (1)
O'ESn .UESTL
opara olmpara

Anyway, we still do not have the desired difference. What can we do
to obtain it? The most natural way is to derive the last relation, which is

nothing else than a polynomial identity, and then to take x = 1. Before

167



doing that, let us observe that the polynomial

1 T 372 :L,n—Z :L,n—l

T T mn—3 wn—Z

1'2 T :L,n—4 l,n—3
xnfl xnf2 T 1

is divisible by (z — 1)2. This can be easily seen by subtracting the first
line from the second and the third one and taking from each of these
line z — 1 as common factor. Thus, the derivative of this polynomial is
a polynomial divisible by = — 1, which shows that after we derive the
relation (1) and take x = 1, in the left-hand side we will obtain 0. Since

in the right-hand side we obtain exactly

n n
SN li—ol) = D> i)
oEA, i=1 0€B, i=1

the identity is established.

Here is another nice application of this trick. We have seen how many
permutation do not have a fixed point. The question that arises is how
many of them are even. Here is a direct answer to the question, using
determinants.

Example 2. Find the number of even permutations of the set
{1,2,...,n} that do not have fixed points.

Solution. Let us consider C,,, D,,, respectively, the sets of even and
odd permutations of the set {1,2,...,n}, that do not have any fixed
points. We know how to find the sum |C)| + |Dy|. We have seen it in

the unit ”Principiul includerii si excluderii” that it is equal to
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Hence if we manage to compute the difference |C,| — |D,|, will be
able to answer to the question. If we write
Cn| = [Dn| = Z 1 - Z L,
O'GAn O'GBn
o(i)#i o (i)
we observe that this reduces to computing the determinant of the matrix

T = (tij)1<ij<n, Where

{1, if i
tij:

0, if i=3y
That is,
0 1 1 1
1 0 1 1
’Cn| - ‘Dn| =
1 1 1 ... 0

But it is not difficult to compute this determinant. Indeed, we add
all columns to the first one and we give n — 1 as common factor, then
we subtract the first column from each of the other columns. The result

is |Cp| — |Dy| = (=1)""1(n — 1) and the conclusion is quite surprising:

n—2
|C| = %n! <1 - % + % — ((;1_)2),> + (=1)""(n —1).
We will focus in the next problems on a very important combina-
torial tool, that is the incidence matrix (cum se spune la matricea de
incidenta?). What is this? Suppose we have a set X = {z1,29,...,2,}

and X1, Xo,..., X, a family of subsets of X. Now, define the matrix

1, if z; € Xj
aij =
0, if X €Xj
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This is the incidence matrix of the family X, Xo,..., X, and the
set X. In many situations, computing the product ‘A - A helps us to
modelate algebraically the conditions and the conclusions of a certain
problem. From this point, the machinery activates and the problem is
on its way of solving.

Let us discuss first a classical problem, though a difficult one. It ap-
peared in USAMO 1979, Tournament of the Towns 1985 and in Bulgar-
ian Spring Mathematical Competition 1995. This says something about
the classical character and beauty of this problem.

Example 3. Let Ay, Ao, ..., Ayiq1 be distinct subsets of the set
{1,2,...,n}, each of which having exactly three elements. Prove that
there are two distinct subsets among them that have exactly one point
in common.

Solution. Of course, we argue by contradiction and suppose that
|A; N Aj| € {0,2} for all ¢ # j. Now, let T' be the incidency matrix of
the family Ay, Ag, ..., Ap+1 and compute the product

n n n
Z tin Z teitre ... Z trlrny1
k=1 k=1 k=1

'T.-T=
n n n
Ztkn+1tm Z tknt11tk2 - - Z thnt1
k=1 k=1 k=1
But we have of course
n
ZJU%Z =[A;] =3
k=1
and

n
Zl‘/ﬂ'l‘k]’ =1]4;N Aj| € {0,2}.
k=1
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Thus, considered in the field (Re, +, ), we have

o)

0 ... 0

=)

T T =

»—t)

0 ... 0

o)f

where X is the matrix having as elements the residues classes of the
elements of the matrix X. Since of course det X = det X, the previous
relation shows that det T - T is odd, hence non-zero. This means that
YTy T is an invertible matrix of size n+ 1, thus rank T -T = n+ 1 which
contradicts the inequality rank!T-T < rankT < n. This shows that our
assumption was wrong and there exist indeed indices i # j such that
|A; N Al =1.

The following problem is very difficult to solve by elementary means,
but the solution using linear-algebra is straightforward.

Example 4. Let n be an even number and A1, As, ..., A, be distinct
subsets of the set {1,2,...,n}, each of them having an even number of
elements. Prove that among these subsets there are two having an even
number of elements in common.

Solution. Indeed, if T is the incidency matrix of the family

Ay, As, ..., Ay, we obtain as in the previous problem the following rela-
tion
|A1] |[A1 N Az ... |A1N A,
'T-T =
|A, N A |A,NAs] ... |An|

Now, let us suppose that all the numbers |4; N A;| are odd and
interpret the above relation in the field (Ry, +, ). We find that

0 1 1T 1
T T = :
T 1 1 0
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which means again that det 7'...7T is odd. Indeed, if we work in

(Rg, +, ), we obtain

0 1 1 1
=1
1 1 1 0

The technique used is exactly the same as in the second example,
only this time we work in a different field. Note that this is the moment
when we use the hypothesis that n is even. Now, since det *T-T = det? T,
we obtain that det T is also an odd number. Hence we should try to prove
that in fact det T" is an even number and the problem will be solved. Just
observe that the sum of elements of the column ¢ of 7" is |4;|, hence an
even number. Thus, if we add all lines to the first line, we will obtain
only even numbers on the first line. Since the value of the determinant
doesn’t change under this operation, the conclusion is plain: detT is
an even number. Since a number cannot be both even and odd, our
assumption was wrong and the problem is solved.

Working in a simple field such as (Rg, +, -) can allow us to find quite
interesting solutions. For example, we will discuss the following problem,
used for the IMO preparation of the Romanian IMO team in 2004.

Example 5. The squares of a n xn table are colored with white and
black. Suppose that there exists a non-empty set of lines A such that
any column of the table has an even number of white squares that also
belong to A. Prove that there exists a non-empty set of columns B such
that any line of the table contains an even number of white squares that

also belong to B.
Gabriel Dospinescu
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Solution. This is just the combinatorial translation of the well-
known fact that a matrix 7' is invertible in a field if and only if its
transpose is also invertible in that field. But this is not that easy to see.

Let us proceed easily. In each white square we write the number 1
and in each black square we put a 0. We thus obtain a binary matrix

T = (tij)1<i j<n- From now on, we work only in (Rg, +,-). Suppose that

k
A contains the columns a1, as,...,a. It follows that th = 0 for all
i=1
j = 1,n. Now, let us take
1, if i€A
Ty =
0, if i¢A
It follows that the system
tiiz1 +torzo+ -+ tp1zn =0
t1921 +taozo + -+ tpozy, =0
tinz1 +topza + - + tymzn =0
admits the non-trivial solution (z1,z9,...,x,). Thus, detT = 0 and

consequently det ‘7" = 0. But this means that the system

U1Y1 + u12y2 + - + UinYn =0
U21Y1 + U22Y2 + + -+ + U2pYpn = 0

Up1Y1 + Un2Yy2 + -+ + UppYn =0

also has a non-trivial solution in Rys. Now, we take B = {i| y; # 0} and

we will clearly have B # () and Z uiz = 0, 4 = 1,n. But this mean that

zeB
any line of the table contains an even number of white squares that also

belong to B and the problem is solved.
In the end of this sub-unit, we will discuss a very difficult problem,

in which just knowing the trick of computing ‘A - A does not suffice. It
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is true that it is one of the main steps, but there are much more things
to do after we compute ‘A - A. And if for these first problems we have
used only intuitive or well-known properties of the matrices and fields,
this time we need a more sophisticated machinery: the properties of the
characteristic polynomial and eingenvalues of a matrix. It is exactly that
kind of problem that kills you just when we feel most strong.
Example 6. Let S = {1,2,...,n} and A be a family of pairs of
elements from S with the following property: for any ¢, 5 € S there exist
exactly m indices k € S for which (i,k), (k,j) € A. Find all possible

values of m,n for which this is possible.
Gabriel Carrol

Solution. This time, it is easy to see what hides after the problem.

Indeed, if we take T = (t;j)1<i,j<n, Where

{ 1, if (i,j) € A
aij:

0, otherwise

the existence of the family A reduces to

m m m

2 m m m
T =

m m m

So, we must find all values of m,n for which there exist a binary

matrix T such that

m m m

2 m m m
T =

m m m
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Let us consider

m m m
m m m
TB =
m m m

and find the eigenvalues of B. This is not difficult, since if z is an ein-

genvalue, then

m—-x m m
m m m
m m m—x

If we add all columns to the first one and then take the common

factor mn — x, we obtain the equivalent form

1 m m
1 m-—=x . m

(mn — x) =0.
1 m m-—x

In this final determinant, we subtract from each column the first
column multiplied by m and we obtain in the end the equation

nfl(

x mn — x) = 0, which shows that the eigenvalues of B are precisely

0,0,...,0,mn. But these are exactly the squares of the eigenvalues of
~—_——

n—1

T. Thus, T has the eingevalues 0,0, ...,0,v/mn, because the sum of the
——

n—1
eingenvalues is nonnegative (being equal to the sum of the elements of

the matrix situated on the main diagonal). Since TrT € R, we find that
mn must be a perfect square. Also, because TrT < n, we must have

m < n.
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Now, let us prove the converse. So, suppose that m < n and mn is

a perfect square and write m = du?, n = dv®. Let us take the matrices

I=(11...11), O=(00...00).
—— —_—
dv dv

Now, let us define the circulant matrix

111...100...0
— N ——

011...100...0
S = u v—u—1 € Mv,n({ov 1})

Finally, we take

a-| ?® e M,({0,1}).

S

It is not difficult to see that

A2 m m m

The last idea that we present here (but certainly these are not all
the methods of higher mathematics applied to combinatorics) is the use
of vector spaces. Again, we will not insist on complicated notions from
the theory of vector spaces, just the basic notions and theorems. Maybe
the most useful fact is that if V' is a vector space of dimension n (that is,
V has a basis of cardinal n), then any n+ 1 or more vectors are linearly

dependent. As a direct application, we will discuss the following problem,
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which is very difficult to solve by means of elementary mathematics. Try
first to solve it elementary and you will see how hard it is. The following
example is classical, too, but few people know the trick behind it.
Example 7. Let n be a positive integer and let A, Ao, ..., Apt1
be nonempty subsets of the set {1,2,...,n}. Prove that there ex-
ist nonempty and disjoint index sets Iy = {ij,i2,...,ix} and Iy =

{j1,J2, .., Jm} such that
Ai1UAi2U'-'UAik :Ajl UAjQU"'UAjm-

Solution. Let us associate to each subset A; a vector v; € R™, where

v; = (m%,m%, ...,x) and

T =
1, if j&A;

Since dimR™ = n, these vectors we have just constructed must be
linearly dependent. So, we can find a1, as,...,a,+1 € R, not all of them
0, such that

a1v1a2v2 + -+ - + Api1Vn11 = 0.

Now, we take I} = {i € {1,2,...,n+1}| a; > 0} and [» = {i €
{1,2,...,n+1}| a; < 0}. It is plain that I;, I are nonempty and disjoint.
Now, let us prove that U A; = U A; and the solution will be complete.

ieh icls

Let us take x € U A; and suppose that x ¢ U A;. Then the vectors v;
i€l 1€l

with ¢ € Iy have zero on their zth component, so the xth component of

the vector ajv1+asva+- -+ apy1Un41 is Z a; > 0, which is impossible,

iBEAj
Jjeh

since a1v1 + agva + - - - + ant+1Vn+1 = 0. This shows that U A; C U A;.

i€l i€l
But the reversed inclusion can be proved in exactly the same way, so we

conclude that U A, = U A;.
i€l i€ly
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In the end of this "non-elementary” discussion, we solve another
problem, proposed for the TST 2004 in Romania, whose idea is also
related to vector spaces.

Example 8. 30 boys and 20 girls are preparing for the 2004 Team
Selection Test. They observed that any two boys have an even number
of common acquaintances among the girls and exactly 9 boys know an
odd number of girls. Prove that there exists a group of 16 boys such that
any girls attending the preparation is known by an even number of boys

from this group.
Gabriel Dospinescu

Solution. Let us consider the matrix A = (a;;) where

1, if BZ knows Fj
aij =

0, otherwise

We have considered here that B, Bs,...,Bsy are the boys and
F,F,, ..., Fy are the girls. Now, consider the matrix T'= A - ‘A. We

observe that all the elements of the matrix T, except those from the
20

main diagonal are even (because t;; = Z a;iaj) is the number of com-
k=1
mon acquaintances among the girls of the boys B;, B;). The elements on

the main diagonal of T are exactly the number of girls known by each
boy. Thus, if we consider the matrix 7" in (Rg, +, ), it will be diagonal,
with exactly nine non-zero elements on its main diagonal. From now on,
we will work only in (Rg,+,-). We have seen till now that rankT = 9.
Using Sylvester inequality, it follows that

9 = rankT > rankA + ranktA — 20 = 2ranktA — 20
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hence r = rank'A < 14. Let us consider now the linear system in
(R27 +7 )
a1171 + a1 x + -+ azp1xrz =0

a1221 + agax2 + - - - + agoerzo = 0

ai12071 + ag2022 + - - - + azo20x30 = 0
The set of solutions of this system is a vector space of dimension
30 —r > 16. That is why we can choose a solution (x1,x2,...,230) of
the system, having at least 16 components equal to 1. Finally, consider
the set M = {i € {1,2,...,30} ; = 1}. We have proved that [M| > 16
and also E aj; = 0 for all i = 1,20. But we observe that Z aj; is just
jeM jEM
the number of boys By with k € M such that By knows F;. Thus, if we
choose the group of those boys By with k € M, then each girl is known

by an even number of boys from this group and the problem is solved.

Problems for training

1. Let p > 2 be an odd prime and let n > 2. For any permutation

o € S, we consider
S(o) = _ko(k).
k=1

Let Aj, Bj, respectively, be the set of even, respectively odd permu-
tations o for which S(o) = j (mod p). Prove that n > p if and only if
A; and Bj have the same number of elements for all j € {0,1,...,p—1}.

Gabriel Dospinescu

2. Let n > 2. Find the greatest number p such that for all £ €
{1,2,...,p} we have

n k n k
> (Zz’f@)) = > (Zz‘f(z’)) ,
oeA, \i=1 oceB, \i=1
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where A,, B, are, respectively, the sets of all even, respectively, odd

permutations of the set {1,2,...,n}.
Gabriel Dospinescu

3. Is there in the plane a configuration of 22 circles and 22 points
on their union (the union of their circumferences) such that any circle

contains at least 7 points and any point belongs to at least 7 circles?
Gabriel Dospinescu, Moldova TST 2004

4. Let Ay, Ag, ..., Ay, be distinct subsets of a set A with n > 2 ele-
ments. Suppose that any two of these subsets have exactly one elements
in common. Prove that m < n.

5. The edges of a regular 2"-gon are colored red and blue. A step
consists of recoloring each edge which is the same color as both of its
neighbours in red, and recoloring each other edge in blue. Prove that
after 2”1 steps all of the edges will be red and show that this need not

hold after fewer steps.
Iran Olympiad, 1998

6. Problema de la Vietnamezi cu cunostintele

7.n > 2 teams compete in a tournament and each team plays against
any other team exactly once. In each game, 2 points are given to the
winner, 1 point for a draw and 0 points for the looser. It is known that
for any subset S of teams, one can find a team (possibly in S) whose

total score in the games with teams in S is odd. Prove that n is even.
D. Karpov, Russian Olympiad,1972

8. On an m x n sheet of paper is drawn a grid dividing the sheet
into unit squares. The two sides of length n are taped together to form a
cylinder. Prove that it is possible to write a real number in each square,
not all zero, so that each number is the sum of the numbers in the

neighboring squares, if and only if there exist integers k,[ such that
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n + 1 does not divide k and

2w km 1
CcOS — —+ cos = —.
m n+1 2

Ciprian Manolescu, Romanian TST 1998

9. In a contest consisting of n problems, the jury defines the difficulty
of each problem by assigning it a positive integral number of points (the
same number of points may be assigned to different problems). Any
participant who answers the problem correctly receives that number
of points for the problem; any other participant receives 0 points. After
the participants submitted their answers, the jury realizes that given any
ordering of the participants (where ties are not permitted), it could have
defined the problems’ difficulty levels to make that ordering coincide
with the participants’ ranking according to their total scores. Determine,
in terms of n, the maximum number of participants for which such a

scenario could occur.
Russian Olympiad, 2001

10. Let S = {zo,x1,...,2,} C [0,1] be a finite set of real numbers
with xg = 0, z; = 1, such that every distance between pairs of elements
occurs at least twice, except for the distance 1. Prove that S consists of

rational numbers only.
Iran Olympiad

11. Let 1, ..., z, be real numbers and suppose that the vector space
spanned by x; — x; over the rationals has dimension m. Then the vector
space spanned only by those x; —z; for which x; —x; # x;, —2; whenever

(i,7) # (k,l) also has dimension m.

Strauss theorem
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12. Let Ay, Ag, ..., Ay, some subsets of {1,2,...,n}. Then there are
disjoint sets I, J with non-empty union such that U A; = U Aj and
icl jed
4= A4
icl jed

Lindstrom theorem

13. There is no partition of the set of edges of the complete graph

on n vertices into (strictly) fewer than n — 1 complete bipartite graphs.
Graham-Pollak theorem

14. Let 2n+1 real numbers with the property that no matter how we
eliminate one of them, the rest of them can be divided into two groups
of n numbers, the sum of the numbers in the two groups being the same.
Then all numbers are equal.

15. In a society, acquaintance is mutual and even more, any two
persons have exactly one friend. Then there is a person that knows all

the others.
Universal friend theorem

16. Let Ay, ..., Ay, and By, ..., By subsets of {1,2,...,n} such that
A; N Bj is an odd number for all 7, j. Then mp < 271,

Benyi Sudakov
17. Let Ay,...,Ap,By,...,B, C A={1,2,...,n} with the proper-
ties:
a) for any nonempty subset T of A, there is i € A such that |A; NT|
is odd.

b) for any i,j € A, A; and B; have exactly one common element.

Then prove that By = By = --- = B,,.

Gabriel Dospinescu
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18. A symmetric matrix of zeros and ones has only ones on the main
diagonal. Prove that we can find some rows in this matrix such that their

sum is a vector having all of its components odd.

Iran Olympiad
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GEOMETRY AND NUMBERS

Again an apparently paradoxical note!!l! Indeed, it may look weird,
but geometry it really useful in number theory and sometimes it can
help proving difficult results with some extremely simple arguments. In
the sequel we are going to show some applications of geometry in num-
ber theory, almost all of them playing around the celebrated Minkowski
theorem. We will see that this theorem gives a very simple criterion for
a nice region (we are also going to explain what we understand by nice)
to have a non-trivial lattice point and the existence of this point will
have important consequences in the theory of representation of numbers
by quadratic forms or in approximation of real numbers with rational
numbers. As usual, we will content to present only a mere introduc-
tion to this field, extremely well developed. The reader will surely have
the pleasure to read some reference books about this fascinating field,
mentioned in the bibliographies.

First of all, let us state the conditions in which we will work and
what is a nice figure. In general, we will work in R™ and we will call
convex body a bounded subset A of R™ which is convex (that is for all
a,b e Aand all 0 <t <1 we have ta+ (1—t)b € A), which is symmetric
about the origin (that is, for all z € A we also have —x € A). We will
admit that convex bodies have volumes (just think about it in the plane
or space, which will be practically always used in our applications).

Let us start by proving the celebrated Minkowski’s theorem.

Theorem. (Minkowski) Suppose that A is a convex body in R™ hav-
ing volume strictly greater than 2™. Then there is a lattice point in A
different from the origin.

The proof is surprisingly simple. Indeed, let us start by making a sort
of partition of R™ in cubes of edge 2, having as centers the points that

have all coordinates even numbers. It is clear that any two such cubes will
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have disjoint interiors and that they cover all space. That is why we can
say that the volume of the convex body is equal to the sum of volumes of
the intersections of the body with each cube (since the body is convex,
it is clear that the sum will be finite). But of course, one can bring any
cube into the cube centered around the origin by using a translation by
a vector all of whose coordinates are even. Since translations preserve
volume, we will have now an agglomeration of bodies in the central cube
(the one centered in the origin) and the sum of volumes of all these
bodies is strictly greater that 2". Necessarily there will be two bodies
which intersect in a point X. Now, look at the cubes where these two
bodies where taken from and look at the points in these cubes that give
by translations the point X. We have found two different points x,y

in our convex body such that z —y € 2Z". But since A is centrally
:L‘ J—

symmetric and convex, it follows that Y is a lattice point different
from the origin and belonging to A. The theorem is thus proved.

Here is a surprising result that follows directly from this theorem.

Problem 1. Suppose that in each lattice point in space except for
the origin one draws a ball of radius 7 > 0 (common for all the balls).
Then any line that passes through the origin will intercept a certain ball.

Solution. Let us suppose the contrary and let us consider a very long
cylinder having as axe the line and basis a circle of radius g We choose
it sufficiently long to ensure that it will have a volume strictly greater
than 8. This is clearly a convex body in space and using Minkowski’s
theorem we deduce the existence of a non-trivial lattice point in this
cylinder (or on the border). This means that the line will intercept the
ball centered around this point.

Actually, the theorem proved before admits a more general formula-

tion, which is even more useful.
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Theorem 2. (Minkowski) Let A is a conver body in R"™ and

V1,2, ..., some linearly independent vectors in R™. Also consider
n

the fundamental parallelepiped P = {Z:}:ZUZ\ 0<x; < 1} and de-

i=1
note Vol(P) its volume. Assuming that A has a volume strictly greater

than 2™ - Vol(P), A must contain at least a point of the lattice L =
Zuvy + - -+ + Zuy, different from the origin.

With all these terms, it would seem that this is extremely difficult
to prove. Actually, it follows trivially from the first theorem. Indeed,
by considering the linear application f sending v; into the vector e; =
(0,0,...,1,0,...,0) one can easily see that P is sent into the "normal”
cube in R™ (that is, the set of vectors all of whose components are

between 0 and 1) and that f maps L into Z™. Since the transformation
ol(A)
> 2" It
Vol(P)
suffices to apply the first theorem to this convex body and to look at

is linear, it will send A into a convex body of volume

the preimage of the lattice point (in Z™), in order to find a non-trivial
point of AN L. The second theorem is thus proved.

We have already proved that any prime number of the form 4k 4 1
is the sum of two squares. Let us prove it differently, using Minkowski’s
theorem.

Problem 2. Any prime number of the form 4k + 1 is the sum of two
squares.

Proof. We have already proved that for any prime number of the
form 4k + 1, call it p, one can find a such that p|a? + 1. Then let us
consider v; = (p,0), vo = (a,1). Visibly, they are linearly independent
and moreover for any point (x,y) in the lattice L = Zv; + Zvg we have
p|lz? + y?. Indeed, there are m,n € Z such that x = mp + na, y = n
and thus 22 + 32 = n%(a®? + 1) = 0 (mod p). Moreover, the area of the

fundamental parallelogram is ||v; A va|| = p. Next, consider as convex
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body the disc centered in the origin and having as radius 1/2p. Obviously,
its area is strictly greater than four times the area of the fundamental
parallelogram. Thus, there is a point (z,y) different from the origin that
lies in this disc and also in the lattice L = Zvy + Zvs. For this point we
have p|z? + y? and 22 + y? < 2p, which shows that p = 2% + 3.

Proving that a certain Diophantine equation has no solution is a very
classical problem, but what can we do when we are asked to prove that
a certain equation has solutions? Minkowski’s theorem and in general
geometry of numbers allow quick responses to such problems. Here is an
example, taken from a polish Olympiad.

Problem 3. Consider positive integers such that ac = b + b + 1.
Then the equation az? — (2b+ 1)zy + cy? = 1 has integer solutions.

Poland Olympiad

Solution. Here is a very quick approach: consider in R? the set
of points verifying az? — (2b + 1)zy + cy? < 2. A simple computation
shows that it is an elliptical disc having as area an > 4. An elliptical
disc is obviously a convex body and even more tﬁis elliptical disc is
symmetric about the origin. Thus, by Minkowski’s theorem we can find
a point of this region different from the origin. Since ac = b> +b+ 1, we
have for all 2,y not both 0 the inequality az? — (2b + 1)ay + cy? > 0.
Thus for (z,y) € Z?\ {(0,0)} a lattice point of this region, we have
ax? — (2b+1)zy +cy? = 1 and the existence of a solution of the equation
is proved.

The following problem (as the above one) has a quite difficult elemen-
tary solution. The solution using geometry of numbers is more natural,
but it is not at all obvious how to proceed. Yet... the experience of the

preceding problem should ring a bell.
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Problem 4. Suppose that n is a natural number for which the
equation 2 4+ 2y +y? = n has rational solutions. Then this equation has

integer solutions as well.
Komal

Solution. Of course, the problem reduces to: if there are integer
numbers a, b, ¢ such that a? 4+ ab + b> = ?n, then 22 + zy + y> = n
has integer solutions. We will assume that a, b, ¢ are non-zero (otherwise
the conclusion follows trivially). Even more, a classical argument allows
to assume that a,b are relatively prime. We will try again to find a
couple of integers (x,y) € Z? \ {(0,0)} such that 2 + zy + y*> < 2n
and n divides 2% 4+ 2y + y2. In this case we will have 22 + zy + %> = n
and the conclusion will follow. First, let us look at the region defined
by x? + 2y + y? < 2n. Again, simple computations show that it is an
elliptical disc of area —Zn Next, consider the lattice formed by the
points (x,y) such that n divides ax — by. The area of the fundamental
parallelepiped is clearly at most n. By Minkowski’s theorem, we can find
(z,y) € Z*\ {(0,0)} such that 2% + xy +y* < 2n and n divides az — by.
We claim that this will give an integer solution of the equation. Observe
that ab(x? + 2y +y?) = c2xyn + (ax — by)(bx — ay) and so n also divides
2?2 + xy + y? (since n is relatively prime with a,b). This allows us to
conclude.

Before continuing with some more difficult problems, let us remind

that for any symmetric real matrix A such that

Z QijTixj > 0

1<ij<n

for all z = (z1,2,...,2,) € R™\ {0} the set of points verifying

Z A Tix; < 1

1<i,j<n
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ol(By)

has a volume equal to ———, where
4 Vdet A
Vol(Br) = Ln
r(1+3)

o0

(here I'(z) = / e 't*~1dt is Euler’s gamma function). The proof of this
result is non eloementary and we invite the reader to read more about it
in any decent book of multivariate integral calculus. In particular, the
reader has noticed that these results can be applied to previous problems
to facilitate the computations of different areas and volumes. With these
results (that we will admit) in mind, let’s attack some serious problems.

If we spoke about squares, why not present the beautiful classical
proof of Lagrange’s theorem on representations using 4 squares.

Problem 5. (Lagrange’s theorem) Any natural number is a sum of
4 squares.

Proof. This is going to be much more complicated, but the idea is
always the same. The main difficulty is finding the appropriate lattice
and convex body. First of all, let us prove the result for prime numbers.

Let thus p > 2 a prime number and consider the sets A = {22| z € Z,},

B = {—y* - 1| y € Z,}. Since there are ptl squares in Z, (as we
have already seen in previous notes), these two sets cannot be disjoint.
In particular, there are z,y such that 0 < z,y < p—1 and p|z? + 3% + 1.
This is the observation that will allow us to find a good lattice. Consider

now the vectors

V1 = (p,0,0,0), V2 = (Oapaoao)a V3 = (xaya 170)7 V4 = (y7 —x,0, 1)

and the lattice L generated by these vectors. A simple computation
(using the above formulas) allows to prove that the volume of the fun-
damental parallelepiped is p?. Moreover, one can easily verify that for

all point (z,y, z,t) € L one has p|z? + 32 + 22 + t2. Even more, one can
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also prove (by employing the non-elementary results stated before this
problem) that the volume of the convex body A = {z = (a,b,c,d) €
R4 a? + b% + % + d? < 2p} is equal to 27%p? > 16V ol(P), thus AN L is
not empty. It suffices then to choose a point (z,y,z,t) € LN A and we
will clearly have x? + 4% 4 22 + t?> = p. Thus the theorem is proved for
prime numbers.

Of course, everything would be nice if the product of two sums of 4
squares is always a sum of 4 squares. Hopefully, it is the case, but the

proof is not obvious at all. It follows form the miraculous identity:
(a® + %+ +d*) (2 + 9> + 22 +1%) = (ax + by + cz + dt)?

= (ay — bx + ct — dz)* + (az — bt + dy — cx)* + (at + bz — cy — dx)*.

Of course, very nice, but how could one think at such an identity?
The eternal question... Well, this time there is a very nice reason: instead
of thinking in eight variables, let us reason only with four. Consider the
numbers z; = a + bi, 29 = ¢+ di, z3 = x + yi, 24 = z + ti. Introduce the

matrices

We have
det(M) = |z1* + |n? =d® + B* + 2 + &2

and similarly
det(N) = 22 + > + 22 + 2.

It is then normal to try to express (a? + b + ¢ + d?) (22 + y* + 22 + t?)
as det(M N). But surprise! We have

2123 — 2224 2124 + 2223
MN = (

—Z2124 + 2223 2123 — 22724
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and so det(M N) is again a sum of 4 squares. The identity appears thus
naturally...

Let us concentrate a little bit more on approximations of real num-
bers. We have some beautiful results of Minkowski that deserve to be
presented after this small introduction to geometry of numbers.

Problem 6. (Minkowski’s linear forms’ theorem) Let A = (a;;) be
a n x n invertible matrix of real numbers and suppose that ¢q,ca,..., ¢,

are positive real numbers such that cjco...c, > |det A|. Then there

n

are integers x1,xo,..., %y, not all 0, such that Zaijxj < ¢; for all
j=1

1=1,...,n.

Solution. We need to prove that there exists a non-zero vector
X that also belongs to the region {Y € R"| |[A7YY|; < ¢, i =
1,...,n} (here A7'Y = (JA7'Y|y,...,|A7'Y],). But observe that
{Y e R |A7YY|; < ¢, @ = 1,...,n} is exactly the image trough
A~! of the parallelepiped {Y € R*?| —¢; <Y; <¢;, i =1,...,n} which
has volume 27c; ...cy,, thus {Y € R"| |A7Y|; < ¢, i = 1,...,n} is

a convex body of volume "e1...ep > 2" By Minkowski’s theo-

m2
rem, this body will contain a non-zero lattice point, which will verify
the conditions of the problem.

And here is a nice consequence of the previous theorem.

Problem 7. Suppose A = (az'j)1§z"§m is a matrix with m,n real
numbers and a > 1 is a real number.lSTj}Slgn one can find xq,x9,..., 2,

integers between —a and a, not all 0, such that

n
Zaij:nj <a m for all 1 <i<m.
Jj=1

Solution. All we need to do is to apply the result in problem 6 for
A I,

the invertible matrix
I, O

), whose determinant equals 1 or —1
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and make the choice ¢y = - = ¢, = a™ ™, gy = a, 1

Incredibly, but the proof ends here!!!

Proposed problems

1. Suppose that a,b, ¢ are positive integers such that ac = b? + 1.
Then there exist z,, z,t integers such that a = 22 + 9%, b = 22 + t2,
c=xz+ yt.

Imo Shortlist

2. Suppose that a natural number is the sum of three squares of
rational numbers. Then prove that it is also a sum of squares of three

natural numbers (the use of three squares theorem is forbidden!).
Davenport-Cassels lemma

3. Consider a disc of radius R. At each lattice point of this disc,
except for the origin, one plants a circular tree of radius . Suppose that
r is optimal with respect to the following property: if one regards from
the origin, he can see at least a point situated at the exterior of the disc.
Then prove that . .

\/R?H <r< I
AMM
4. Suppose that a,b,c are positive integers such that a > b > c.

Prove that we can find three integers z, v, z, not all 0, such that

ax + by + cz = 0 and max{|z|, |y|, ||} < +1.

2
%a
Miklos Schweitzer competition
5. Suppose that a,b, ¢ are positive integers such that ac = b + 1.
Prove that the equation ax? + 2bxy + cy? = 1 is solvable in integers.
6. Suppose that a;; (1 < 4,5 < n) are rational numbers such that
for any © = (z1,...,2,) € R™\ {0} we have Z a;jxiz; > 0. Then

1<i,j<n
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there are integers (not all zero) x1, ..., x, such that
Z a;jriz; <nvdet A,
1<i,j<n
where A = (a;;).
Minkowski

7. Suppose that x1,xzs,...,x, are algebraic integers such that for
any 1 < i < n there is at least a conjugate of x; which is not between
x1,%2,...,Zn. Then the set of n-tuples (f(z1), f(z2),..., f(x,)) with
f € Z[X] is dense in R™.

8. Suppose that a,b are rational numbers such that the equation
ax? + by? = 1 has at least one rational solution. Then it has infinitely

many rational solutions.
Kurschak contest

9. Let us denote A(C,r) the set of points w on the unit sphere in

R™ with the property that |wk| > for any non-zero vector k € Z"

1"
(here wk is the usual scalar product and ||k|| is the Euclidean norm of
the vector k € Z"). Prove that if » > n — 1 there exists C' > 0 such that

A(C,r) is non-empty, but if » < n — 1 there is no such C' > 0.
Mathlinks contest (after an ENS entrance exam problem)

10. Using the non-elementary results presented in the topic, prove
that if A = (aij)i<ij<n IS a symmetric integer matrix such that

Z agjrie; > 0 for all x = (21,29,...,2,) € R™\ {0}, then we
1<i,j<n
can find an integer matrix B such that A = B - !B. Deduce the result

from problem 1.

11. Let n > 5 and a4, ..., ay, b1, ..., b, some integers verifying that
all pairs (a;,b;) are different and |a;bj+1 — aj+1b;| = 1, 1 < i < n (here
(@n+1,bn+1) = (a1,b1)). Prove that one can find 1 < |i — j| < n— 1 such
that |a;b; — a;b;| = 1.

193



Korea TST

12. Let a, b, c,d be positive integers such that there are 2004 pairs

(x,y) such that z,y € [0,1] and az + by, cx + dy € Z. If (a,c) = 6, find

(b,d).

Nikolai Nikolov, Bulgaria Olympiad

13. A polygon of area greater than n is given in a plane. Prove that

it contains n + 1 points A;(x;,y;) such that z; — x;,y; — y; € Z for all
1<4,j<n+1.

China TST 1988
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THE SMALLER, THE BETTER

Often, a large amount of simple ideas can solve very difficult prob-
lems. We have seen or will see a few such examples in our journey through
the world of numbers: clever congruences that readily solve Diophantine
equations, properties of the primes of the form 4k + 3 or even complex
numbers and analysis. All these can be called ”tricks”, but in fact they
are much more, as you are going to see soon.

In this unit, we will discuss a fundamental concept in number theory,
the order of an element. It may seem contradictory for us to talk about
simple ideas and then say ”a fundamental concept”. Well, what we are
going to discuss about is the bridge between simplicity and complexity.
The reason for which we say it is a simple idea can be easily guessed
from the definition: given are the positive integer n > 1 and the integer a
such that ged(a,n) = 1, the smallest possible integer d for which n|a?—1
is called the order of @ modulo n. The definition is correct, since from
Euler’s theorem we have nja®(™ —1 so such numbers d indeed exist. The
complexity of this concept will follow from the examples.

In what follows we will denote by o,(a) the order of a modulo n.
There is a simple property of o, (a), which has important consequences:
if k is a positive integer such that n]ak — 1, then d|k. Indeed, because
nla® —1 and n|a® — 1, we find that n|a9°¥*4) —1. But from the definition
of d it follows that d < ged(k, d), which cannot hold unless d|k. Nice and
easy. But could such a simple idea be good at anything? The answer
is positive and will follow from the solutions of the problems to come.
But, before that, we note a first application of this simple observation:
on(a)|e(n). This is a consequence of the above property and of Euler’s
theorem.

Now, an old and nice problem, which may seem really trivial after

this introduction. But do not get excited so easily, the problem has an
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extremely short solution, but this does not mean that it is obvious.
It appeared in Saint Petersburg Mathematical Olympiad and also in
Gazeta Matematica.

Example 1. Prove that n|p(a™ — 1) for all positive integers a,n.

Solution. What is ogn—1(a)? It may seem a silly question, since
of course 0gn_1(a) = n. Using the observation in the introduction, we
obtain exactly n|p(a™ — 1).

Here is another beautiful application of the order of an element. It
is the first case case of Dirichlet’s theorem that we intend to discuss and
is also a classical property.

Example 2. Prove that any prime factor of the nth Fermat number
22" 4+ 1 is congruent to 1 modulo 2"*!. Show that there are infinitely
many prime numbers of the form 2"k + 1 for any fixed n.

Solution. Let us consider a prime p such that p|22" + 1. Then

2" _ 1 and consequently 0,(2)|27"1. This ensures the existence of

p[2
a positive integer k < n + 1 such that 0,(2) + 2*. We will prove that in
fact k = n + 1. The proof is easy. Indeed, if this is not the case, then
0p(2)[2" and so p|2°7(2) —1]22" —1. But this is impossible, since p|22" +1.
Therefore, we have found that 0,(2) = 2"*! and we have to prove that
0p(2)|p — 1 to finish the first part of the question. But this follows from
the introduction.

The second part is a direct consequence of the first. Indeed, it is
enough to prove that there exists an infinite set of Fermat’s numbers
(22" 4+ 1), >q any two relatively prime. Then we could take a prime
factor of each such Fermat’s number and apply the first part to obtain
that each such prime is of the form 2"k + 1. But not only it is easy to
find such a sequence of Fermat’s coprime numbers, but in fact any two

different Fermat’s numbers are relatively prime. Indeed, suppose that

d|ged(2¥" 4+1,22""" 4 1). Then d|22""" — 1 and so d|22""" — 1. Combining
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this with d|22n+k +1, we obtain a contradiction. Hence both parts of the
problem are solved.

We continue with another special case of the well-known difficult
theorem of Dirichlet on arithmetical sequences. Though classical, the
following problem is not straightforward and this explains probably its
presence on a Korean TST in 2003.

Example 3. For a prime p, let f,(z) = 2P~ + 2P ™2 + .- + 2 + 1.

a) If p|m, prove that there exists a prime factor of fy(m) that is
relatively prime with m(m — 1).

b) Prove that there are infinitely many numbers n such that pn + 1
is prime.

Solution.

a) is straightforward. In fact, we will prove that any prime factor of
fp(m) is relatively prime with m(m — 1). Take such a prime divisor g.
Because g|14+m+---+mP~1 it is clear that ged(q, m) = 1. Moreover, if
ged(q,m—1) # 1, then glm—1 and because g|1+m+---+mP~1, it follows
that ¢|p. But p|m and we find that g|m, which is clearly impossible.

More difficult is b). But we are tempted to use a) and to explore the
properties of f,(m), just like in the previous problem. So, let us take a
prime ¢ fp(m) for a certain positive integer m divisible by p. Then we
have of course ¢|m? — 1. But this implies that o4(m)|q and consequently
oq(m) € {1,p}. If o4(m) = p, then ¢ = 1 (mod p). Otherwise, glm — 1
and because ¢| fp(m), we deduce that g|p, hence ¢ = p. But we have seen
while solving a) that this is not possible, so the only choice is p|g—1. Now,
we need to find a sequence (my)x>1 of multiples of p such that f,(my)
are pairwise relatively prime. This is not as easy as in the first example.
Anyway, just by trial and error, it is not difficult to find such a sequence.
There are many other approaches, but we like the following one: take

my = p and my, = pf(m1) fp(ma) ... fp(mi_1). Let us prove that fy(my)
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is relatively prime to f,(m1), fp(m2),..., fp(mi—_1). Fortunately, this is
easy, since fp(m1)fp(ma) ... fp(mg—1)|fp(mir) — fp(0)|fp(my) — 1. The
solution ends here.

The following problem became classical and variants of it have been
given in contests for years. It seems to be a favorite Olympiad problem,
since it uses elementary facts and the method is more than beautiful.

Example 4. Find the smallest number n with the property that
22005177 — 1,

Solution. The problem actually asks for 092005(17). We know
that 092005 (17)](220%%) = 22004 50 092005(17) = 2F, where k €
{1,2,...,2004}. The order of an element has done its job. Now, it is
time to work with exponents. We have 22005|172k — 1. Using the factor-
ing

17 —1=(17-1)(17+ 1)(A7? +1)... 17 +1),

we proceed by finding the exponent of 2 in each factor of this product.
But this is not difficult, because for all ¢ > 0 the number 172" + 1 is
a multiple of 2, but not a multiple of 4. Thus, v2(172k —1)=4+k
and the order is found by solving the equation k& 4+ 4 = 2005. Thus,
092005 (17) = 22901 i5 the answer to the problem.

Another simple, but not straightforward application of the order
of an element is the following divisibility problem. Here, we also need
some properties of the prime numbers, that we have already studied in
a previous unit.

Example 5. Find all primes p,q such that p? + 1|2003¢ + 1 and
q% + 120037 + 1.

Gabriel Dospinescu

Solution. Let us suppose that p < ¢q. We discuss first the trivial case

p = 2. In this case, 5/20037 + 1 and it is easy to deduce that ¢ is even,
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hence ¢ = 2, which is a solution of the problem. Now, suppose that p > 2
and let r be a prime factor of p? + 1. Because r|2003%¢ — 1, it follows
that 0,(2003)|2¢. Suppose that (g, 0,(2003)) = 1. Then 0,(2003)|2 and
720032 —1 =23.3-7-11-13-167. It seems that this is a dead end, since
there are too many possible values for r. Another simple observation
narrows the number of possible cases: because r|p? 4 1, must be of the
form 4k + 1 or equal to 2 and now we do not have many possibilities:
r € {2,13}. The case r = 13 is also impossible, because 20037 + 1 = 2
(mod 13) and r|20037 + 1. So, we have found that for any prime factor
r of p? + 1, we have either 7 = 2 or ¢|o,(2003), which in turn implies
q|r—1. Because p?>+1 is even, but not divisible by 4 and because any odd
prime factor of it is congruent to 1 modulo ¢, we must have p? + 1 = 2
(mod ¢). This implies that p? + 1 =2 (mod ¢), that is ¢|(p — 1)(p + 1).
Combining this with the assumption that p < ¢ yields ¢|p + 1 and in
fact ¢ = p+1. It follows that p = 2, contradicting the assumption p > 2.
Therefore the only pair is (2,2).

More difficult is the following problem, proposed by Reid Barton
for the USA TST in 2003. Anyway, using the order of an element, the
problem is not very difficult and the solution follows naturally. Let us
see...

Example 6. Find all ordered triples of primes (p, ¢, ) such that
pl¢" + 1,q|r? + 1,7|p? + 1.

Reid Barton, TST USA 2003

Solution. It is quite clear that p,q,r are distinct. Indeed, if for
example p = ¢, then the relation p|¢” 4+ 1 is impossible. We will prove
that we cannot have p,q,r > 2. Suppose this is the case. The first
condition p|¢” + 1 implies p|¢®" — 1 and so 0,(q)|27. If 0,(q) is odd, it
follows that p|¢" — 1, which combined with p|¢" + 1 yields p = 2, which
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is impossible. Thus, op(q) is either 2 or 2r. Could we have op(q) = 217
No, since this would imply that 2r|p — 1 and so 0 = p?+ 1 (mod r) = 2
(mod ), that is r = 2, false. Therefore, the only possibility is o,(q) = 2

and so p|q? — 1. We cannot have p|q— 1, because p|¢” +1 and p # 2. Thus,
r+1

2
1
r\}% This is clearly impossible, just by looking at the largest among

and

1
plg + 1 and in fact p[% In the same way, we find that ¢|

P, q, 7. So, our assumption was wrong and indeed one of the three primes
must equal 2. Suppose without loss of generality that p = 2. Then q is
odd, g|r?+1 and |27+ 1. Similarly, 0,(2)|2q. If q|o,(2), then g|r — 1 and
so q|r?+1—(r?—1) = 2, which contradicts the already established result
that ¢ is odd. Thus, 0,(2)|2 and r|3. As a matter of fact, this implies
that » = 3 and ¢ = 5, yielding the triple (2,5,3). It is immediate to
verify that this triple satisfies all conditions of the problem. Moreover,
all solutions are given by cyclic permutations of the components of this
triple.

Can you find the smallest prime factor of the number 22" 4 1. Yes,
with a large amount of work, you will probably find it. But what about
the number 122" +1? It has more than 30000 digits, so you will probably
be bored before finding its smallest prime factor. But here is a beautiful
and short solution, which does not need a single division.

Example 7. Find the smallest prime factor of the number 1227 41,

Solution. Let p be this prime number. Because p\12216 — 1, we find
that 0,(12)|216. Exactly as in the solution of the first example, we find
that 0,(12) = 26 and so 2'%|p — 1. Therefore p > 1 + 216, But it is well-

216 4 1 is a prime (and if you do not believe, you can check;

known that
it is not that difficult). So, we might try to see if this number divides
122 £ 1. Let ¢ = 26 + 1. Then 122 +1=20"1.3% 1 1=3% +1
(mod ¢). It remains to see whether <3> = —1. But this is done in

q
the unit Quadratic reciprocity and the answer is positive, so indeed
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3% +1=0 (mod 2) and 2'¢ + 1 is the smallest prime factor of the
number 122 4 1.

Ok, you must be already tired of this old fashioned idea that any
prime factor of 22" + 1 is congruent to 1 modulo 2"!. Yet, here is a
problem that will keep you occupied for a certain period of time, even
if it uses only this simple idea.

Example 8. Prove that for any n > 1 the largest prime factor of
22" 41 is at least equal to n - 2" T2 4 1.

China TST, 2005

Solution. The reader will not imagine how simple this problem re-
ally is. If the start is correct... Indeed, let us write 22" + 1 = Pt .. plr
with p1 < ...,p, prime numbers. We know that we can find ¢; € N
such that p; = 1+ 2""1¢;. Now, reduce the relation 22" +1 = p]fl phr

T
modulo 2272, Tt follows that 1 = 1 + 2"+! Z kig; (mod 2*"*2) and so
T T =1
Z kig; > 2""!. But then g, Z k; > 2" Now everything becomes sim-
i=1

=1
n

n+1

ple, since we have 22" +1 > (14+2" )Mtk and so ky+- - -+k, <
This shows that ¢, < 2(n + 1) and the proof finishes here.

Problems for training

1. Let a,n > 2 be positive integers such that n|a”~! — 1 and n does
not divide any of the numbers a* — 1, where z < n — 1 and z|n — 1.
Prove that n is a prime number.

2. Let p be a nonzero polynomial with integral coefficients. Prove
that there are at most finitely many numbers n for which p(n) and
22" 41 are not relatively prime.

3. Let p > 3 be a prime. Prove that any positive divisor of the

Pl is of the form 2kp + 1.

number
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Fermat

4. Let a > b > 1 and n > 1 be positive integers. Prove that any
positive divisor of the number a™ — b™ is either of the form nk + 1 or
divides a number of the form a? — b?, with d|n, d < n.

5. Find all positive integers m,n for which n|l +m3" +m?3",
Bulgaria, 1997
6. Find the smallest repunit divisible by 19.
Gazeta Matematica
7. Let p be a prime and ¢ > 5 a prime factor of the number 2P + 3.
Prove that ¢ > p.
Laurentiu Panaitopol, TST Romania
8. Let m > 1 be an odd number. Find the smallest number n such
that 21989|mn — 1.
IMO 1989 Shortlist
9. Let 0 < m < n be integers such that 1978™ and 1978™ have the

same last three digits. Find the least possible value of m + n.
IMO 1978

10. Let p be a prime number and let d a positive divisor of p — 1.
Prove that there is a positive integer n such that o,(n) = d.
11. Let ¢ = k- 2™ + 1 be a divisor of the number 22" + 1, where k

is odd. Find o4(k) in terms of n and va(m)
J. van de Lune

12. Let n be a positive integer such that n — 1 = F'R, where all the
prime factors of F' are known and ged(F, R) = 1. Suppose further that
there is an integer a such that n|a”~! — 1 and for all primes p dividing
n — 1 we have ged(n, anT?l — 1) = 1. Prove that any prime factor of n is

congruent to 1 modulo F'.
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Proth, Pocklington, Lehmer Test

13. Let a > 1 be an integer and let us define o,(a) = 0 if p|a. Prove
—1

that the function f : {2,3,5,7,11,...} = N, f(p) = b @
op(a

Jon Froemke, Jerrold W Grossman, AMM

14. Let d = 0,(n) and let k = v,(n? — 1).

a) If k > 1 then opy;(n) = d for j < k and op;(n) = p'~kd for all
ik

b) If k = 1 then let [ = v,(nP%—1). Prove that o,(n) = d, pi (1) = pd
for 2 < j <l and oy(n) = p'~d, for all j > 1.

is unbounded.

15. Let A be a finite set of prime numbers and let a > 2 be a positive
integer. Prove that there are only finitely many positive integers n such

that all prime factors of a™ — 1 are in A.
Iran Olympiad

16. Prove that for any prime p there is a prime number ¢ that does

not divide any of the numbers n? — p, with n > 1.
IMO 2003

17. Let a > 1 be a positive integer. Prove that for infinitely many n

the largest prime factor of a” — 1 is greater than nlog, n.

Gabriel Dospinescu
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DENSITY AND REGULAR DISTRIBUTION

Everyone knows that ({na}),>1 is dense in [0,1] if a is an irrational
number, a classical theorem of Kronecker. Various applications of this
nice result have appeared in different contests and will probably make
the object of Olympiad problems in the future. Yet, there are some
examples in which this result is ineffective. A simple one is as follows:
using Kronecker’s theorem one can easily prove that for any positive
integer a that is not a power of 10 there exists n such that a™ begins with
2006. The natural question: what fraction of numbers between 1 and n
have this property (speaking here about large values of n) is much more
difficult and to answer it we need some stronger tools. This is the reason
for which we will try to discuss some classical approximation theorems,
particularly the very efficient Weil criterion and its consequences. The
proofs are non-trivial and require some heavy-duty analysis. Yet, the
consequences that will be discussed here are almost elementary.

Of course, one cannot start a topic about approximation theorems
without talking first about Kronecker’s theorem. We skip the proof, not
only because it is very well-known, but because we will prove a much
stronger result about the sequence ({na}),>1. Instead, we will discuss
two beautiful problems, consequences of this theorem.

Example 1. Prove that the sequence ([nv/2003]),>1 contains arbi-

trarily long geometric progressions with arbitrarily large ratio.
Radu Gologan, IMO TST Romania

Solution. Let us take p a very large number. We will prove that
there are arbitrarily long geometric sequences with ratio p. Given
n > 3, let us prove that we can find a positive integer m such that
[p¥m+/2003] = p¥[m+/2003] for all 1 < k < n. If the existence of such a

number is proved, then the conclusion is immediate. But observe that
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[p¥m+/2003] = p*[m+/2003] is equivalent to [p*{m+/2003}] = 0, or to
{m+/2003} < in The existence of a positive integer m with the last
property is ensﬁred by Kronecker’s theorem.

Here is a problem that is apparently very difficult, but which is again
a simple consequence of Kronecker’s theorem.

Example 2. Consider ¥ > 1 and a such that loga is irrational.
Define the sequence x, as the number formed by the first k& digits of
the number [a"] with n > 1. Prove that this sequence is not eventually

periodical.
Gabriel Dospinescu, Mathlinks Contest

Solution. The solution is based on certain simple, but useful re-
marks. First of all, the number formed with the first k& digits of a num-
ber m is [10F~1+{logm}] The proof of this claim is not difficult. Indeed,
let us write m = T1@2 ... Tp, with p > k. Then m = z17. .7 - 10P=F 4
Thi1 .- Tp, hence T1. .. 2 - 1078 <m < (F1 -2k +1) - 10P~F. It follows

that 77 ... 7 = [ ] and, since p = 1 + [logm], the claim is proved.

m
10p—F

Another remark is the following: there is a positive integer r such
that @, > 10!, Indeed, assuming the contrary, we find that for all
r > 0 we have x,7 = 10¥~1. Using the first observation, it follows that

k —1+ {log[a’™]} < log(1 + 10¥~1) for all r. Thus

1
log (1 + 10k—1> > logla™] — [log[a"T]] > log(a™" — 1) — [loga™]

rT
aT —1°

It suffices now to consider a sequence of positive integers (r,) such

= {rTloga} — log

1
that 1 — — < {r,T'loga} (the existence is a simple consequence of Kro-
n

necker’s lemma) and we will deduce that:

1 1 amT
log 1+W +E+1ogm>lforalln
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The last inequality is clearly impossible.
Finally, assume the existence of such an r. It follows that for n > r

we have x,7 = x,1, thus

1
This shows that

1
log (1 + 10k—1) < log[a""] — [log[a""]] < nT'loga — [log a"]

= {nTloga} for all n > r.

But this contradicts Kronecker’s theorem.

Before passing to the quantitative results stated at the beginning
of this chapter, we must speak about a simple, yet surprising result,
which turns out to be very useful when dealing with real numbers and
their properties. Sometimes, it can even help us reducing the problem
to integers, as we will see in one of the examples. But first, let us state
and prove this result.

Example 3. (Dirichlet) Let 1, x9, . .., zx be some real numbers and
let € > 0. There exists a positive integer n and integers p1, po, . . ., pg such
that |nx; — pi| < e for all 7.

Solution. Thus we need to prove that if we have a finite set of real
numbers, we can multiply all its elements by a suitable integer such that
the elements of the new set are as close to integers as we want.

Let us choose an integer N > é and partition the interval [0, 1) in

N intervals,

N s—1 s
[0,1): UJS, ,]5: |:N,N) .

s=1
Now, choose n = N¥ + 1 and associate to any positive integer
q €{1,2,...,n} a sequence of k positive integers aq, as, ..., ag, where
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a; = s if and only if {gz;} € Js. We obtain at most N k sequences cor-
responding to these numbers and so by Dirichlet’s criterion we can find
1 < u < v < n such that the same sequence is associated to u and wv.
This means that for all 1 < i < k we have

Huz;} — {vz;}| < % <e.

It suffices thus to pick n = v — u, p; = [va;] — [uz;].

And here is how we can use this result in problems where it is more
comfortable to work with integers. But don’t kid yourself, there are
not many such problems. The one we are going to discuss has had a
circuitous itinerary between world’s Olympiads: proposed for IMO long
time ago, it appeared next at the W.L. Putnam Competition and later
on in a Japanese Mathematical Olympiad.

Example 4. Let 1,22, ..., 22,41 be positive real numbers with the
property: for any 1 < ¢ < 2n 4+ 1 one can make two groups of n numbers
by using x;, j # %, such that the sum of the numbers in each group is
the same. Prove that all numbers are equal.

Solution. Of course, the problem for integers is very well-known and
easy: it suffices to observe that in this case all numbers z; have the same
parity and the use of infinite descent solves the problem (either they are
all even and in this case we divide each one by two and obtain a new
set with smaller sum and the same properties; otherwise, we subtract 1
from each one and then divide by 2).

Now, assume that they are real numbers, which is clearly much more
subtle. First of all, if they are all rational, it suffices to multiply by their
common denominator and apply the first case. Thus assume that at least
one of the numbers is irrational. Consider ¢ > 0, a positive integer n,
and some integers pi,pa,...,pr such that |nx; — p;| < e for all i. We

claim that if € > 0 is small enough, the corresponding p1, ps, . .., pr have
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the same property as xi,z9,...,To,+1. Indeed, take some ¢ and write

the partition condition in the form
Zaijn:cj =0or Zaij(nxj —pj)=— Zaijpj
J#i J#i J#i

(where of course a;; € {—1,1}). Then

Zaijpj = Zai]’(mﬁj —p;)| < 2ne.
JF J#i

. 1
Thus if we choose € < 2 then ;aijpj = 0 and so p1,pa, ..., Pk
JF1
have the same property. Since they are all integers, they must be equal
(again, because of the first case). Thus we have proved that for any

N > 2n there are integers ny, py such that [nyx; — py| < —.

Because at least one of the numbers x1,za,...,xop41 is i{"\l(ational, it
is not difficult to prove that the sequence (ny)ns2, is unbounded. But
% > |ny| rrzlz;x|xl — x|, hence max; j |x; — z;| = 0 and the problem is
solved.

Now, let us turn to more quantitative results about the set of frac-
tional parts of natural multiples of different real numbers. The following
criterion, due to Weil, is famous and deserves to be discussed because of
its beauty and apparent simplicity.

Weil criterion. Let (a,)n>1 be a sequence of real numbers from the
interval [0,1]. Then the following statements are equivalent:

a) For any real numbers 0 < a <b <1,

lim {i] 1 <i<mn, a; € [a,b]}|

n— oo n

=b—a;

b) For any continuous function f : [0,1] — R,
1o !
nlingonkz_lf(ak) :/0 f(x)da;

208



¢) For any positive integer p > 1,

lim — E e2imPak —
n—oo n

In this case we will say that the sequence is equidistributed.

We will present just a sketch of the solution, containing yet all the
necessary ingredients.

First of all, we observe that a) says precisely that b) is true for
the characteristic function of any sub-interval of [0,1]. By linearity, this
remains true for any piecewise function. Now, there is a well-known and
easy to verify property of continuous functions: they can be uniformly
approximated with piecewise functions. That is, given € > 0, we can find
a piecewise function g such that |g(z) — f(z)| < € for all z € [0, 1]. But

then if we write

1 & 1
TOSVICAR QETE

k=1

< L3 (@) - ak|+/ £(@) - g(a)lde
k=1

1 & 1
+|= (ar) — (z)dx
n;g " /Og

and apply the result in b) for the function g, we easily deduce that b)

is true for any continuous function.

The fact that b) implies c) is immediate. More subtle is that b)
implies a). Let us consider the subinterval I = [a,b] with 0 < a <b < 1.
Next, consider two sequences of continuous functions fj, gr such that fy
is zero on [0,al, [b,1] and 1 on [a + %, b— ;] (being affine otherwise),
while g, has "the same” properties but is greater than or equal to Af

(the characteristic function of I = [a, b]). Therefore

1< < i 1
Zf |{z| 1 7;(1 —EZ
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But from the hypothesis,

1 & 1 1
n;fk(aj)_)/o fk(x)dx:b_a_%

and
1 ! 1
- ;gk(aj) — /0 gk(z)dr =b—a+ T
Now, let us take € > 0 and k sufficiently large. The above inequalities
show that actually for all sufficiently large positive integer n

{il 1 <i<mn, a; €[a,b]}]
n

—b+al <2

and the conclusion follows. The reader has already seen how to adapt
this proof for the case a =0 or b = 1.

Finally, let us prove that c) implies b). Of course, a linearity argu-
ment allows us to assume that b) is true for any trigonometric poly-
nomials of any degree. Because any continuous function f : [0,1] — R
satisfying f(0) = f(1) can be uniformly approximated by trigonometric
polynomials (this is a really non-trivial result due to Weierstrass), we
deduce that b) is true for continuous functions f for which f(0) = f(1).
Now, given f : [0, 1] — R continuous, it is immediate that for any € > 0
we can find two continuous functions g, h, both having equal values at

0 and 1 and such that
1
f(2) — g(2)] < h(z) and / h(z)ds < e.
0

Using the same arguments as those used to prove that b) implies a),
one can easily see that b) is true for any continuous function.

The first problem that we discuss is in fact the most common result
about equidistribution. We invite the reader to find an elementary proof
in order to appreciate the power of Weil’s criterion. Before presenting the

second problem, we need another definition: we say that the sequence
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(@p)p>1 is uniformly distributed mod 1 if the sequence of fractional parts
of a,, is equidistributed. So, here is the classical example.

Example 5. Let a be an irrational number. Then the sequence
(na)p>1 is uniformly distributed mod 1.

Solution. Well, after so much work, we deserve a reward: this is a
simple consequence of Weil’s criterion. Indeed, it suffices to prove that
c) is verified, which reduces to proving that

1~ o
lim — Z emrka — (%)
k=1

n—oo n

for all integers p > 1. But this is just a geometric series!!! A one-line
computation shows that (x) is trivially satisfied and thus we have the
desired result.

It’s probably time to solve the problem presented in the very begin-
ning of this note: how to compute the density of those numbers n for
which 2" begins with 2006 (for example). Well, again a reward: this is
going to be equally easy (of course, the reader needs some rest before
looking at some deeper results...).

Example 6. What is the density of the set of positive integers n for
which 2™ begins with 20067

Solution. Indeed, 2" begins with 2006 if and only if there is a
p > 1 and some digits aj,as2,...,a, € {0,1,...,9} such that 2" —
2006a1as . .. ap, which is clearly equivalent to the existence of p > 1
such that

2007 - 107 > 2™ > 2006 - 107.

This can be rewritten in the form

log 2007 + p > nlog?2 > log 2006 + p

2007 2006
log 2} > 1 .
Tono = {nlog2} > log 500

Thus the density of the desired set is exactly the density of the set of

This implies [nlog 2] = p+ 3 hence log
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positive integers n satisfying

2007 2006

log log 2} > 1 .
€100 > (1082} > log o0

2
From example 5, the last set has density log and so this is the

2006
answer to our problem.

We have seen a beautiful proof of the fact that if a is irrational, then
(na)p>1 is uniformly distributed mod 1. Actually, much more is true,
but this much more is also much more difficult to prove. The next two
examples are two important theorems. The first is due to Van der Corput
and shows how a brilliant combination of algebraic manipulations and
Weil’s criterion can yield difficult and nice results.

Example 7. (Van der Corput) Let (z,,) be a sequence of real num-
bers such that the sequences (zy4p — Zn)n>1 are equidistributed for all
p > 1. Then the sequence (x,,) is also equidistributed.

This is not an Olympiad problem!!! But mathematics is not just
Olympiad and from time to time (in fact, from a certain time on) one
should try to discover what is behind such great results. This is the
reason for which we present a proof of this theorem, a difficult proof
that uses the ”well-known” but not easy to remember inequality of Van
der Corput.

Lemma. (Van der Corput) For any complex numbers z1, za, ...,z
and any h € {1,2,...,n}, the following inequality is true (with the con-
vention that z; = 0 for any integer i not in {1,2,...,n}):

(n+h—1) [22 — 7)Re (Zzz+> —|—hZ|zz!2]

h2

ZZz

Unbelievable, but true! Not to mention that the proof of this in-
equality is anything but easy. We will limit to give the main idea of the
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proof, the computations being very technical. The idea behind this fun-
damental inequality is another fundamental one. You would have never

guessed: the Cauchy Schwarz inequality!!! The simple observation that

n n+h—1h—1
DITED 3b 38
=1 =1 j5=0

allows us to write (via Cauchy Schwarz’s inequality):

n 2 n+h—1|h—1 2
) SRIETRTEID S 3ET
i=1 i=1 |j=0

And next ? Well... this is where the readers will get some satisfac-

n+p—1 [p—1 2
tion... if they have the patience to expand Z Z zi—j| and see that
i=1 |j=0

it is nothing else than

p—1 n—r n
oS- e (s 03
r=1 i=1 i=1
Wishing them good luck with the computations, we will now prove
Van der Corput’s theorem, by using this lemma and Weil’s criterion.

Of course, the idea is to prove that

1 = 24
3 — P >
nhm nkg_le =0 for all p > 1.

Fix such a p > 1 and take for the moment a positive real number h and
e € (0,1) (h may depend on ¢). Also, denote z; = €*™%i. Using the

lemma, we have:

2
h—1 n—i
1< 1 n+h-1 ,
EZZJ' SET hn—l—QZ(h—z)Re ZZ]"ZH_]'
7=1 =1 7j=1
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Now, let us regard

n—1i

n—i n—i

Re § zj-Zirj | = Re E e2imp(xi—tit;) | < E e2imp(Tj—witj) |
Jj=1 Jj=1 Jj=1

Using Weil’s criterion for the sequences (zp4; — @) for i =

1,2,...,h — 1 we deduce that for all sufficiently large n we have
n—
Z 2Pz —Tit) | < g,
j=1

Therefore
. 2
1 1 h—1
1gn, | 1 n+hot

n 4 n? h2
Jj=1

h—1
hn+2eny (h— i)]

=1
n+h—1 2(1+¢)

2(1+¢)

for all sufficiently large n. Now, by choosing h > 5—» we deduce
€

that for all sufficiently large n we have

1 n
—E zj| < e.
n <

Jj=1

This shows that Weil’s criterion is verified and thus (x,) is equidis-
tributed.

This was surely the most difficult result of this unit, but why not
taking one more step once we are already here? Let us prove the following
weaker (but as the reader will probably agree, absolutely nontrivial)
version of famous theorem of Weil. It is related to the equidistribution
of the sequence ({f(n)})n>1 where is a real polynomial having at least
one irrational coefficient except for the free term. We will not prove this

here, but focus on the following result.
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Example 8. (Weil) Let f be a polynomial with real coefficients and
irrational leading coefficient. Then the sequence ({f(n)})n>1 is equidis-
tributed.

The reader has probably noticed that this is an immediate conse-
quence of Van der Corput’s theorem (but just imagine the amount of
work done to arrive at this conclusion!!!). Indeed, the proof by induction
is immediate.

Indeed, if f has degree 1, then the conclusion is immediate (see
example 5). Now, if the result holds for polynomials of degree at most k,
it suffices (by Van der Corput’s theorem) to prove that for all positive
integers p, the sequence (f(n + p) — (f(n)) is equidistributed. But this
is exactly the induction hypothesis applied to the polynomial (whose
leading coefficient is clearly irrational) f(X + p) — f(X). The proof by

induction finishes here.

Problems for training

1. Compute sup [ min |p — ¢v/3|
n>1 \ p,g€N
ptg=n

Putnam Competition

2. Prove that by using different terms of the sequence [n21/2006] one
can construct geometric sequences of any length.

3. Let 2 be an irrational number and let f(¢) = min({t},{1 — t}).
Prove that given any £ > 0 one can find a positive integer n such that
f(n?z) <e.

Iran 2004

4. Prove that the sequence consisting of the first digit of 2™ + 3™ is

not periodical.

Tuymaada Olympiad
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5. Suppose that A = {nj,ng,...} is a set of positive integers such
that the sequence (cosng)i>1 is convergent. Then prove that A has zero

density.
Marian Tetiva
6. Suppose that f is a real, continuous, and periodical function such

— | f(k
that the sequence Z ‘f;;) is bounded. Prove that f(k) = 0 for

k=1 n>1
all positive integers k. Give a necessary and sufficient condition ensuring

£ ()]

n
the existence of a constant ¢ > 0 such that Z T > clnn for all n.
k=1
Gabriel Dospinescu

7. Does the sequence sin(n?) + sin(n?) converge?
Gabriel Dospinescu

8. Let f be a polynomial with integral coefficients and let a be an
irrational number. Can all numbers f(k), & = 1,2,... be in the set
A = {[na]] n > 1}? Is it true that any set of positive integers with
positive density contains an infinite arithmetical sequence?

9. Let a,b be positive real numbers such that {na} + {nb} < 1 for
all n. Then at least one of them is an integer.

10. Prove that for every k one can find distinct positive inte-
gers ny,ma,...,ny such that [n1v2], [n2v2],..., [nkv2] and [n1V3],
[n2v/3], ..., [nxV/3] are both geometrical sequences.

After a romanian IMO TST problem

11. A flea moves in the positive direction of an axis, starting from
the origin. It can only jump over distances equal to v/2 and 1/2005.
Prove that there exists ng such that the flea will be able to arrive in any

interval [n,n + 1] for all n > ny.

Romanian Contest, 2005
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12. Let a, b, ¢ be positive real numbers. Prove that the sets
A ={[na]| n 21}, B={[nb]| n=>1}, C={[nd| n =1}

cannot form a partition of the set of positive integers.
Putnam

13. Let z1, 29, ..., 2, be arbitrary complex numbers. Prove that for

any € > 0 there are infinitely many positive integers n such that

e+ {128 4 2 4o+ 2] < max{zl, [l 2al )
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THE SUM OF DIGITS OF A POSITIVE INTEGER

Problems about the sum of digits of a positive integer often occur in
mathematical contests because of their difficulty and the lack of stan-
dard ways to tackle the problem. This is why a synthesis of the most
frequent techniques that occur in such cases would be useful. We have
selected several representative problems to show how the main results
and techniques work and why they are so important.

We will work only in base 10 and we will denote the decimal sum of
digits of the positive integer = by s(x). The following ”formula” can be
checked easily:

s(n) :n—QZ L%"?J (1)

k>1

From (1) we can easily deduce some well-known results about s(n) such
as s(n) =n(mod9) and s(m+n) < s(m)+ s(n). Unfortunately, (1) is a
clumsy formula, which can hardly be used in applications. On the other
hand, there are several more or less known results about sum of digits,
results which may offer simple ways to tackle hard problems. This is
what we will discuss about in the following.

The easiest of these techniques is, probably, just the careful anal-
ysis of the structure of the numbers and their digits. This can work
surprisingly well, as we will see in the following examples.

1. Prove that among any 79 consecutive numbers, one can choose at

least one whose sum of digits is a multiple of 13.
Baltic, 1997

Solution. Note that among the first 40 numbers, there are exactly
4 multiples of 10. Also, it is clear that the last but one digit of one of
them is at least 6. Let x be this number. Obviously, z, x+1,..., +39 are

among our numbers, so s(x), s(z) + 1,...,s(x) + 12 occur as sum of digits
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in some of our numbers. Obviously, one of these numbers is a multiple
of 13 and we are done.

We will continue with two harder problems, which still do not require
any special result or technique.

2. Find the greatest IV such that one can find N consecutive numbers
with the property that the sum of digits of the k-th number is divisible
by k, for k=1,2,...,N.

Tournament of Towns, 2000

Solution. The answer here is not trivial at all, namely 21. The
main idea is that among s(n + 2), s(n+ 12) and s(n + 22) there are two
consecutive numbers, which is impossible since they should all be even.
In truth, we make transports at a + 10 only when the last but one digit
of a is 9, but this situation can occur at most once in our case. So, for
N > 21, we have no solution. For N = 21, we can choose N+1, N+2,...,
N + 21, where N = 291 - 10" — 12. For i = 1 we have nothing to prove.
For 2 <i<11,s(N+i)=24+9+0+9(11!' —1)+i—2 =i+ 11! while
for 12 <4 <21, s(N+i) =2+9+1+ (i —12) = 4, so our numbers have
the desired property.

3. How many positive integers n < 102°% can be written as the sum

of 2 positive integers with the same sum of digits?
Adrian Zahariuc

Solution. Answer: 102995 — 9023. At first glance, it might seem al-
most impossible to find the exact number of positive integers with this
property. In fact, the following is true: a positive integer cannot be writ-
ten as the sum of two numbers with the same sum of digits iff all of its
digits (eventually) excepting the first are 9 and the sum of its digits is
odd.
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Let n be such a number. Suppose there are a,b € Z* such that
n =a+band s(a) = s(b). The main fact is that when we add a+b = n,
there are no transports. This is clear enough. It follows that s(n) =
s(a) + s(b) = 2s(a), which is impossible since s(n) is odd.

Now we will prove that any number n which is not one of the numbers
stated above, can be written as the sum of 2 positive integers with the
same sum of digits. We will start with the following:

Lemma. There is a < n such that s(a) = s(n — a)(mod?2).

Proof. If the s(n) is even, take a = 0. If s(n) is odd, then n must
have a digit which is not the first and is not equal to 9, otherwise it
would have one of the forbidden forms. Let ¢ be the value of this digit
and p its position (from right to left). Then let us chose a = 10P~(c+1).

At the adding a + (n — a) = n there is exactly one transport, so
s(a) + s(n—a) =9+ s(n) = 0(mod2) = s(a) = s(n — a)(mod?2)

which proves our claim.

Back to the original problem. All we have to do now is take one-by-
one a ”unity” from a number and give it to the other until the 2 numbers
have the same sum of digits. This will happen since they have the same

parity. So, let us do this rigorously. Let

a = aiaz.-ag,n — a = biby..bg
The lemma shows that the number of elements of the set I = {i €
{1,2,...,k} : 2 does not divide a; + b; } is even, so it can be divided into 2
sets with the same number of elements, say I; and I>. For i =1,2,....k
define A; = (a; +b;)/2ifi €I, (a; +b;+1)/2if i € I or (a; +b; —1)/2
if i € I and B; = a; + b; — A;. It is clear that the numbers

A= AlAQ...Ak7 B = B1Bs...B;
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have the property that s(4) = s(B) and A + B = n. The proof is
complete.

We have previously seen that s(n) = n(mod9). This is probably the
most famous property of the function s and it has a series of remarkable
applications. Sometimes it is combined with some simple inequalities
such as s(n) < 9(|lgn] + 1). Some immediate applications are the fol-
lowing:

4. Find all n for which one can find a and b such that
s(a) = s(b) = s(a+b) =n.

Vasile Zidaru and Mircea Lascu, JBMO TST, 2002

Solution. We have a = b = a + b = n(mod9), so 9 divides n. If
n = 9k, we can take a = b = 10¥ — 1 and we are done since s(10F — 1) =
s(2-10% — 2) = 9k.

5. Find all the possible values of the sum of digits of a perfect square.
Iberoamerican, 1995

Solution. What does sum of digits has to do with perfect squares?
Apparently, nothing, but perfect squares do have something to do with
remainders mod 9! In fact, it is very easy to prove that the only possible
values of a perfect square mod 9 are 0, 1, 4 and 7. So, we deduce that
the sum of digits of a perfect square must be congruent to 0, 1, 4 or 7
mod 9. To prove that all such numbers work, we will use a small and
very common (but worth to remember!) trick: use numbers that consist

almost only of 9-s. We have the following identities:

99...99% = 99...99800...001 = 5(99...99%) = 9n
~—— S~ = ~——

n n—1 n—1 n

99...991% = 99...998200...0081 = 5(99..991%) = 9n + 1
N—— N—— N—— N——

n—1 n—2 n—2 n—1
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99...992% = 99...998400...00 64 = 5(99..9922) = 9n + 4
N—— N—— N—— N——

n—1 n—2 n—2 n—1
99...9942% = 99...99 88 00...00 36 = 5(99..994%) = 9n + 7
N—— \_\1;/ \_\ﬁ;/ \_\,;/

n—1 n— n— n—

and since s(0) = 0, s(1) = 1, s(4) = 4 and s(25) = 7 the proof is
complete.

6. Compute s(s(s(4444%444))).
IMO 1975
Solution. Using the inequality s(n) < 9(|lgn|+1) several times we

have
5(4444*44%) < 9(|1g4444™** | + 1) < 920,000 = 180, 000;

s(s(4444*4%)) < 9(|1g 5(4444***) | +1) < 9(1g 180,000 + 1) < 36,
so s(s(s(4444%11))) < 12. On the other hand, s(s(s(n))) = s(s(n)) =

s(n) = n(mod9) and since

731481

44444444 — g4 _ 7 = 7(mod9),

the only possible answer is 7.

Finally, we present a beautiful problem which appeared in the Rus-
sian Olympiad and, later, in Kvant.

7. Prove that for any N there is n > N such that s(3") > s(37+1).

Solution. Suppose by way of contradiction that there is one N such
that s(3"*1) — 5(3") > 0,¥n > N. But, for n > 2, s(3"*!) — 5(3") =
0(mod9), so s(3"T1) — 5(3") > 9,¥n > N. It follows that

n
Z <3k+1 _3k) >9(n—N)=s(3"")>9(n-N),n>N+1.
k=N+1

But s(3") < 9(|1g3"t!| 4+ 1), s0o 9n — 9N < 9+ 9(n + 1)1g3, for all
n > N + 1. This is obviously a contradiction.
If so far we have studied some remarkable properties of the function

s, which were quite well-known, it is time to present some problems and
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results which are less familiar, but interesting and hard. The first result
is the following:

Statement. If 1 <z < 107", then s(z(10™ — 1)) = 9n.

Proof. The idea is very simple. All we have to do is write x =

aiasz...a; with a; # 0 (we can ignore the final 0-s of ) and note that

x(l()” — 1) = alag...aj_l(aj — 1) 9999(9 - CL1)...(9 — CLj)(lO - aj),
n—j
which obviously has the sum of digits equal to 9n.
The previous result is by no means hard, but we will see that it can
be the key in many situations. A first application is:

8. Compute s(9-99-999 - ... - 99...99).
=
2’)’1
USAMO, 1992
Solution. The problem in trivial if we know the previous result. We

have

N =9-99-999-...-99..99 < 101+2F-+2""" 102" _ |

on—1

SO s(wN) =9.2".

Hov%fzver, there are very hard applications of this apparently unim-
portant result, such as the following problem.

9. Prove that for any n there is a positive integer n which is divisible

by its sum of digits.
IMO Shortlist, 1998

Solution. Only to assure our readers that this problem did not ap-
pear on the ISL out of nowhere, such numbers are called Niven numbers
and they are an important research source in number theory. Now, let’s

solve it. We will see that constructing such a number is hard. First, we
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will get rid of the case n = 3*, when we can take the number 11...11 (it
—

n

can be easily proved by induction that 3k+2|103k —1).

Due to the trick that we should search numbers with many equal
digits and the last result, we decide that the required number p should
be wb (10t — 1), with wb < 10' — 1. This number will have

S S
s+t+1 digits and its sum of digits will be 9¢. Therefore, we will require
s+t =mn—1 and 9t aa...aab - (10! — 1). We now use the fact that
—

S
for t a power of 3, 9¢]10" — 1. So, let us take ¢t = 3* where k is chosen
such that 3¥ < n < 3F1 If we also take in account the condition

aa...aab < 10° — 1, the choice p = 11...112(103" — 1) when n < 2 - 3F
— — =
s n—3k—1
and p = 22...22(102'3k — 1) otherwise becomes natural.
<=

2.3k
We continue our investigations in finding suitable techniques for

problems involving sum of digits with a very beautiful result. The follow-
ing result turned out to have several consequences, most of them being
very hard.

Statement. Any multiple of w has sum of digits at least k.

k
Proof. We will use the extremal principle. Suppose by way of con-
tradiction that the statement is false and take M to be the smallest mul-

tiple of @ such that s(M) < k, where a = 11...11. Note that s(ia) = ik
=

for i = 1,2,...,9. So M > 10a > 10*. Therelfgore, M = aiaz."a,, with
p > k+1 and a, # 0. Take the number N = M — 10P~%q. Obviously, N
is a multiple of a. We will try to prove that s(N) < k. In this way, we
would contradict the minimality of M and the proof would be complete.
But this is not hard at all since if ag41 < 9, we have s(N) = s(M) < k
and if agy1 = 9, we have s(N) < s(M) < k.
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We will show 3 applications of this fact, which might seem simple,
but which might be unsolvable without it.

10. Prove that for every k, we have

|
lim sk(n) =0
n—co In"Inn

Gabriel Dospinescu

Solution. Due to the simple fact that 1087 — 1 < n = 10lsn) —
1|n!, we have that s(n!) > |lgn], from which our conclusion follows
easily.

11. Let .S be the set of positive integers whose decimal representation
contains only of at most 1988 1-s and the rest 0-s. Prove that there is a

positive integer which does not divide any member of S.
Tournament of Towns, 1988

Solution. Again, the solution follows directly from our result. We

01989 _ 1, whose multiples have sum of digits

can choose the number 1
greater than 1988.

12. Prove that for any k£ > 0, there is an infinite arithmetical se-
quence having the ratio relatively prime to 10, such that all its members

have the sum of digits greater than k.

IMO Shortlist, 1999

Solution. Let us remind that this is the last problem of ISL 1999,
so the hardest. The official solution is indeed one for such a problem.
But, due to our "theorem” we can chose the sequence a,, = n(10™ — 1),
where m > k and we are done.

Now, as a final proof of the utility of these two results, we will present
a hard, but beautiful, problem from the USAMO.

13. Let n be a fixed positive integer. Denote by f(n) the smallest k
for which one can find a set X C Z" of cardinality n with the property
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that

5(%56) =k

for all nonempty subsets Y of X. Prove that Cylgn < f(n) < Colgn

for some constants C; and Cs.
Gabriel Dospinescu and Titu Andreescu, USAMO 2005

Solution. We will prove that
1
lg(n+1)] < f(n) <9lg [n(”;) + 1} ,

which is enough to establish our claim. Let [ be the smallest integer such

that

101—12"(";1).

Consider the set X = {j(10'—1) : 1 < j < n}. By the previous inequality

and our first statement, it follows that

5 (§x> =9l

for all nonempty subsets Y of X, so f(n) < 9 and the RHS is proved.
Let m be the largest integer such that n > 10™ — 1. We will use the
following well-known

Lemma. Any set M = {a1,az, ..., an} has a nonempty subset whose
sum of elements is divisible by m.

Proof. Consider the sums a1, a1 + as,..., a1 +as + ... + ap,. If one of
then is a multiple of m, them we are done. Otherwise, there are 2 of them
congruent mod m, say the i-th and the j-th. Then, m|a;11+a;ro+...+a;
so we are done.

From the lemma, it follows that any set X with n elements has a

subset, say Y, whose sum of elements is divisible by 10™ — 1. By our
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second statement, it follows that

s(Z:E) >m = f(n) >m,

z€Y
and the proof is complete.
The last solved problem is one we consider to be very hard, and
which uses different techniques than the ones we have mentioned so far.
14. Let a,b € Z* such that s(an) = s(bn) for all n € Z™. Prove that
lga—1gb e Z.
Adrian Zahariuc and Gabriel Dospinescu

Solution. We start with an observation. If (max{a, b}, 10) = 1, then
the problem becomes trivial. Suppose a = max{a,b}. Then, by Euler’s
theorem, a|109"(“) — 1, so there is an n such that an = 109 — 1 and
since numbers consisting only of 9-s have the sum of digits greater than
all previous numbers, it follows that an = bn, so a = b.

Let us solve now the harder problem. For any k& > 1, there is a ny
such that 10* < any, < 10* +a — 1. It follows that s(ang) is bounded, so
s(bny) is bounded as well. On the other hand,

b b
105 = < bny, < 10F= + b,
a a

so, for sufficiently large p, the first (nonzero) digits of b/a are exactly
the same as the first p digits of bny for large enough k. This means the
the sum of the first p digits of b/a is bounded, which could only happen
when this fraction has finitely many decimals. Analogously, we can prove
the same result about a/b.

Let a = 2%5Ym and b = 2*5'm/, where (m,10) = (m/,10)=1. It fol-
lows that m|m’ and m/|m, so m = m/. Now, we can write the hypothesis

as
s(2°5%mn2°7*57Y) = s(2°5Ymn2°7*57Y) = s(mn), Ve > max{z, y}
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Now, if p = max{z+c—z,u+c—y} —min{z+c—x,u+c—y}, we get
that there is a k € {2,5} such that s(mn) = s(mkPn) for alln € Z*. It
follows that

s(m) = s(kPm) = s(k**m) = s(k*’m) = ...

Let t = aP, so lgt € R — Q unless p = 0. Now, we will use the following;:

Lemma. Iflgt € R — Q, then for any sequence of digits, there is a
n € Z1, such that t"m starts with the selected sequence of digits.

Proof. If we will prove that {{lgt"m} : n € Z*} is dense in (0,1),
then we are done. But lgt"m = nlgt + m and by Kronecker’s theorem
{{nlgt}:n € Z*} is dense in (0, 1), so the proof is complete.

The lemma implies the very important result that s(t"m) is un-
bounded for p # 0, which is a contradiction. So p = 0 and hence
z4+c—x=u+c—y,soa=10""%b and the proof is complete.

This problem can be nicely extended to any base. The proof of the
general case is quite similar, although there are some very important

differences.

The upmetioned methods are just a point to start from in solving
such problems since the variety of problems involving sum of digits is
very large. The techniques are useful only when they are applied cre-

atively. Finally, we invite our readers to solve this proposed problems:

Proposed Problems

1. Prove that among any 39 there is one whose sum of digits is

divisible by 11.
USSR, 1961

2. Prove that among any 18 consecutive 2-digit numbers there is at

least one Niven number.
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Tournament of Towns, Training, 1997

3. Are there positive integers n such that s(n) = 1,000 and s(n?) =
1,000, 0007
USSR, 1985

4. Prove that for any positive integer n there are infinitely many

numbers m which do not contain any zero, such that s(n) = s(mn).
USSR, 1970
5. Find all z such that s(z) = s(27) = s(3z) = ... = s(a?).
Kurschak, 1989

6. Are there arbitrarily long arithmetical sequences whose terms

have the same sum of digits? What about infinite aritmetical sequences?

*kx
7. Prove that
lim s(2") = 0.
n—oo
*kx
8. Are there p € Z[X] such that
lim s(p(n)) = oo?
n—oo
*kx

9. Prove that there are arbitrarily long sequences of consecutive
numbers which do not contain any Niven number.

kKK

10. We start with a perfect number, different form 6 (which is equal
to the sum of its divisors, except itself), and calculate its sum of digits.
Then, we calculate the sum of digits of the new number and so on. Prove
that we will eventually get 1.

kkk
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11. Prove that there are infinitely many x € Z* such that
s(z) + s(x?) = s(z).

Gabriel Dospinescu

12. a, b, ¢ and d are primes such that 2 < a < ¢ and a # b. We now
that there is one M € 7Z such that the numbers an 4+ b and cn + d have
the same sum of digits for any n > M and base between 2 and a — 1.

Prove that a = c and b = d.
Gabriel Dospinescu

13. Let (an)n>1 be a sequence such that s(a,) > n. Prove that for

any n, we have
1 1 1
—+ —+ ...+ —<32
aq a9 Qp,
Can we replace 3.2 by 37
Laurentiu Panaitopol

14. Prove that one can find n; < ng < ... < ngg such that
ny1 + s(n1) = n2 + s(n2) = ... = nsp + s(nso)

Poland, 1999

15. Study whether we can choose the numbers in the previous prob-

lem such that no — ny =ng —no = ... = nsy — Nyo.
Gabriel Dospinescu

16. Define f(n) = n + s(n). A number m is called special if there
is a k such that f(k) = m. Prove that there are infinitely many special

numbers 10" 4 b iff b — 1 is special.
Christopher D. Long
17. Find a Niven number with 100 digits.
Sankt Petersburg, 1990
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18. Let S be a set such that for any oo € R—Q, there is a number n €
Z* such that |a"] € S. Prove that S contains numbers with arbitrarily

large sum of digits.
Gabriel Dospinescu

19. Let a be a positive integer such that s(a™ + n) = 1 + s(n) for

any n > M, where M is given. Prove that a is a power of 10.
Gabriel Dospinescu

20. Let k € Z*. Prove that there is a positive integer m such that

the equation n + s(n) = m has exactly k solutions.
Mihai Manea, Romanian IMO TST, 2003
21. Are there 19 positive integers with the same sum of digits, which
add up to 19997
Rusia, 1999
22. Let a,b > 0. Prove that the sequence s(|an + b]) contains a
constant subsequence.
Laurentiu Panaitopol, Romanian IMO TST, 2002
23. If s(n) = 100 and s(44n) = 800, find s(3n).
Rusia, 1999
24. Find the smallest positive integer which can be expressed at the

same time as the sum of 2002 numbers with the same sum of digits and

as the sum of 2003 numbers with the same sum of digits.
Rusia, 2002
25. Prove that

1
3y _st) 10y 4
= nn+1) 9

O. Shallit
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Open Questions

1. For any a > 1, we have

lim s(a") = o0
n—oo

(proved only for a couple of values, namely 2, 4, 6, 8).

2. Is it true that
|
s(n!) I
n—oo nlnlnn
3. Let a,b € Z" such that s(a™) = s(b") for all n € Z*. Prove that

lga—1gb e Z.

4. Prove that for any n, there are a,b € Z such that lga —1gb ¢ Z
with the property that s(a*) = s(b*) for any k € {1,2,...,n}.

5. Is it true that

2n
lim s(2") = 00?
n—oo Inmn
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ANALYSIS AGAINST NUMBER THEORY?

”Olympiad problems can be solved without the aid of analysis or
linear algebra” is a sentence always heard when speaking about the el-
ementary problems given in contests. This is true, but the true nature
and essence of some of these problems is in analysis and this is the reason
for which such type of problems are always the highlight of a contest.
Their elementary solutions are very tricky and sometimes extremely dif-
ficult, while using analysis they can be solved quickly. Well, of course,
”quickly” only if you see the sequence that hides after each problem.
Practically, our aim is to exhibit convergent sequences formed by in-
teger numbers. These sequences must become constant and from here
the problem is much easier. The difficulty is in finding those sequences.
Sometimes, this is easy, but most of the time this is a very difficult task.
We will develop our skills in "hunting” these sequences by solving first
some easy problems (anyway, "easy” is a relative concept: try to solve
them elementary and you will see if they really are easy) and after that
we will attack the chestnuts.

As usual, we begin with a classic beautiful problem, which has lots
of applications and extensions.

Example 1. Let f,g € Z[X] be two non-constant polynomials such
that f(n)|g(n) for an infinite natural numbers n. Prove that f divides g
in Q[X].

Solution. Indeed, we need to look at the remainder of g when di-
vided with f in Q[X]! Let us write g = fh+r, were h,r are polynomials
from Q[X] and degr < deg f. Now, multiplying by the common denom-
inator of all coefficients of polynomials h,r, the hypothesis becomes:

there exists two infinite sequences (ap)n>1, (bn)n>1 of integer numbers
r(an)

flan)

and a positive integer N such that b, = N (we could have some
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problems with the roots of f, but they are in finite number and the
sequence (an)p>1 tends to infinity, so from a certain point, a, is not a

r(a
( n) — 0, thus (bn)nzl
n
is a sequence of integer numbers that tends to 0. This implies that from

root of f). Since degr < deg f, it follows that

a certain point, all the terms of these sequence are 0. Well, this is the
same as 7(a,) = 0 from a certain point ng, which is practically the same
thing with » = 0 (don’t forget that any non-zero polynomial has only a
finite number of roots!). But in this moment the problem is solved.

The next problem we are going to discuss is a particular case of a
much more general and classical result: if f is a polynomial with integer
coefficients, k > 1 is a natural number and &/f(n) € Q for all natural
numbers 7, then there exists a polynomial g € Q[X] such that f(z) =
g*(z). We won’t discuss here this general result (the reader will find a
proof in the chapter about arithmetic properties of polynomials).

Example 2. Let a # 0,b,c be integers such that for any natural
number n, the number an? + bn + ¢ is a perfect square. Prove that there
exist x,y € Z such that a = 22, b = 2xy, ¢ = 1.

Solution. Let us begin by writing an? + bn + ¢ = 22 for a certain
sequence of nonnegative integers (z,)n>1. We could expect that z,—n\/a
converges. And yes, it converges, but it’s not a sequence of integers, so
the convergence is useless. In fact, it’s not that useless, but we need
another sequence. The easiest way is to work with (2,41 —Zp)n>1, since
this sequence certainly converges to \/a (the reader has already noticed
why it wasn’t useless to find that x,, —n+/a is convergent; we used this to
establish the convergence of (5,41 — Tp)n>1). This time, the sequence is
formed by integer numbers, so it is constant from a certain point. Thus,
we can find a number M such that if n > M then x,+1 = 2, ++/a. Thus,
a must be a perfect square, let us say a = z2. A simple induction shows

that x, = x3; + (n — M)z and so (zy — Mx +nx)? = 22n? 4 bn + ¢ for
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all n > M. A simple identification of coefficients finishes the solution,
since we can take y = xp; — M.

The following problem is based on the same idea, but it really doesn’t
seem to be related with mathematical analysis. In fact, as we will see,
it is closely related to the concept of convergence.

Example 3. Let a,b,c¢ > 1 be positive integers such that for any
positive integer n there exists a positive integer k such that a*+b* = 2¢".

Prove that a = b.
Laurentiu Panaitopol

Solution. What does the problem say in fact? That we can find a se-
quence of positive integers (x,,),>1 such that a®*+b"» = 2¢". What could
be the convergent sequence here? We see that (xy,),>1 is appreciatively
kn for a certain constant k. Thus, we could expect that the sequence
(Tp+1 — Xn)n>1 converges. Let us see if this is true or not. From where

could we find x,,, 1 —x,? Certainly, by writing that a®+! 4b%n+1 = 2¢+1
amn+l + bxn+1

a®n + brr

) a®n+1  pTn+l )

pose that a > b and let us write o b = ¢ in the form
a n n

b Tn+1
1+ (2)
arn+1 —Tn a

(1)
a

from where it is easy to see that a®+1 7% converges to c¢. Why is it so

and after that considering the value = c¢. Now, let us sup-

:C’

easy? It would be easy if we could show that z,, — oo. Fortunately,
this is immediate, since 2a** > 2¢" = xz, > nlog,c. So, we found
that a®+17%» converges. Being a sequence of integer numbers, it must

become constant, so there exist M such that for all n > M we have
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a*n+17%n = ¢, This means that for all n > M we also have
b Tn+1
14 ()
a
B
14 ()
a

But this is impossible, since a > b. Thus, our assumption was wrong
and we must have a < b. Due to symmetry in a and b, we conclude that
a=b.

Another easy example is the following problem, in which finding the
right convergent sequence of integers in not difficult at all. But, attention
must be paid to details!

Example 4. Let a1, as9,...,ar be positive real numbers such that
at least one of them is not an integer. Prove that there exits infinitely
many natural numbers n such that n and [a1n] + [agn] + - - - + [axn] are

relatively prime.
Gabriel Dospinescu, Arhimede Magazine

Solution. Of course, the solution of such a problem is better to be
indirect. So, let us assume that there exists a number M such that for all
n > M the numbers n and [a1n] + [a2n]| + - - - + [axn] are not relatively
prime. Now, what are the most efficient numbers n to be used? Yes,
they are the prime numbers, since if n is prime and it is not relatively
prime with , [a1n] + [aan] + -+ + [agn], then it must divide [a1n] +
[agn] + - -+ + [agn]. This suggests us to consider the sequence of prime
numbers (pp)n>1. Since this sequence is infinite, there is a number N
such that if n > N then p, > M. According to our assumption, this
implies that for all n > N there exist a natural number x,, such that
[a1pn] + [a2pn] + - - -+ [axDn] = Tnppn. And now, you have already guessed

what is the convergent sequence! Yes, it is (zy)n,>n. This is obvious,
[a1pn] + [agpn] + - - - + [agpn)
Pn

since tends to n > Naj + as + - -+ + ag.
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Thus, we can find a number P such that for z, = a1 +as + - - - + a; for
all n > P. But this is the same as {aip,} + {a2pn} + -+ + {axpn} = 0.
Of course, this says that a;p, € Z for all i = 1,k and n > P. Well,
the conclusion is immediate: a; € Z for all i = 1, k, which contradicts
the hypothesis. Consequently, we were wrong again and the problem
statement is right!

Step by step, we start to have some experience in ”guessing” the
sequences. Thus, it’s time to solve some more difficult problems. The
next problem we are going to discuss may seem obvious after reading
the solution. In fact, it’s just that type of problem whose solution is very
short, but very hard to find.

Example 5. Let a,b € Z such that for all natural numbers n the

number a - 2" 4 b is a perfect square. Prove that a = 0.
Poland TST

Solution. Again, we argue by contradiction. Suppose that a # 0.
Then, of course, a > 0, otherwise for large values of n the number
a-2"+b is negative. According to the hypothesis, there exists a sequence
of positive integers (xy)n,>1 such that for all natural numbers n, z, =
Va - 27 +b. Then, a direct computation shows that ILm (22, — Tpy2) =
0. This implies the existence of a natural number ?V :ouch that for all
n > P we have 2z, = x,42. But 2z, = z,49 is equivalent with b = 0.
Then, a and 2a are both perfect squares, which is impossible for a # 0.
This shows, as usually, that our assumption was wrong and indeed a = 0.

A classical result of Schur states that for any non-constant polyno-
mial f with integer coefficients, the set of prime numbers dividing at
least one of the numbers f(1), f(2), f(3),... is infinite. The following
problem is a generalization of this result.

Example 6. Suppose that f is a polynomial with integer coefficients

and (ay) is a strictly increasing sequence of natural numbers such that
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an < f(n) for all n. Then the set of prime numbers dividing at least one
term of the sequence is infinite.

Solution. The idea is very nice: for any finite set of prime numbers
P1,p2,...,pr and any k > 0, we have

1
Z kaq pkOéN < o0.

a1,00,..an€Zy PL PN

Indeed, it suffices to remark that we have actually

Z ka1 kaN
ar,az,.aneZy P1 j=1 i>0 P
) 1
On the other hand, by taking K = ———— we clearly have
2deg(f)

1
2 =

n>1

Thus, if the conclusion of the problem is not true, we can find
P1,P2,--.,pr such that any term of the sequence is of the form
plfo‘l pﬁ?”v and thus

1
Z k — Z kaq kapn < o0.
n>1 Un a1,02,...,aNEZ4 Py -.-PN

On the other hand, we also have

n>1 ”

which is clearly impossible.

The same idea is employed in the following problem.

Example 7. Let a,b > 2 be natural numbers. Prove that there is
a multiple of ¢ which contains all digits 0,1,...,b — 1 when written in
base b.

Adapted after a Putnam problem
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Solution. Let’s suppose the contrary. Then any multiple of a misses
at least a digit when written in base b. Since the sum of inverses of all
multiples of a diverges (because 1+ % + 3 + -+ = 00), it suffices to show
that the sum of inverses of all natural numbers missing at least one digit
in base b is convergent and we will reach a contradiction. But of course,
it suffices to prove it for a fixed (but arbitrary) digit j. For any n > 1,
there are at most (b — 1)” numbers which have n digits in base b, all
different from j. Thus, since each one of them is at least equal to b"7!,
the sum of inverses of numberz that miss the digit 7 when written in base

-1

n
b is at most equal to Z b (b) , which converges. The conclusion
n

follows.

We return to classical problems to discuss a beautiful problem, that
appeared in the Tournament of the Towns in 1982, in a Russian Team
Selection Test in 1997 and also in the Bulgarian Olympiad in 2003. It’s
beauty explains probably the preference for this problem.

Example 8. Let f € Z[X] be a polynomial with leading coefficient
1 such that for any natural number n the equation f(x) = 2™ has at
least one natural solution. Prove that deg f = 1.

Solution. So, the problem states that there exists a sequence of
positive integers (zy)n>1 such that f(x,) = 2". Let us suppose that
deg f = k > 1. Then, for large values of z, f(z) behaves like 2*. So,
trying to find the right convergent sequence, we could try first to ”think
big”: we have fo = 2" that is for large n, z, behaves like 2% . Then,
a good possibly convergent sequence could be z,;, — 2x,. Now, the

hard part: proving that this sequence is indeed convergent. First, we
Ttk
Tp

will show that

converges to 2. This is easy, since the relation
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f(xn—i-k) = 2kf(xn) implies
f(@ntr) <$n+k>k _ ok f(zn)

k k
Lotk Tn Tn
and since
. x .
lim Lk):land lim z, = o0©
r—o0 I n—oo

(do you see why?), we find that indeed

. Tn+k
lim =ntk

n—oo Iy

= 2.

We will see that this will help us a lot. Indeed, let us write
k-1 '
flx) =% + Zaix’.
i=0

Then f(z,4%) = 2Ff(2,) can be also written
k

> _ai(@ha, — )

—1
=0

Tptk — 2@p = P

| k—i—1
Z(Q:Un)l:rn;k
i=0
x
But from the fact that lim ntk
n—oo Iy

side in the above relation is also convergent. So, (2,45 — 22y )p>1 is con-

vergent and it follows that there exist M, N such that for all n > M we

[y

= 2. it follows that the right-hand

have z, 1 = 22,4+ N. But now the problem is almost done, since the last
result combined with f(z,, %) = 28 f(2,) yields f(2z, + N) = 2~ f(z,,)
for n > M, that is f(2z + N) = 2¥f(z). So, an arithmetical property
of the polynomial turned into an algebraic one using analysis. This al-
gebraic property helps us to immediately solve the problem. Indeed, we
see that if z is a complex root of f, then 2z + N,42 4+ 3N,82+ 7N, ...
are all roots of f. Since f is non-zero, this sequence must be finite and
this can happen only for z = —N. Since —N is the only root of f, we
deduce that f(x) = (z + N)*. But since the equation f(z) = 2%*! has
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natural roots, we find that 2% €N , which implies, contradiction. Thus,
our assumption was wrong and deg f = 1.

The idea of the following problem is so beautiful, that after reading
the solution the reader will have the impression that the problem is
trivial. Wrong! The problem is really difficult and to make again an
experiment, we will ask the reader to struggle a lot before reading the
solution. He will see the difficulty.

Example 9. Let m(n) be the number of prime numbers smaller than
or equal to n. Prove that there exist infinitely many numbers n such that

AMM

Solution. First, let us prove the following result, which is the key
of the problem.

Lemma. For any increasing sequence of positive integers (ap)n>1

. Gnp n .
such that lim — =0, the sequence | — contains all natural num-
nmee On /) n>1

bers. In particular, for infinitely many n we have that n divides a,,.
Proof. Even if it seems unbelievable, this is true and moreover the

proof is extremely short. Let m > 1 be a natural number. Consider the

a 1
set A = {n > 1] UL } This set contains and it is bounded, since
mn — m
. Amn . . Amk 1
lim = 0. Thus it has a maximal element k. If —~ = —, then
n—oo Mmmn m

m is in the sequence | — . Otherwise, we have a,,(r41) > amk >
an n>1

k + 1, which shows that k 4 1 is also in the set, contradiction with the
maximality of k. The lemma is proved.

Thus, all we need to show is that le M = 0. Fortunately, this is
well-known and not difficult to plroveq.I To}.;er: are easier proofs than the
following one, but we prefer to deduce it from a famous and beautiful

result of Erdos.
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Erdos’s theorem. We have H p<4",

psn
pprime

The proof of this result is magnificient. The proof is by induction.
For small values of n it is clear. Now, assume the inequality true for all

values smaller than n and let us prove that H p < 4", If nis even,

p<n
pprime

we have nothing to prove, since

II =1[ psat<am

p<n p<n—1
pprime pprime

Now, assume that n = 2k 4+ 1 and consider the binomial coefficient

2% +1\  (k+2)...(2k+1)
") ;

A simple application of the fact that

l

>0

2%k +1\
< 4k,

Thus, using the inductive hypothesis, we find that

I[ITrs Il » ]I psaFt aF=an

shows that

p<n p<k+1 k4+2<p<2k+1
pprime pprime pprime
. m(n) e
Now, the fact that lim —— = 0 is trivial. Indeed, fix k > 1. We

n—oo N
have for all large n the inequality

nlgd > > lgp>lgk(n(n) - m(k)),

k<p<n
pprime
which shows that
(k) lg4
<42l
m(n) < - + ok
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This shows of course that lim M = 0. The problem is solved.

It is time now for the last ;rogienﬁ which is, as usual, very hard. We
don’t exaggerate if we say that the following problem is exceptionally
difficult.

Example 10. Let a,b > 1 be natural numbers such that for any

natural number n, a™ — 1|b™ — 1. Prove that b is a natural power of a.
Marius Cavachi, AMM

Solution. This time we will be able to find the right convergent
sequence only after some double recurrences. Let us see. So, initially

we are given that there exists a sequence of positive integers (z.)n>1

7 b n
Then, z} = () for large values of n. So, we
a

such that x} =

a”—1
could expect that the sequence (22),>1, 22 = bzl —az? 1 1s convergent.

Unfortunately,

s VT a—-1)—a"T'(b—1)+a—b
no (@ —1)(am+1 —1) ’

X

which is not necessarily convergent. But... if we look again at this
n
sequence, we see that for large values of n it grows like <2) , SO
a
much slower. And this is the good idea: repeat this procedure until

the final sequence behaves like (ka) , where k is chosen such that
a

a¥ < b < aF*tl. Thus, the final sequence will converge to 0. Again,
the hard part has just begun, since we have to prove that if we define
gt = bal —a'z? | then Jim o+l = 0. This isn’t easy at all. The idea
is to compute z7 and after that to prove the following statement: for

any ¢ > 1 the sequence (z,)n>1 has the form

b + ci_1a " 4 a4 ¢
(anti=1 — 1) (a2 —1)...(a" — 1)

for some constants cg, c1, . . ., ¢;. Proving this is not so hard, the hard part

was to think about it. How can we prove the statement otherwise than by
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induction? And induction turns out to be quite easy. Supposing that the
statement is true for ¢, then the corresponding statement for i+ 1 follows

from aftt = bal, — a’al, | directly (note that to make the difference, we

just have to multiply the numerator cib"—kci_la(i_l)”—k- - +4c1a™+co with
band a" " —1. Then, we proceed in the same way with the second fraction
and the term b"T1q"*% will vanish). So, we have found a formula which

shows that as soon as a’ > b we have lim z?, = 0. So, we have deduced
n—oo

that lim 2f*! = 0. Another step of the solution is to take the minimal
n—oo

index j such that lim =z, = 0. Obviously, j > 1 and the recurrence
n—oo
i+1

relation z&t! = ba?, — a'z?, 11 shows that x¢, € Z for all n,i. Thus, there

exists M such that whenever n > M we have ;U% = 0. This is the same

b n—M

i1 i1 o i1 i1
as by, - = a’x), 5 for all n > M, which implies #f, = = | — oy

a’
for all n > M. Let us suppose that b is not a multiple of a. Since
() xg\/[l € Z for all n > M, we must have xgwl = 0 and so
al

x%_l = 0 for n > M, which means ILm x% = 0. But this contradicts
the minimality of j. Since we have ;Leaocohed a contradiction, we must
have alb. Let us write b = ca. Then, the relation a"™ — 1|0 — 1 implies
a™ — 1|¢™ — 1. And now are finally done. Why? We have just seen that
a™ — 1|¢"™ — 1 for all n > 1. But our previous argument applied for ¢
instead of b shows that a|c. Thus, ¢ = ad and we deduce again that a|d.
Since this process cannot be infinite, b must be a power of a.

It worth saying that there exist an even stronger result: it is enough
to suppose that a™ — 1|b™ — 1 for an infinite number n, but this is a
much more difficult problem. It follows from a result found by Bugeaud,
Corvaja and Zannier in 2003:

If a,b > 1 are multiplicatively independent in @Q* (that is log, b € Q),

Y2

then for any € > 0 there exists ng = no(a, b, £) such that ged(a™ —1,0" —
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1) < 2°" for all n > ng. Unfortunately, the proof is too advanced to be

presented here.

Problems for training

1. Let f € Z[X] be a polynomial of degree k such that for all n € N
we have W € Z. Prove that there exists integer numbers a, b such
that f(x) = (ax + b)*.

2. Find all arithmetic progressions of positive integers (a,)n>1 such
that for all n > 1 the number aq + as + - - - + a,, is a perfect square.

Laurentiu Panaitopol, Romanian Olympiad 1991

3. Let p be a polynomial with integer coefficients such that there
exists a sequence of pair wise distinct positive integers (an)n>1 such
that p(a1) = 0, p(a2) = a1, p(az) = ag,.... Find the degree of this
polynomial.

Tournament of the Towns, 2003

4. Let f,g : N* — N* two functions such that |f(n) —n| < 2004\/n
and n? + ¢g2(n) = 2f2(n). Prove that if f or g is surjective, then these
functions have infinitely many fixed points.

Gabriel Dospinescu, Moldova TST 2004

5. Let a, b be natural numbers such that for any natural number n,
the decimal representation of a + bn contains a sequence of consecutive
digits which form the decimal representation of n (for example, if a =
600, b = 35, n = 16 we have 600 + 16 - 35 = 1160). Prove that b is a
power of 10.

Tournament of the Towns, 2002

6. Let a,b > 1 be positive integers. Prove that for any given k£ > 0
there are infinitely many numbers n such that ¢(an 4 b) < kn, where ¢

is the Euler totient function.
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Gabriel Dospinescu

7. Let b an integer at least equal to 5 and define the number

Tnp = 11...122...25 in base b. Prove that x, is a perfect square for

n—1 n

all sufficiently large n if and only if b = 10.
Laurentiu Panaitopol, IMO Shortlist 2004

8. Find all triplets of integer numbers a, b, ¢ such that for any positive

integer n, a - 2" + b is a divisor of ¢” + 1.
Gabriel Dospinescu

11. Suppose that a is a real number such that all numbers

19,2 3%, ... are integers. Then prove that a is also integer.
Putnam

12. Find all complex polynomials f having the property: there exists
a > 2 a natural number such that for all sufficiently large n, the equation

f(z) = a™ has at least a positive rational solution.
Gabriel Dospinescu, Revue de Mathematiques Speciales

13. Let f be a complex polynomial having the property that for all
natural number n, the equation f(x) = n has at least a rational solution.

Then f has degree at most 1.
Mathlinks Contest

14. Let A be a set of natural numbers, which contains at least one
number among any 2006 consecutive natural numbers and let f a non-
constant polynomial with integer coefficients. Prove that there exists a
number N such that for any n > N there are at least vInlnn different

prime numbers dividing the number H f(k).

N<k<n
keA

Gabriel Dospinescu
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15. Prove that in any strictly increasing sequence of positive integers
(an)n>1 which satisfies a,, < 100n for all n, one can find infinitely many

terms containing at least 1986 consecutive 1.
Kvant

16. Any infinite arithmetical progression contains infinitely many
terms that are not powers of integers.

17. Find all a, b, ¢ such that for all sufficiently large n, the number
a-4"+b-6"+ c-9" is a perfect square.

18. Let f, g two real polynomials of degree 2 such that for any real
z, if f(x) is integer, so is g(x). Then there are integers m,n such that

g(z) =mf(x) +n for all z.
Bulgarian Olympiad

19. Try to generalize the preceding problem (this is for the die-
hards!!!).
20. Find all pairs of natural numbers a, b such that for every positive

integer n the number an + b is triangular if and only if n is triangular.
After a Putnam problem

21. Let (an)n>1 be an infinite and strictly increasing sequence of
positive integers such that for all n > 2002, a,|a1 + a2 + -+ + an—_1.
Prove that there exists ng such that for all n > ng we have a,, = a1 +

ag + -+ ap—1.
Tournament of the Towns, 2002

22. Find all real polynomials such that the image of any repunit is

also a repunit.
After a problem from Kvant
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ca

23. Fie doua multimi finite de numere reale pozitive cu proprietatea

{any neR} C {Zx"] neR}.

€A r€B
Sa se arate ca exista k € R astfel incat A = {z¥| z € B}.

Gabriel Dospinescu
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QUADRATIC RECIPROCITY
a
For an odd prime p, define the function <) : Z — {-1,1} by
p
a
<> = 1 if the equation 2 = a has at least a solution in Z, and, other-
p
wise, ) = —1. In the first case, we say that a is a quadratic residue
modulo p, otherwise we say that it is a non quadratic residue modulo
p. This function is called Legendre’s symbol and plays a fundamental
role in number theory. Perhaps the most remarkable result involving
this symbol is Gauss’s quadratic reciprocity law. This states that for

different odd prime numbers p, ¢ the following equality holds:

0@

This is a nontrivial result whose proof will be sketched later. Until
then, we will unfold some easier properties of Legendre’s symbol. First,
let us present an useful theoretical (but not practical at all) way of

) a
computing () due to Euler.

Theorem. The following identity is true:
<a> =a"7 (mod p).
p

We will prove this result and many other simple remarks concerning

a
quadratic residues in what follows. First, let us assume that () =1
p

2

and consider z a solution of the equation 2° = a in Z,. Using Fermat’s

theorem, we find that a7 = 2Pl = 1 (mod p). Thus the equality

<a) = a7 (mod p) holds for all quadratic residues a modulo p. In

p
addition, for any quadratic residue we have a'r =1 (mod p). Now, we

—1
will prove that there are exactly }?T quadratic residues in Z, \ {0}.

This will enable us to conclude that quadratic residues are precisely the
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roots of the polynomial X 2" — 1 and also that non quadratic residues
are exactly the roots of the polynomial X = + 1 (from Fermat’s little
theorem). Note that Fermat’s little theorem implies that the polynomial
xXp=l 1= (X% - 1)(XPT_1 + 1) has exactly p — 1 roots in the field
Zp,. But in a field, the number of different zeros of a polynomial cannot
exceed its degree. Thus each of the polynomials X B2 land X7 +1

has at most P

zeros in Z,. These two observations show that in fact

each of these polynomials has exactly P~ 2 eros in Zp. Let us observe

—1
next that there are at least pT quadratic residues modulo p. Indeed,

all numbers 2 (mod p) with 1 < i < P are quadratic residues and

they are all different. This shows that there are exactly p%l quadratic
residues in Z, \ {0} and also proves Euler’s criterion.

We have said that Euler’s criterion is a very useful result. Indeed, it
allows a very quick proof of the fact that <;> : Z — {—1,1} is a group

morphism. Indeed, we have

()05 -0 - (2)()

b b
The relation (a) = (a) () shows that while studying Le-
p p

p
gendre’s symbol, it suffices to focus on the prime numbers only. Also,
a b
the same Euler’s criterion implies that () = <> whenever a = b
p p

(mod p).
It is now time to come back to Gauss’s celebrated quadratic reci-
procity law. First of all, we will prove a lemma (due to Gauss).
Lemma. Let p be an odd prime and let a € Z such that gcd(a,p) = 1.

If m is the number of positive integers x such that x < P and g < ax

(mod p) < p, then <Z> = (~1)™.
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Proof. Let z1,x9, ...,z be those numbers = for which z < g and

-2
g < ax (mod p) < p. Let k = p? —m and yi, ...,y all numbers
smaller than Q’ different from 1,2, ..., Tmy.

Observe that

}i(mw==ap]<p;;1>!: <Z> <p2;1>! (mod p).

r=1

On the other hand,

H(a:c) = H (ax) (mod p) H (ax) (mod p).

z=1 az (mod p)>% az (mod p)<%

We clearly have

H (az) (mod p) H (az) (mod p)

axr (mod p)>5& ax (mod p)<%

m k
= H azr; (mod p) H ay; (mod p).
i=1 j=1

On the other hand, the numbers p — az; (mod p) and ay; (mod p)

—1
give a partition of 1,2,..., pT (mod p). Indeed, it suffices to prove
that p — az; (mod p) # ay; (mod p), which is clearly true by the defi-

nition of z;,y; < g Hence we can write

m k
H azx; (mod p) H ay; (mod p)
i=1

j=1

m k
= ()" [0 —azi (mod p)) [Jay; (mod p)

=1 Jj=1

= (—1)"[[i (mod p) = (~1)" <p;1>! (mod p).

=1

Combining these facts, we finally deduce that (a) = (=™
p
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Using Gauss’s lemma, the reader will enjoy proving the next two
classical results.

Theorem. The identity <2> = (—1)% holds for any odd prime
number p. Y

Theorem. (quadratic reciprocity law) For any different odd primes

D, q, the following identity holds:
P\ (g p=1.g-1
- — | =(-1) 2 2 .
(5) () -

Using this powerful arsenal, we are now able to solve some interest-
ing problems. Most of them are merely direct applications of the above
results, but we think that they are still worthy not necessarily because
they appeared in various contests.

Example 1. Prove that the number 2" + 1 does not have prime

divisors of the form 8k — 1.
Vietnam TST 2004

Solution. Indeed, assume that p is a prime divisor of the form 8k —1

that divides 2™ + 1. Of course, if n is even, the contradiction is im-

mediate, since in this case we would have —1 = (22)2 (mod p) and
_ ~1
so —1 = (—1)1)71 = <> = 1. Now, assume that n is odd. Then
p
n -2
-2 = (2#)2 (mod p) and so <> = 1. This can be also written in
p

~1\ /2 _
the form () <) =1, or (—1);7271"'
p p

the form 8k — 1 the later cannot hold and this is the contradiction that

2
P

o= 1. Fortunately, if p is of

solves the problem.

Based on the same idea and with a bit more work, we arrive at the
following result.

Example 2. Prove that for any positive integer n, the number 23" +1

has at least n prime divisors of the form 8k + 3.
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Gabriel Dospinescu

Solution. Using the result of the previous problem, we deduce that
2™ 4+ 1 does not have prime divisors of the form 8%k + 7. We will prove
that if n is odd, then it has no prime divisors of the form 8k + 5 either.
Indeed, let p be a prime divisor of 2" 4+ 1. Then 2" = —1 (mod p) and
so —2 = (QnTH)2 (mod p). Using the same argument as the one in the

2
-1 -1
p +p

previous problem, we deduce that is even, which cannot
happen if p is of the form 8k + 5.

Now, let us solve the proposed problem. We will assume n > 2
(otherwise the verification is trivial). The essential observation is the

identity:
2" h =24+ 1)(22 -2+ 1223 22+ 1)...(2*¥ — 2" 4 )
Now, we will prove that for all 1 <i < j<n-—1, gcd(22'3i — 23 4
1, 223 _ 9% 4 1) = 3. Indeed, assume that p is a prime number dividing
ged (223 — 23" 11,923 _ 9% 4 1) We will then have p|23""" + 1. Thus,
2% = (23“1)3]'_1‘_1 = (—1)33._1._1 =—-1 (mod p),
implying
0522'3j723j+1517(71)+153 (mod p).

i

This cannot happen unless p = 3. But since vg(gcd(22'3i - 2% +
1,223 — 2% 1 1)) =1 (as one can immediately check), it follows that

ged(223 — 23 41,22% _9¥ 4 1) =3

and the claim is proved.

It remains to show that each of the numbers 223" — 23" 4 1, with
1 <i < n—1 has at least a prime divisor of the form 8k + 3 different
from 3. It would follow in this case that 23" +1 has at least n — 1 distinct

prime divisors of the form 8k+3 (from the previous remarks) and since it
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is also divisible by 3, the conclusion would follow. Fix ¢ € {1,2,...,n—1}
and observe that any prime factor of 923 _ 93" 4 1 is also a prime factor
of 23" +1 and thus, from the first remark, it must be of the form 8k + 1
or 8k + 3. Because v3(2%% — 2% + 1) = 1, it follows that if all prime
divisors of 223" — 23" 4+ 1 except for 3 are of the form 8k + 1, then
223" _ 93 11 =38 (mod 8), which is clearly impossible. Thus at least
a prime divisor of 223" _ 93" 4 1 is different from 3 and is of the form
8k 4 3 and so the claim is proved. The conclusion follows.

At first glance, the following problem seems trivial. Far from being
true! It is actually very tricky, because brute force will take us nowhere.
In the framework of the above results, this should not be so difficult
now.

Example 3. Find a number n between 100 and 1997 such that
n|2™ + 2.

APMO, 1997

Solution. If we search for odd numbers, then we will certainly fail
(actually, this result due to Sierpinski has been proved in the topic ” Look
at the exponent!”). So let us search for even numbers. The first step
would be choosing n = 2p, for some prime number p. Unfortunately this
cannot work by Fermat’s little theorem. So let us try setting n = 2pq,
with p,q different prime numbers. We need pq|22P9~! + 1 and so we
-2

must have () = <> = 1. Also, using Fermat’s little theorem,
p q

p|22971 + 1 and ¢|2?P~! + 1. A small verification shows that ¢ = 3,5,7

are not good choices, so let us try ¢ = 11. In this case we find p = 43
and so it suffices to show that pq|22P9~1 + 1 for ¢ = 11 and p = 43.
This is immediate, since the hard work has already been completed: we

-2
have shown that it suffices to have p|¢??~!, ¢|2?P~! + 1, and <> =
p
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_—2 = 1 in order to have pg|2?P9~! 4 1. But as one can easily check, all

the%e conditions are verified and the number 2 - 11 -43 is a valid answer.

Were we wrong when choosing to present the following example? It
apparently has no connection with quadratic reciprocity, but let us take
a closer look.

Example 4. Let f,g: Z+ — Z* functions with the properties:

i) g is surjective;

i) 2f%(n) = n? + g?(n) for all positive integers n.

If, moreover, |f(n)—n| < 2004+/n for all n, prove that f has infinitely

many fixed points.
Gabriel Dospinescu, Moldova TST, 2005

Solution. Let p, be the sequence of prime numbers of the form
8k + 3 (the fact that there are infinitely many such numbers is a trivial
consequence of Dirichlet’s theorem, but we invite the reader to find an

elementary proof). It is obvious that for all n we have

Using the condition i) we can find z,, such that g(x,,) = p, for all n. It
follows that 2f2(z,) = 22 + p2, which can be rewritten as 2f2(z,) = 22
(mod py,). Because (]7271 = —1, the last congruence shows that p, |z,
and py,|f(x,). Thus there exist sequences of positive integers ay, b, such
that x, = anppn, f(xn) = bypy, for all n. Clearly, ii) implies the relation
202 = a2 + 1. Finally, using the property |f(n) — n| < 2004,/n we infer
that

2004 > fxn) _1’ _ bn—l‘,
/T Tn an
that is
Vvaz +1
lim Vot =2
n—oo a



The last relation immediately implies that ILm an = 1. Therefore,
starting from a certain rank, we have a,, = 1 :n b:o that is f(pn) = pn-
The conclusion now follows.

We continue with a difficult classical result, that often proves very
useful. It characterizes numbers that are quadratic residues modulo all
sufficiently large prime numbers. Of course, perfect square are such num-
bers, but how to prove that they are the only ones?

Example 5. Suppose that a € N is not a perfect square. Then
<a) = —1 for infinitely many prime numbers p.

! Solution. One may assume that a is square-free. Let us write a =
2°q1q2 . . . qn, where ¢; are different odd primes and e € {0,1}. Let us
assume first that n > 1 and consider some odd distinct primes r1, ..., 7%
each of them different from ¢, ..., q,. We will show that there exists a
prime p, different from rq, ..., rg, such that <a> = —1. Let s be a non
quadratic residue modulo g,. g

Using the Chinese remainder theorem, we can find a positive integer
b such that

b=1 (modr;), 1<i<k
b=1 (mod 8),
b=1g;, 1 <i<n—-1

b=s (mod g¢,)

Now, write b = p; ... pp, with p; odd primes, not necessarily distinct.

Using the quadratic reciprocity law, it follows immediately that

ﬁ <2> = ﬁ(—l)ﬁ% — () =1

=1 \Pi i=1
and
s 1 s j—1 i ] i — b b
1T (Q> T <Pa> _ (—1)t s <> _ <>
j=1 Dj i=1 qi qi qi
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()= |16 )
i=1 <p’ j=1 NP i=1j=1 \Pi
L b
1)) ()
=1 qi qn dn
Thus, there exists i € {1,2,...,m} such that %) = _1. Because
bi
b=1 (mod r;), 1 <i <k we also have p; € {1,2,...}\{r1,...,r%} and

the claim is proved.
The only remaining case is a = 2. But this one is very simple, since it
suffices to use Dirichlet’s theorem to find infinitely many primes p such
-1
is odd.

As in other units, we will now focus on a special case. This time it is

that 2

a problem almost trivial in the above framework and almost impossible
to solve otherwise (we say almost because there is a beautiful, but very
difficult solution using analytical tools, that we will not present here).
Example 6. Suppose that a1, as, ..., asns are nonnegative integers
such that af +ay + - - -+ a5y, is a perfect square for all positive integers

n. What is the minimal number of such integers that must equal 07
Gabriel Dospinescu, Mathlinks Contest

Solution. Suppose that a1, as, ..., ar are positive integers such that
al + ay + -+ + ay is a perfect square for all n. We will show that k
is a perfect square. In order to prove this, we will use the above result
and show that <k> = 1 for all sufficiently large prime p. This is not a

p
difficult task. Indeed, consider a prime p, greater than any prime divisor

of ajas ... ag. Using Fermat’s little theorem, afl’fl +a’2’71 4. ~+a£71 =k
(mod p), and since a? ! —i—ag_l +t ai_l is a perfect square, it follows

k
that <> = 1. Thus k is a perfect square. And now the problem becomes
p
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trivial, since we must find the greatest perfect square smaller than 2004.
A quick computation shows that this is 442 = 1936 and so the desired
minimal number is 68.

Here is another nice application of this idea. The following example
is adapted after a problem given in Saint Petersburg Olympiad.

Example 7. Suppose that f € Z[X] is a second degree polynomial
such that for any prime p there exists at least an integer n for which
p|f(n). Prove that f has rational zeros.

Solution. Let f(z) = ax? + bx + ¢ be this polynomial. It suffices
of course to prove that b — 4ac is a perfect square. This boils down
to proving that it is a quadratic residue modulo any sufficiently large

prime. Pick a prime number p and an integer n such that p|f(n). Then

b* — 4ac = (2an + b)*  (mod p)

b2 —4
(M) 1
b

This shows that our claim is true and finishes the solution.

and so

Some of the properties of Legendre’s symbol can be also found in
the following problem.
Example 8. Let p be an odd prime and let

1,
f(z) = pz (Z) XL
i=1 \P

a) Prove that f is divisible by X — 1 but not by (X — 1)? if and only
if p=3 (mod 4);

b) Prove that if p =5 (mod 8) then f is divisible by (X — 1)? and
not by (X —1)3.

Romanian TST, 2004
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Solution. The first question is not difficult at all. Observe that
p—1 i
OESS () =0
— \p
(]
-1
by the simple fact that there are exactly pT quadratic and non qua-
dratic residues in {1,2,...p — 1}. Also,
p—1 i p—1 i
ro=xi-n(1)=Xi(3).
i=1 p i-1 \P

because f(1) = 0. The same idea of summing up in reversed order allows

() -2 ()

i=1 i=1

us to write:

~ (-1 ]:2;12@— 0 (1) =0

p
(we used again the fact that f(1) = 0).

Hence for p = 1 (mod 4) we must also have f/(1) = 0. In this case

f is divisible by (X — 1)2. On the other hand, if p =3 (mod 4), then

p—1 . p—1 o
()= Zz (;) = Zz = p(le) =1 (mod2)

i=1 i=1
and so f is divisible by X — 1 but not by (X — 1)2.
The second question is much more technical, even though it uses the

same main idea. Observe that

p—1 i p—1 i p—1 i

Fr)=> (*—3i+2) <) =) 2 (> —-3) i ()

i=1 P/ = NP iz1 \P
(once again we use the fact that f(1) = 0). Observe that the condition
p =5 (mod 8) implies, by a), that f is divisible by (X — 1)? so actually

ro-5e(;)

=1
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Let us break this sum into two pieces and treat each of them inde-

pendently. Let us deal with

R 21 2\ < 7
2 (5) =1 () %2 (6)
2 5) =G 27 G
Note that
p—1 p—1 p—1
2 2 2 2
—1
i2 <Z> =N 2=V"="? =1 (mod 2),
i=1 p i=1 i=1 8
SO
p—1
d 2i
> (2i)? () =+ (mod 8)
p

2

2 _
(actually, using the fact that () = (—1)pT, we obtain that its value
p
is —4). On the other hand,

p—1 p—1

i(% —1)? <2i; 1> = 22: <2ip_ 1) (mod 8).

i=1 i=1

If we prove that the last quantity is a multiple of 8, then the problem
will be solved. But note that f(1) = 0 implies

' =
2 21 -1
-2 ()5
=1 \P i=1 p

i p i1 \P i=1
p=3 p—1
2 . 2 .
2041 2t —1
Sy () -y ().
i=1 p i=1 p
p—1
(2 -1 ,
Therefore Z = 0 and the problem is finally solved.
; p
=1
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Finally, a difficult problem.

Example 9. Find all positive integers n such that 2" — 13" — 1.

Solution. We will prove that n = 1 is the only solution to the
problem. Suppose that n > 1 is a solution. Then 2" — 1 cannot be a
multiple of 3, hence n is odd. Therefore, 2" = 8 (mod 12). Because any
odd prime different from 3 is of one of the forms 12k+1, 12k+5 and since
2" —1 =7 (mod 12), it follows that 2" — 1 has at least a prime divisor
of the form 12k 4+ 5, call it p. Obviously, we must have <2) =1 and

using the quadratic reciprocity law, we finally obtain (g) =(-1)"7=.

+2
On the other hand (g) = (3) = —(&£1). Consequently, —(+1) =
p—1

(—1) = = =£1, which is the desired contradiction. Therefore the only

solution is n = 1.

Problems for training

1. Prove that for any odd prime p, the smallest positive quadratic
non residue modulo p is smaller than 1+ /p.

2. Let p be a prime number. Prove that the following statements are
equivalent:

i) there is a positive integer n such that p|n? —n + 3;

ii) there is a positive integer m such that p|m? — m + 25.

Polish Olympiad

3. Let 1 = 7 and let 41 = 2:E?L — 1. Prove that 2003 does not

divide any term of the sequence.

Valentin Vornicu, Mathlinks Contest

4. Let p be a prime of the form 4k + 1. Compute

(]-2[2])
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Korea TST 2000

5. Prove that the number 3" + 2 does not have prime divisors of the

form 24k + 13.
Laurentiu Panaitopol, Gazeta Matematica

6. What is the number of solutions to the equation a® 4+ b*> = 1 in
Zp % Zy,. What about the equation a? — b =17

7. Suppose that p is an odd prime and that A, B are two different
non empty subsets of {1,2,...,p — 1} for which

) AUB={1,2,...,p—1};

ii) If a,b are in the same set among A, B, then ab (mod p) € A;

iii) If a € A, b € B, then ab € B.

Find all such subsets A, B.

India

8. Let a,b, ¢ be positive integers such that b?> — 4ac is not a perfect
square. Prove that for any n > 1 there are n consecutive positive integers,
none of which can be written in the form (az? + bry + cy?)? for some

integers x,y and some positive integer z.
Gabriel Dospinescu

9. Let be integers relatively prime with an odd prime p. Prove that:

("))

p—1
k
10. Compute Z (Jc()>, where f is a polynomial with integral

k=1
coefficients and p is an odd prime.

11. Suppose that for a certain prime p, the values the polynomial
with integral coefficients f(z) = ax? + bx + ¢ takes at 2p — 1 consecutive

integers are perfect squares. Prove that p|b? — 4ac.

IMO Shortlist
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12. Suppose that ¢(5™ — 1) = 5™ — 1 for a pair (m,n) of positive
integers. Here ¢ is Euler’s totient function. Prove that ged(m,n) > 1.
Taiwan TST

13. Let p be a prime of the form 4k+1 such that p?|2P —2. Prove that
the greatest prime divisor g of 2P — 1 satisfies the inequality 27 > (6p)P.

Gabriel Dospinescu
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SOLVING ELEMENTARY INEQUALITIES WITH
INTEGRALS

Why are integral pertinent for solving inequalities? Well, when we
say integral, we say in fact area. And area is a measurable concept, a
comparable one. That is why there are plenty of inequalities which can
be solved with integrals, some of them with a completely elementary
statement. They seem elementary, but sometimes finding elementary
solutions for them is a real challenge. Instead, there are beautiful and
short solutions using integrals. Of course, the hard part is to find the
integral that hides after the elementary form of the inequality (and to
be sincere, the idea of using integrals to solve elementary inequalities
is practically inexistent in Olympiad books). First, let us state some
properties of integrals that we will use here.

1) For any integrable function f : [a,b] — R we have

/b f2(x)dz > 0.

2) For any integrable functions f,g : [a,b] — R such that f < g we
have
b b
/ f(z)dx < / g(x)dx (monotony for integrals).
a a
3) For any integrable functions f, g : [a,b] — R and any real numbers

a, 0 we have

b b b
/ (af (x)+Bg(zx))dx = a/ f(:n)dx+ﬁ/ g(x) (linearity of integrals).

Also, the well-known elementary inequalities of Cauchy-Schwarz,
Chebyshev, Minkowski, Holder, Jensen, Young have corresponding in-
tegral inequalities, which are derived immediately from the algebraic

inequalities (indeed, one just have to apply the corresponding inequal-

ities for the numbers f <a + %(b - a)), g <a + %(b - a)) ,... with
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ke€{1,2,...,n} and to use the fact that

b b—a - k
/ f(z)dz = nlgrolo - Zf <a+ E(b — a)) :
@ k=1

The reader will take a look at the glossary if he doesn’t manage to

state them.

It seems at first glance that this is not a very intricate and difficult
theory. Totally false! We will see how strong is this theory of integration
and especially how hard it is to look beneath the elementary surface
of a problem. To convince yourself of the strength of the integral, take
a look at the following beautiful proof of the AM-GM inequality using
integrals. This magnificent proof was found by H. Alzer and published
in the American Mathematical Monthly.

Example 1. Prove that for any ai,as,...,a, > 0 we have the in-
equality

a1 +ag+---+apn
n

> Yaias...anp.

Solution. Let us suppose that a1 < as < --- < a, and let

ay+ag+ -+ an
n

A=

, B= Yajas...a,.

Of course, we can find an index k € {1,2,...,n — 1} such that
ar, < G < agqq. Then it is immediate to see that
A 1es (971 1 1 & (%1 1
Glzn;/@ <tG> d”ni_;l/g (Gt) d
and the last quantity is clearly nonnegative, since each integral is non-
negative.
Truly wonderful, isn’t it? So, after all, integrals are nice! This is also

confirmed by the following problem, an absolute classic whose solution

by induction can be a real nightmare.
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Example 2. Prove that for any real numbers aq, as, ..., a, the fol-

lowing inequality holds:

Poland Mathematical Olympiad

Solution. Now, we will see how easy is this problem if we manage
to handle integrals and especially to see from where they come. The
essential suggestion is the observation that

1
a;a; s
# = / aiajtzﬂ_ldt.
1+ 0

And now the problem is solved. What follows are just formalities;
the hard part was translating the inequality. After that, we will decide
what is better to do. So,

"\ aa;
> L >0
="
is equivalent to

n 1
Z/ aza;t™ILdt > 0,
ij=1"0
or, using the linearity of the integrals, to

1 n
/ Z aa;t I | dt > 0.
0

ij=1
This form suggests us that we should use the first property, that is

we should find an integrable function f such that

2 =) aat™iat.

i,7=1

This isn’t hard, because the formula

n 2 n
E a;T; = E A;A5;T;T 5
i=1

1,5=1
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solves the task. We just have to take

flx) = Zai:zi*%.
i=1

We continue the series of direct applications of classical integral in-
equalities with a problem proposed by Walther Janous and which may
also put serious problems if not attacked appropriately.

Example 3. Let ¢ > 0 and the sequence (x,,),>1 defined by

Lt tn
- n+1 '

Tn

Prove that
r1 S Vo < 3 < Jra <.
Walther Janous, Crux Mathematicorum

Solution. It is clear that for ¢ > 1 we have
1 t

= u"du
t—1J,

Tn

and for ¢ < 1 we have
1 t

= u"du.
11—t/

TIn

This is how the inequality to be proved reduces to the more general

inequality

for all £ > 1 and any nonnegative integrable function f : [a,b] — R.
And yes, this is a consequence of the Power Mean Inequality for integral
functions.

The following problem has a long and quite complicated proof by

induction. Yet, using integrals it becomes trivial.
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Example 4. Prove that for any positive real numbers z,y and any

positive integers m,n
(n—=1)(m = 1)@ +y™ ") + (m+n - 1)(@"y" +2"y™)

xm—l—n—l

> mn( Y+ ym-i—n—lx).

Austrian-Polish Competition ,1995

Solution. We transform the inequality as follows:

mn(z —y) (@ =y > (m4n = 1) (27" — y™) (2" - y") &

l‘m+nfl o ym+n71 rm — ym " — yn

> .
(m+n—-1)(-y) ~ mlx—-y) n-y)
(we have assumed that x > y). The last relations can be immediately

translated with integrals in the form

(y—x)/ tm+”_2dt2/ tm_ldt/ t"Ldt.
Yy Yy )

And this follows from the integral form of Chebyshev inequality.

A nice blending of arithmetic and geometric inequality as well as
integral calculus allows us to give a beautiful short proof of the following
inequality.

Example 5. Let z1,x9,...,x; be positive real numbers and m,n
positive real numbers such that n < km. Prove that

m(zy + a5 + -+ — k) >n(zzy . ox) —1).

IMO Shortlist 1985, proposed by Poland
Solution. Applying AM-GM inequality, we find that

m(z] + -4 af — k) > m(kY (2o . xp)" — k).
Let
P = Yxix9. . x).
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We have to prove that
mkP"™ —mk > nP™ —n,
which is the same as

pr—1_ pmk_q
> )
n - mk

This follows immediately from the fact that

pPr—1 ! ztln P
= dt.
xIn P /0 c

We have seen a rapid but difficult proof for the following problem,

using the Cauchy-Schwarz inequality. Well, the problem originated by

playing around with integral inequalities and the following solution will

show how one can create difficult problems starting from trivial ones.
Example 6. Prove that for any positive real numbers a, b, ¢ such

that a + b+ ¢ =1 we have

b
(ab+ bc+ ca) A + > %
V+b Z+c a’+a 4

Gabriel Dospinescu

Solution. As in the previous problem, the most important aspect
c

a
b2+b+ 02+c+ a?+a
language. Fortunately, this isn’t difficult, since it is just

/01 (<ij>2 i (xfc)Q - @f@?) o

Now, using the Cauchy-Schwarz inequality, we infer that

is to translate the expression in the integral

a n b n c S a N b 4 c 2

(x+0)?  (z4+¢)? (z+a)?  \z+b z+4+c¢c a+z)
b c

+ +
x+b x4+c a+zx

Using again the same inequality, we minor

1
ith . C tl
O T ab+ bet ca onEodueREY,
a b c 1

(x+b)2+ (x+c)2+ (x4 a)? = (x 4+ ab+ be + ca)?
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and we can integrate this to find that

a b c 1
> .
b2—|—b+02—|—c+a2+a = (ab+ bc+ ca)(ab + be + ca + 1)

Now, all we have to do is to notice that

Lo~

ab+bc+ca+1<

Now, another question for the interested reader: can we prove the
general case (solved in Cauchy Schwarz’s inequality topic) using integral
calculus? It seems a difficult problem.

There is an important similarity between the following problem and
example 2, yet here it is much more difficult to see the relation with
integral calculus.

Example 7. Let n > 2 and S the set of the sequences

(a1,as,...,a,) C [0,00) which verify

, over all

a;
Find the maximum value of the expression Z it
1j5=1 +‘7

1=
sequences from S.

Gabriel Dospinescu

Solution. Consider the function f: R — R, f(z) = a1 +asx+---+

anz™ 1. Let us observe that

n

BPIEC TS B DOrE B oty ]

=1 j=1 =1 7j=1

_ /01 <xf(x)i§:;aixi_l> dx = /Olrcfz(x)dx
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1
So, if we denote M = g ——, we infer that
1Sigen T
<i,j<n

/1 zf?(x)dx < M.
0

On the other hand, we have the identity

L& a; + a; a1 A, al anp,
ZZ - 2 =2 =+ ---+ + -4 + .4 =
P 1+ 2 n+1 n+1 2n

1
:2/ (z+ 2%+ +2") f(z)dz.
0

This was the hard part: translating the properties of the sequences
in S and also the conclusion. Now, the problem becomes easy, since we

must find the maximal value of
1
2/ (x+ 2>+ +2") f(z)dx
0

where
1
/ zf?(x)dx < M.
0

Well, Cauchy-Schwarz inequality for integrals is the way to proceed.

Indeed, we have
2

(/Ol(a;+x2+---+x")f(x)da:)

1 2
= (/ Vef2(z) ezl +z+ -+ x”1)2dx>
0
1 1
= / fo(az)d:c/ (1+z+---+2"1)2de < M2
0 0
. L a; + a; . .
This shows that Z Z —— < 2M and now the conclusion easily

=1 =1 " I

attained fora; = ay = --- =

]

follows: the maximal value is 2 Z
1<i,j<n

{

an, = 1.
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Two more words about fractions. We have already said that bunching
is a mathematical crime. It is time to say it again. This is why we
designed this topic, to present a new method of treating inequalities
involving fractions. Some relevant examples will be treated revealing
that bunching could be a great pain for the reader wanting to use it.

Example 8. Prove that for any positive real numbers a, b, c the

following inequality holds:

i—i-l%-i—i— 3 > L + 1 + !
3a¢ 3 3¢ a+b+ec 2a+b 2b+a 2b+c

PR R
2c+b 2c+a 2a+c

Gabriel Dospinescu

Solution. Of course, the reader has noticed that this is stronger
than Popoviciu’s inequality, so it seems that classical methods will have
no chances. And what if we say that this is Schur’s inequality revisited?

Indeed, let us write Schur’s inequality in the form:

o3 P 4+ 28 4 Bayz > 2%y oyt vt + 2Py + 2P 42

where © = t“_%, Yy = tb_%, 2 =75 and integrate the inequality as ¢

ranges between 0 and 1. And surprise... since what we get is exactly the
desired inequality.
In the same category, here is another application of this idea.
Example 9. Prove that for any positive real numbers a, b, c the
following inequality holds:

I Y (N R
3a  3b 3¢ 2a+b 2b+c 2c+a

>3 1 n 1 n 1
= a+2b b+4+2c c+2a)°

Gabriel Dospinescu
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Solution. If the previous problem could be solved using bunching
(or not? Anyway, we haven’t tried), this one is surely impossible to solve
in this manner. With the experience from the previous problem, we see

that the problem asks in fact to prove that
2343+ 283 4200y + Pz + 22a) > 3(ay? + 2 + 22?)

for any positive real numbers x,y, z.
Let us assume that © = min(z,y, z) and writey =z +m, z =z +n
for some nonnegative real numbers m, n. Simple computations show that

the inequality is equivalent to

2 2

2z(m? — mn +n?) + (n —m)> + m® > (n — m)m>.

Therefore, it suffices to prove that

(n—m)> +m3 > (n —m)m?,

n—m
which is the same as (via the substitution t = ——) 3 + 1 > ¢t for all
m

t > —1, which is immediate.

Starting this topic, we said that there is a deep relation between
integrals and areas, but in the sequel we seemed to neglect the last
concept. We ask the reader to accept our apologizes and bring to their
attention two mathematical gems, in which they will surely have the
occasion to play around with areas. If only this was easy to see... In fact,
these problems are discrete forms of Young and Steffensen inequalities
for integrals.

Example 10. Let a1 > a2 > --- > apy1 = 0 and let by1,b,...,0, €
[0,1]. Prove that if




then
n k
Sah<Y
i=1 i=1
Saint Petersburg Olympiad, 1996

Solution. The very experienced reader has already seen a resem-
blance with Steffensen’s inequality: for any continuous functions f,g :

[a,b] — R such that f is decreasing and 0 < g <1 we have

[ rwaez [ s
where
k— /a " ().

So, probably an argument using areas (this is how we avoid in-
tegrals and argue with their discrete forms, areas!!!) could lead to a
neat solution. So, let us consider a coordinate system XOY and let
us draw the rectangles Ri, Ro,..., R, such that the vertices of R; are

the points (i — 1,0), (4,0), (i — 1,a;), (i,a;) (we need n rectangles of
k

heights aj,a9,...,a, and weights 1, so that to view Zai as a sum
i=1
of areas) and the rectangles Si,Ss,...,S,, where the vertices of S; are
i—1 i i—1 i
the points ij,O , ij,() , ij,ai , ij,ai (where
j=1 j=1 j=1 j=1
0

Z b; = 0). We have made this choice because we need two sets of pair
j=1
wise disjoint rectangles with the same heights and areas ai,ao,...,a,

and a1bq, asbo, ..., a,b, so that we can compare the areas of the unions
of the rectangles in the two sets. Thus, looking in a picture, we find im-
mediately what we have to show: that the set of rectangles S1, Ss,..., Sy
can be covered with the rectangles R, Ra, ..., Ri4+1. Intuitively, this is

evident, by looking again at the picture. Let us make it rigorous. Since
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n

the weight of the union of Sy, Ss,..., S, is Y b; < k+ 1 (and the
j=1

weight of Ry, Ra,...,Rry1 is k + 1), it is enough to prove this for any

horizontal line. But if we consider a horizontal line ¥y = p and an index
r such that a, > p > a,y1, then the corresponding weight for the set
Ri, R, ..., Ri41 is p, which is at least by + b + - - - + by, the weight for
S1,852,...,5,. And the problem is solved.

And now the second problem, given this time in a Balkan Mathe-
matical Olympiad.

Example 11. Let (z,,)n>0 be an increasing sequence of nonnegative
integers such that for all £ € N the number of indices ¢ € N for which

z; < k is yr < co. Prove that for any m,n € N we have the inequality
m n
i+ )y = (m+1)(n+1).
i=0 j=0

Balkan Mathematical Olympiad, 1999

Solution. Again, experienced reader will see immediately a similar-
ity with Young’s inequality: for any strictly increasing one to one map

f:[0,A] — [0, B] and any a € (0, A), b € (0, B) we have the inequality

/Oa f(z)dx + /Obfl(x)dx > ab.

Indeed, it suffices to take the given sequence (z,),>0 as the one to

one increasing function in Young’s inequality and the sequence (yn)n>0
m m

as the inverse of f. Just view E% and Zyj as the corresponding

i=0 j=0
integrals and the similarity will be obvious.

Thus, probably again a geometrical solution is hiding behind some
rectangles. Indeed, consider the vertical rectangles with weight 1 and
heights zg,x1,...,Z, and the rectangles with weight 1 and heights

Y0, Y1,---,Yn- Then in a similar way one can prove that the set of these

275



rectangles covers the rectangle of sides m + 1 and n 4 1. Thus, the sum
of their areas is at least the are of this rectangle.

It will be difficult to solve the following beautiful problems using
integrals, since the idea is very well hidden. Yet, there is such a solution
and it is more than beautiful.

Example 12. Prove that for any ay,ao, ..., a,,b1,b2,...,b, > 0 the
following inequality holds

Yo (ai—ag|+[bi=b) < D fai—byl.
1<i<j<n 1<i,j<n

Poland, 1999

Solution. Let us define the functions f;, g; : [0,00) — R,

fi(a?):{ 1, te€l0,a4, andgi(x):{ 1, z€l0,b],

0, t>ay 0, =>b;.

Also, let us define
f@) =Y filx), glx)=>_ gil@).
i=1 =1

Now, let us compute / f(z)g(z)dz. We see that
0

| s = [T ¥ peg | d

1<i,j<n
(o)
= Z / fi(z)gj(z)dx = Z min(a;, b;).
1<ij<n 0 1<i,j<n

A similar computation shows that
o
/ fA(z)dx = Z min(a;, a;)
0 1<i,j<n

and

/[)OOQQ(Q:)dx— Z min(b;, b;).

1<ij<n
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Since
- 2 - 2 = ~ 2$ 233 X - X xX)ax
/Of(w)dw+/0 g(sc)dx—/o (F2(2)+gP(x)d 22/0 f(@)g(x)d,

we find that

Z min(a;, a;) + Z min(b;, bj) > 2 Z min(a;, b;).
1<ij<n 1<i,j<n 1<i,j<n
Now, remember that 2min(z,y) = = + y — | — y| and the last

inequality becomes

Z \ai—aj]—i— Z ‘bi—bj|§2 Z \ai—bj\

1<i,j<n 1<i,j<n 1<i,j<n

and since
Z la; — aj] =2 Z la; — ajl,
1<i,j<n 1<i<j<n
the problem is solved.

Using this idea, here is a difficult problem, whose elementary solution
is awful and which has a 3-lines solution using the above idea... Of course,
this is easy to find for the author of the problem, but in a contest things
change!

Example 13. Let ai,as,...,a, > 0 and let xq,29,...,x, be real

numbers such that
n
Z a;T; = 0.
i=1

a) Prove that the inequality Z zizj|la; — aj| < 0 holds;
1<i<j<n
b) Prove that we have equality in the above inequality if and only if

there exist a partition Ay, Ag, ..., Ag of the set {1,2,...,n} such that

for all i € {1,2,...,k} we have Z xz; =0 and aj, = ay, if j1,j2 € A;.
JEA;
Gabriel Dospinescu, Mathlinks Contest
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Solution. Let A4 be the characteristic function of the set A. Let us

consider the function

Fil0,00) =R, f=) zidga,.

i=1

Now, let us compute

/0 Pays= 3 za; / 0.0 (2) A 0.0y ()

1<ij<n
= g x;x; min(a;, a;).
1<i,j<n
Hence
E xjz; min(a;, a;) > 0.
1<ij<n
Since
: ai + aj — |ai — aj|
min(a;, aj) = 5
and

Z zix;(a; + aj;) =2 (Z SCZ> (Z az'SCz') =0,
i=1

1<i,j<n i=1

we conclude that

Z .%‘il'j‘ai — aj] S 0.
1<i<j<n

Let us suppose that we have equality. We find that

/OOO fA(z)dz =0

and so f(x) = 0 almost anywhere. Now, let by, bo,..., by the distinct
numbers that appear among aj,az,...,a, > 0 and let A; = {j €
{1,2,...,n}| a; = b;}. Then A;, As,..., Ay is a partition of the set

{1,2,...,n} and we also have
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almost anywhere, from where we easily conclude that

» zj=0forallie{l,2,...,k}
1€A;
The conclusion follows.
And since we have proved the nice inequality
Z z;z; min(a;, a;) > 0
1<i,j<n
for any numbers x1, 9, ..., Ty, a1,a0,...,ay, > 0 let’s make a step fur-
ther and give the magnificent proof found by Ravi B. (see mathlinks
site) for one of the most difficult inequalities ever given in a contest,
solution based on this result:
Example 14. Prove the following inequality
Z min(a;a;, bibj) < Z min(a;b;, a;b;).
1<i,j<n 1<i,j<n

G. Zbaganu, USAMO, 1999

max(a;, b;)

Solution. Let us define the numbers r; = —1and x; =

min(ai, bz)
sgn(a; — b;) (if, by any chance, one of a;,b; = 0, we can simply put

r; = 0). The crucial observation is the following identity:
min(a;b;, a;b;) — min(a;aj, bibj) = xjz; min(rg, r;).

Proving this relation can be achieved by distinguishing 4 cases, but
let us remark that actually we may assume that a; > b; and a; > b,
which leaves us with only two cases. The first one is when at least one of
the two inequalities a; > b; and a; > b; becomes an equality. This case

is trivial, so let us assume the contrary. Then
. . a; aj . a; aj
r;r; min(r;,r;) = bb, min [ — — 1, = — =bb; |min|—,—= ] —1
sy minlrio ;) = bibg <bz’ b > ”( (bi bj> )
= min(a;b;, ajb;) — bib; = min(a;bj, a;b;) — min(a;a;, b;b;).
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Now, we can write
Z min(a;b;, a;b;) — Z min(a;a;, bibj) = inxj min(rs, ;) > 0,
1<ij<n 1<i,j<n irj
the last inequality being nothing else than the main ingredient of the
preceding problem.

Finally, here is a very funny problem, which is a consequence of
this last hard inequality. Consider this a hint and try to solve it, since
otherwise the problem is really extremely hard.

Example 15. Let x,x9,...,2, some positive real numbers such

that

Z |1—$il’j‘: Z |1:Z-—a:j].

1<i,j<n 1<ij<n

n
Prove that le =n.
i=1
Gabriel Dospinescu

Solution. Consider b; = 1 in the inequality from example 14. We

obtain:
Z min(z;, ;) > Z min(1, z;z;).
1<i,j<n 1<i,j<n
u —|u—w
Now, use the formula min(u,v) = utv=fu-v and rewrite the

2
above inequality in the form

n n 2
ZnE T — E |:El-—xj|2n2+ E ;| — E |1 — zx].
i=1 1<i,j<n i=1 1<i,j<n
Taking into account that
> l—mg = Y e —
1<i,j<n 1<i,j<n

we finally obtain
n n 2
Zani > n? + (Zx2> ,
i=1 i=1
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which can be rewritten as
" 2
(Z T — n) <0
i=1

n
E T; = nN.
i=1

Therefore

Problems for practice

1. Show that for all a,b € N*

n+1 1 1 1 b
In < + +oo 4+ —<In-.
an +1 an+1 an+2 bn a

2. Prove that for any a > 0 and any positive integer n the inequality
(n+ 1)+t —1

a+1
holds. Also, for a € (—1,0) we have the reversed inequality.

142+ ... 40" <

Folklore

3. Prove that for any real number x

n n
anQk > (n+1) szk—l.
k=0 k=1

Harris Kwong, College Math. Journal

4. Let a continuous and monotonically increasing function f :
[0,1] — R such that f(0) =0 and f(1) = 1. Prove that
9 10
k [k 99
e ) < =
() + 20 (16) <
k=1 k=1
Sankt Petersburg, 1991

5. Prove the following inequality

a”+b”Jr a+b ”>2 a*+a" b+ ab? b
2 2 - n+1

for any positive integer n and any nonnegative real numbers a, b.
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Mihai Onucu Drambe

6. Prove thatifa; < ag < --- < a, < 2a; the the following inequality
holds

2
n
an Z min(a;, a;) (Z a,) <2n — Z ai>
1<i,j<n i=1

Gabriel Dospinescu

7. For all positive real number x and all positive integer n we have:

G) () G G

x r+1  z+2 ”'+$—|—2n>0'
Komal
8. Prove that the function f :[0,1) — R defined by
f(z) =logy(1 —z)+ax+ a2+ + 25+ ...
is bounded.
Komal
9. Prove that for any real numbers a1, ao, ..., ay
- ij
5 (5
10. Let k£ € N, aq, 9, ..., an+1 = a1. Prove that
k—1
S ot ol > (Z) |
155k

Hassan A. Shah Ali, Crux Mathematicorum

11. Prove that for any positive real numbers a, b, ¢ such that a+b =

¢ = 1 we have:

1\° 1\°¢ 1\ 1
1+=) (1+-) (1+=) >14+————.
a b c ab + bc + ca

Marius and Sorin Radulescu
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12. Prove that for all a1, ao,...,a,,b1,b9,...,b, > 0 the inequality
holds

Z min(a;, a;) Z min(b;, b;) | > Z min(a;, b;)

1<i,j<n 1<i,j<n 1<i,j<n
Don Zagier

13. Prove that for any 21 > z9 > --- > x, > 0 we have

Z x +$Z+1+ <7TZ$Z

Adapted after an IMC 2000 problem

14. Let ¢ be Euler’s totient function, where ¢(1) = 1. Prove that

for any positive integer n we have

k
1
1>Z(p — > 15

Gabriel Dospinescu

15. Let p1,po, ..., p, some positive numbers which add up to 1 and

xr1,x2,...,T, some positive real numbers. Let also

n n
A= E a;T; andG:Ha:fi.
i=1 =1

a) Let us denote

& tdt
Iz,a) :/0 1+ 1)(z +at)?

ln— sz T I(z;, A).

Deduce the arithmetlc—geometrlc inequality.

Prove that

1
b) Suppose that z; < 5 and define A’, G’ the corresponding means

!/

A _ A
for 1 — x;. Prove that G2 > Vel

Oral examination ENS
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16. Prove that for any positive real numbers x1, zo, ..., z, such that

n

1 n
Zl+xi:§’

=1

we have the inequality

1 n?
> —.
T x5 2

1<i,j<n
Gabriel Dospinescu
17. Prove that we can find a constant ¢ such that for any x > 1 and

any positive integer n we have

n

k=1
IMC, 1996
18. Let 0 = 21 < -+ < Toy41 = 1 some real numbers. Prove that if

Tiv1 — x; < h for all 1 <4 < 2n then

2n

1-h 1+h
— < 223 (X2i41 — X2i—1) < ——.
2 ; 2
i=1
Turkey TST, 1996
19. Prove that for any ay,ao,...,a, > 0 we have the following in-

equality

n
YD) ]
1<ij<n T i=1

Hilbert’s inequality
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